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FOREWORD 


TRADITIONAL applications of the classical theory of 
analytic functions are mainly connected with the topics 
of analysis or its applications based either on the Cauchy— 
Riemann system of equations or on equations the solu- 
tions of which can comparatively simply be represented 
by solutions of the Cauchy—Riemann system. An example 
is provided by the equations of plane hydrodynamics or 
of the plane theory of elasticity. Recently, however, the 
sphere of applications of the theory of analytic functions 
has been considerably extended. In particular, it also 
enters into the general theory of elliptic equations. Natu- 
rally investigations in this direction were originally con- 
cerned with equations with analytic coefficients. In recent 
years, however, they have been generalized to equations 
with non-analytic coefficients and the results thus ob- 
tained make possible a significant development of the 
classical theory of analytic functions and its applications. 
These generalizations concern a class of functions which 
contain families of solutions of a very wide class of elliptic 
systems of differential equations of the first order with 
two independent variables, and even some functions not 
differentiable in the ordinary sense. In this class which 
even contains functions non-differentiable in the ordinary 
sense, a number of fundamental topological properties of 
analytic functions of one complex variable are preserved 
(the uniqueness theorem, principle of the argument, etc.). 
Moreover, such analytic facts as the Taylor and Laurent 
expansions, the Cauchy integral formula, etc. remain valid. 
In view of these circumstances the functions under con- 
sideration in this book are called generalized analytic 
functions. 

The first part of the book is concerned with various 
problems of the general theory of generalized analytic 
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functions. The exposition includes not only the foun- 
dations of the theory but also a fairly wide range of 
boundary value problems. Our considerations are based 
on a number of relationships and formulae which connect 
the families of solutions of the systems of differential 
equations under consideration with the class of analytic 
functions of one complex variable. These basic relationships 
and formulae constitute the foundations of the entire 
theory; they make it possible to reduce investigations to 
the classical theory of analytic functions. It should be 
observed that the above results constitute a further 
natural development of the previous investigations on 
equations with analytic coefficients. Just as in the analytic 
case the integral representations of solutions contain ker- 
nels which depend on the coefficients of the equation. 
The constructions carried out make use of integral equa- 
tions (over the complex domain) the properties of which 
are similar to those of equations of Volterra type employed 
in the analytic case. 

The power and value of any mathematical theory is 
most clearly revealed in comparing its results with the 
actual object of investigation. This connection makes it 
possible to supply the theory with a definite content, 
and moreover, to determine the course of its development. 
If the results of a theory enable us to extend considerably 
the range of its applications this fact is a sign of the 
vitality of the theory. In this respect the possibilities of 
the theory of generalized analytic functions are very 
large. It is intimately connected with many branches of 
analysis, geometry and mechanics (quasi-conformal mapp- 
ings, theory of surfaces, theory of shells, gas dynamics, etc.). 

For instance, the new analytic structure makes possible 
a considerable extension and profound investigation of 
geometric and mechanical problems arising in connection 
with infinitesimal bendings of surfaces of positive curva- 
ture and equilibrium membrane states of stress of convex 
shells. These problems are to a large extent considered 
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in the second part of the book; the considerations led to 
a number of new results and, moreover, revealed the 
geometric and mechanical nature of the generalized 
analytic functions. 

Unfortunately, it was not possible within the bounds 
of this book to present a sufficient exposition of many 
other important applications of the theory of generalized 
analytic functions. For instance applications to the 
problems of quasi-conformal mappings have been dealt 
with only very roughly; in this connection important 
results were recently obtained by Bojarski [11]. Also, 
some applications to non-linear problems are indicated. 
Notwithstanding the fact that our reasoning is mainly 
based on linear differential equations, the results obtained 
can be employed in an investigation of properties of 
non-linear elliptic equations. 

It should be observed that the book contains many 
results of the author and his collaborators published here 
for the first time. In addition, it should be noted that 
the appendix to Chapter IV was written by B. V. Bojarski. 

In the preparation of the manuscript great help was 
given to the author by V. S. Vinogradov, L. S. Klabukova, 
Sun Che-shen and Ten En Cher. All the figures were 
prepared by Y. P. Krivenkov. A. V. Bitsadse, B. V. Bojar- 
ski, I. I. Daniluk and E. G. Posnyak read the completed 
manuscript of the book and the author is obliged to them 
for many valuable suggestions. The author is sincerely 
grateful to all those mentioned above. 


I. VEKUA 


PART ONE 


FOUNDATIONS OF THE GENERAL THEORY 
OF GENERALIZED ANALYTIC FUNCTIONS 
AND BOUNDARY VALUE PROBLEMS 


IN THIs part of the book the main attention will be devoted 
to the construction of the general theory of complex 
functions w(z) of the point ¢ = «7+ +y, which satisfy an 
equation of the form 
a0 +.Aw + Bo =F (2; = = (aa ix) . (1d) 
2 2 Nan" “ay : 
This equation constitutes the complex form of the system 
of real equations 
en ap tau tbe =f ety tou tdo=g. (1.2) 
The latter system is the canonical form of a more general 
elliptic system of equations (Ch. II, §7). A very wide 
class of partial differential equations of the second order 
can be reduced to a system of the form (1.2) (Ch. ITT, §9). 
In the subsequent investigations we shall assume that 
the coefficients A and B and the free term F of the equa- 
tion (1.1) are summable functions in a power p> 2, in 
the domain under consideration. This extension of the 
class of the investigated equations is expedient not only 
for purely theoretical reasons; it will frequently be ob- 
served below that it is also justified from the point of 
view of practical applicability. 
A theory of such equations cannot, however, be 
established by the usual classical methods. To this end 
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we have to make use of methods requiring a knowledge 
of the theory of Lebesgue integral, functional analysis, 
etc. Accordingly Chapter I, which is of auxiliary character, 
deals with various classes of functions and function 
spaces, and contains an investigation of properties of 
some special operators. It should also be observed that 
for an understanding of the present treatment it is suf- 
ficient to possess a knowledge of the relevant topics of 
a university programme. 

Chapter II is mainly devoted to the justification of the 
possibility of global reduction to the canonical form of 
the positive quadratic form 


a(x, y)ax*?+ 2b(x2, y)dady+e(x, y)dy?. (1.3) 


The investigation of this problem is carried out by means 
of the method indicated earlier by the author, [14c], 
and based on an application of the simplest two-dimen- 
sional singular integral equation. Let us observe that in 
the examination of this integral equation it is essential 
to base on an important theorem of Zygmund-—Calderon, 
[36a, b], concerning the properties of a singular integral 
in the sense of the Cauchy principal value (Ch. I, §9.2). 
This chapter contains the fundamental theorem stating 
that if a, b and ¢ are bounded and measurable (in the plane), 
and satisfy everywhere the condition of rigorous positi- 
veness of the form ac—b?>A,> 0, then there exists 
a transformation 


vw=ax(&,n), y= y(é,n), 


establishing a one-to-one continuous mapping of the plane 
z= @-+ vy onto the plane € = &+ 7n, such that the quadratic 
form (1.3) is then reduced to the canonical form 


A(d+dy?), AFA. 


The latter result is of an auxiliary character. First, it 
is employed in the proof of the possibility of a reduction 
to the canonical form of an elliptic equation of the second 
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order, and also of a system of elliptic equations; secondly 
it is used in solving the geometric problems of constructing 
on surfaces the isometric and isometric—conjugate nets 
of lines. The latter results are basically made use of in 
the second part of the book concerned with geometric 
and mechanical problems of infinitesimal bendings of 
surfaces, and the membrane theory of shells. It should 
also be observed that the method of investigation em- 
ployed in this problem opens new possibilities in the 
theory of quasi-conformal mappings [11d]. 

Chapters III and IV, constituting together the principal 
part of the book, are in the main an exposition of author’s 
work [14a], which has been in many cases supplemented 
and revised. We have taken into account here recent 
results of Soviet and foreign mathematicians, including 
the important investigations of L. Bers [5a, b, c]. 

Chapter III contains an account of the general pro- 
perties of solutions of equations of the form (1.1). In 
Chapter IV we investigate various boundary value prob- 
lems for equations of elliptic type, the principal attention 
being given to a thorough investigation of the boundary 
value problem for the system of equations (1.2) with 
boundary conditions of the form 


au+ po=y. (1.4) 


We shall not give here a more detailed exposition of 
the contents of the chapters of this part of the book. In 
fact there is no need of this, since the Contents of the 
book contains a fairly complete list of almost all important 
problems, and secondly, with few exceptions, every 
chapter and every paragraph are preceded by an intro- 
duction which presents a short description of the contents 
of the corresponding section. 


CHAPTER I 


SOME CLASSES OF FUNCTIONS 
AND OPERATORS 


§1. Classes of functions and functional spaces 


In this paragraph we shall consider some classes of 
functions and functional spaces which will frequently be 
used. henceforth. We shall confine ourselves to the con- 
sideration of functions of two independent variables. 


1.1. Let C(G) be a set of continuous functions * of the 
point z= #+iy in a closed domain G@. If the norm of an 
element f of the set C(G) be defined according to the 
formula ¥ 

C(f, @) = O(f) = max |f(z)|, (1.1) 

zeG 
we have a complete normed space of the Banach type. 
It is important to note the following property of the 
space C(@): if f, g « O(G), then the product fg « C(G), and 


C (fg) < C(f) C(g) . 


It should be observed that in the present work we shall 
employ a somewhat unusual notation for the norm of an 
element of the space of the Banach type, namely if x is 
an element of the space X, then the norm of the element x is 
denoted by X(x). Sometimes we shall also write X (a) = 
= ||x\lx. 

Let a function f(z) and its partial derivatives up to the 
mth order be continuous in a domain G. The set of these 
functions will be denoted by O”(@). It constitutes a linear 


* Henceforth, unless otherwise stated, we shall consider func- 
tions assuming, in general, complex values. 


3* 
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manifold over the field of complex numbers. If f and its 
partial derivatives up to the mth order are continuous 
in a closed domain G, then we shall write f « O"(G). It 
is necessary to note that at a boundary point 2, the deriva- 
tives are defined as the limits of the corresponding deriva- 
tives inside the domain, i.e. 


gk+tf\ Ok+lf = 
(axa), Baprayt HP O01). 


If the norm of an element f of the set O”(G) is defined 
according to the formula 


m &k 
a ok = 
omy, @) = ony) = D'S! olsen G), (1.2) 
k=0 1=0 
we have a complete Banach type space. 
Obviously, if f and ge O"(G), then fg « O"(G), and 


C™( Fg) < CMF) C"(9) . 


We shall set C° = C. 
Let f(z) satisfy the following condition on the closed 
set G 
If (#1) —F(%)| < Hla—2|*, O<a<l, (1.3) 


where 2, and 2, are arbitrary points of G; H and a are 
positive constants independent of the choice of the points 2, 
and z,. The lower bound of the numbers H satisfying the 
inequality (1.3) will be denoted by A(f) [or H(f, a), or 
else by H(f, a, G)] and called the Hélder constant of the 
function f. Evidently, 

A(f) = H(f, a, G) = sup If e)- — Hes) 


21, 22€@ |24— 2.|" 
If(21) -—F(42)| < A(f)Ja—-al", O<a<l. (1.4) 


Obviously, in the last inequality, the constant H(f) 
cannot be replaced by a constant H’ smaller than H(f). 
Henceforth, by H,(G) we shall denote a set of functions 
satisfying an inequality of the form (1.4) where a is the 
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same for all functions of the set H,(@) and satisfies the 
inequality 0<a<1. 

The inequality (1.4) is called the Holder condition. For 
the set H,(@) the notation Lip(a, G) is frequently em- 
ployed. 

Let us denote by C,(G@) the set of all bounded functions 
/(z) satisfying the inequality (1.4); a is the same for all 
elements of C,(@) and is called the Hélder index of the 
function }. 

If G is a bounded domain, then, evidently, the sets 
CG) and H,(@) coincide, ie. C,(@) = H,(G). The case 
is different if G is unbounded. Then C,(@)C H.(@) and 
there exist functions belonging to H,(G@) and not belonging 
to C.(@). As an example we have the function 1r* = |z|*. 

If the norm of an element f of the set C,(G) is defined 
according to the formula 


C.Af, G) = Cf) = C(f, G)+H(f, a, @), (1.5) 
then we have a complete space of Banach type. If f and 
g« CG), then fg « C.(G) and 

C.lfg) < Calf) Calg) - 


Assume that f« C0,(@),g«C;(@). If the values of the 
function g(z) belong to the domain of definition of the 
function f(z), then 


fe(2) = flg(2)] € Cap) . 
In fact, 
Ifa(2’)— fel2”)| < [F (9 (2) —F (9) | 
< H.Af)|9(2’)— g(2"")|* < Hf) [A alg)]¢|2’ — 2!" | . 
We shall also consider the Banach type space O7(G), the 


elements of which are the elements of O(G@) satisfying 
the condition 


a” f 


Bammapye © CLG) (k =0,1,..., m), 0O<a<l. 
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The norm of an element of this space is defined by the 
formula 


OM (f) = OM f, @) = OU +S (gota #4). (1.6) 


Tf f and ge 07(G), then the product fg « C7(G), and 
On (fg, @) < CB(f) CP (9) - (1.6a) 


Let us note one more inequality which can easily be 
derived; if f, g« C.(@) then 


Calfg, @) < Calf, GE (g, G)+(Cf, G) Calg, G). (1.7) 


Tf C.(f) < M, C.(g) < M, C(f)<«, C(g)< ¢, then (1.7) 
implies 
Cig, G) <2Me. (1.8) 


In other words, if the elements f and g of a bounded 
set belonging to C,(G) are small in the norm of the space 
C(G) then their product is small in the norm of the space 
C.(G). We shall later make use of this assertion (Ch. IT, 
§4.1). 

The foregoing definitions may be extended to the case 
of G covering the entire plane z which will hereafter be 
denoted by L£. 

We shall understand by 0”(H)(C7'(Z)) a set of functions 
f(z) satisfying the condition f(z), f(1/z) « O"(E,) (Cz (,)) 
where F, is the circle |z| <1. Therefore we ‘can speak 
of the Banach type spaces C”(EZ) and Cq'(£). 

1.2. Let a function f(z) given in the domain @ satisfy 
the inequality 


f[\f@Pdedy< Me, p>t, (1.9) 
J 


where G@’ is an arbitrary closed (bounded) subset of the 
domain G and Mg is a constant in general depending 
on G’, p being the same for all G’ eG. The set of such 
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functions will be denoted by Z,(G@). Thus, Ly contains 
functions summable to the power p on every closed subset 
of the domain G. 

Let us now consider the set of functions satisfying the 
condition 


Lf) = Lplf, @) = J J |e) Pawdy)'? < co. (1.10) 


It will be denoted by Z,(G). The non-negative number 
L,y(f) is said to be the norm of the element 7 of the set 
L(G). As is known, L,(@) is a complete Banach type space. 
This assertion may be proved by means of the inequalities 
of Hélder and Minkowski. We shall give their definitions, 
since they will frequently be used below. 

The Holder inequality. If 


a 1 1 1 
fe € L(G) (k == 1, ny 8) 5 = Db to <1, 


then 


hfe we Fn e Ly(G) 
and 


Lg fife -. fn) < Lf) Lol fs) La (fn), p21. (1.14) 
The Minkowski inequality. If 
fay ey In e L,(@) ’ 
then 
fit ose +fn € Ly(G) 
and 
Ly(fy+...+fn) <Lolf,) +... +Lo(fn), pei. (1.12) 
We now note, without proof, a number of properties 
of the functions of the class L(G), (78), [79a]. 


THEOREM 1.1. If fe L(G) and f = 0 outside G, then 
for every e>0 a number d(&) > 0 can be found, such that 


J JS \f(e+42)—f(2)Pdady 
<e, if |dz|<d(e). (1.13) 


fp 
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We shall call this property the continuity of the function 
f(z) « Lp(G) in the metric of Lp(G), or the continuity in the 
mean of order p.* 

A set of functions of the class Z,(@) is uniformly con- 
tinuous in the metric Ly if d(e) appearing in (1.13) is 
independent of the choice of the element of this set. 

THEOREM 1.2. Let a sequence fn of functions belonging 
to the class L,(G),p>1, be strongly convergent to the 
function f « L,(@): 


Lj(f—fn)>0 when n->c. 


Then we have 
(1) the sequence fn is convergent to f in measure, t.e. for 
every fixed a> 0 


mes €(|f—fn] > a) >0; 


(2) the sequence fn is weakly convergent to f, 1.e. 
lim ff fngdxdy = ff fgdwdy , (1.14) 
noo “Gg G 


where g is an arbitrary function belonging to the conjugate 
class L(G), q = ee 

(3) from the sequence fn a subsequence fn, can be ex- 
tracted, which converges to f(z) almost everywhere in G. 

A set of functions of the class L,(G) is said to be compact 
if every infinite sequence of its elements contains a sub- 
sequence strongly convergent (in the metric of Ly) to an 
element of the set. 

THEOREM 1.3. A necessary and sufficient condition for 
the compactness of a set of functions of the class L(G) is 
the uniform boundedness and uniform continuity of the set 
(in the metric of Ly). 


* In Sobolev’s monograph [79a] this property of functions of 
the class Ly is called “continuity in the whole” (page 16). He also 
gives a proof of the inequality (1.13). 
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It is also useful to introduce the notion of the weak 
compactness of a set in L(G). A set of elements of L,(G@) 
is said to be weakly compact in L,(G@) if every infinite 
sequence of its elements contains a subsequence weakly 
convergent to an element of L,(@). 

THEOREM 1.3’. A necessary and sufficient condition 
for the weak compactness of a set of functions from L(G) 
is the uniform boundedness of the set in the metric of Ly. 

Proofs of the theorems 1.3 and 1.3’ can be found, for 
example, in [79a]. 

We observe that generally strong convergence of 
@ sequence of elements of L,(G) does not follow from the 
weak convergence. Nevertheless, there exist subspaces of 
L,(@) in which the weak and strong convergence are 
equivalent (see below, §1.7). 


1.3. Let f¢Lp(@), 7 =0 outside G, and 


(ff ife+42)—7@) Panay)” 
: <BlAz’, O<a<i1, (1.15) 


where Az is an arbitrary complex number and B is @ con- 

stant independent of 4z. The smallest of the constants B 

satisfying the inequality (1.15) will be denoted by B(f) 

or B(f, G, a, p). Obviously, 

(Lf [fe + 42)—f(2)[Pdedy)” 

B(f) = sup 
| Az" 


where a,p,G are fixed and Az assumes an arbitrary 
value. Also, in the inequality (1.15), B(f) can be taken 
for B, but one cannot use a constant smaller than B(f). 

The set L3(@), which contains functions satisfying the 
inequality (1.15), becomes a complete Banach type space if 
the norm of an element of L;(G) be given by the relation 


I(f) = D,(f, G) = L,{f, G) +B, G, a,p). (1.17) 
1.4. If G is a bounded domain, then the following 
relations hold: 


, (1.16) 
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In the case of an unbounded domain, however, the last 
two relations are in general not true. 

In the case of an unbounded domain, therefore, it is 
expedient to consider the following sets: (1) LpC7'(G@)—the 
intersection of the sets Lp(@) and C7'(G); (2) LpLp(G)—the 
intersection of the sets Ly(G) and Ly(G@). These sets become 
Banach spaces if the norms of their elements are defined as 
follows: 

1) if feLpCi(G), then LpOv(f) = Lpl(f) + Cr(f); 
2) if feLpLy(G), then LpLyf) = Lp(f)+Lp(f) . 

In general, if we have two Banach type spaces XY and Y, 
and their intersection is a non-empty set, then by defining 
the norm of an element # of the set XY according to the 
formula XY(x#) = X(#)+ Y(a2) we shall obtain a new 
Banach type space, which will be denoted by XY. 

1.5. It is important to consider also the following 
spaces of functions given on the entire plane HE. 

Let f(z) be given on the entire plane EH and satisfy 
the conditions 


fle) LAB), fle) =| F(2) Lol), p>1, (1.19) 
where H, is the circle |z| <1 and » is a real number. The 


set of such functions will be denoted by Ly,(H), or simply 
Ly,. Tf fe Ly(#), p >1, then 


(11.8) 


[J weoracay= ffier+y()fecar 
- [J ler*y@))ee 


Hence, L,(H)=L, « (2). Tf ieee then [¢[- > |¢["*> 


> |\¢\- when [| < ek, Therefore, it is obvious that 


[fer (F)Pacay > > [fier i(z)/ 
Sl (ier el 


\e]<1 


da dy 


i(z)deay 
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Ly, ,(#) 2 Ly(£) = L. a(#) D Lp, (F) , (1.19a) 


Pp 
PuS4< pr. 


If the norm of an element of Ly, be defined by the 
formula 


Lyf) = Lo(f, Hi) + Lplf,, i), pe, (119d) 


then it can easily be verified that we have a complete 
linear Banach type space. If g isa bounded, measurable func- 
tion on the plane, then, evidently, fg «Lp,, when fe Lz,. 
If @ is a bounded set, then L(G) C Lp,,(H), where » is an 
arbitrary number; we assume that the elements of Ly(@) 
are continued outside @ by setting them equal to zero. 


Tt is readily observed that if f « Zp(@), then 
Ly, (f, E) < MoLy(f,@), My =const. * (1.20) 


Let C.,(#) (Ca) be a set of functions continuous on 
the entire plane EH and satisfying the conditions 


fle) CB), foe) = [el H(Z) € CUB), (1-21) 
0O<ax<lft 


The set C,,, is a complete Banach type space if the norm 
is defined by the formula 


Caf) = Caf, fi) i Cafes £,) . (1.22) 


1.6. Let f « CO" (G), and let there exist a closed subset G; 
of the set G, such that f = 0 outside G;. The set of such 


* Below, the letter Mf (sometimes with various indices) will al- 
ways denote constant numbers, the indices being used for stress- 
ing the dependence of M on a parameter. For example, if M depends 
only on p we shall write My. If it also depends on the domain we 
shall write M)(G), etc. 

t By ©,(#,) we understand C(#,). 
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functions f will be denoted by D9,(@), bearing in mind 
that the subset G; may be distinct for every element f 
of the set D?,(@). Obviously, D},(@) is a linear manifold. 

The subset of D?,(@) consisting of functions possessing 
derivatives of an arbitrary order will be denoted by 
D2.(G), and this also is a linear manifold. An important 
property of the linear manifold D’.(@) (hence, also, of an 
arbitrary Gp,(G)) is its density in the spaces OC, Cv, Lp 
and L,. Let us rigourously state the appropriate theorems. 

THEOREM 1.4. The linear manifold D2.(G) is dense in 
every space L(G),p >1,0<a<l.* 

In other words, if f « Z;(G), a sequence f, of elements 
of D3.(@) can be found which converges to f in the metric 
of the space L;(G), ice. 


Lif—fn, G)>90 when n->0o. 


THEOREM 1.5. If fe O7(G) and G, is an open set such 
that GC G,, then there ewists a sequence fn of elements of 
D2(G,) which converges to f in the metric of C7 (G@), é.e. 
Cl(f—fn, G)>0 when n->oo. 

The proofs of the above theorems will not be considered 
here; they can be carried out by using properties of so- 
called mean functions (cf. [79a], Ch. I, §2). 

1.7. Let ®(z) be a single-valued function analytic in z 
in the domain G. Inside G it may have a discrete set of 
isolated singular points—poles and essential singularities. 
The set of such functions will be denoted by %(G@). If f 
and g« 2%, then 


ftg, f9, r, f(g(2)) « US. 


It is of course understood that the values of g(z) in the 
last relation belong to the domain of definition of f(z). 

We shall also deal with the sets AC(G) = A,(), 
WLy(G), ete. 


* By I) we understand L,. 
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The sets U(G@)CU(G) and %W(@)LA(G) form closed 
subspaces of the corresponding spaces C7(G) and L(G). 

The validity of this assertion relating to U,(@) 07(G@) 
is obvious. The proof will now be given for other sets; 
it is sufficient to carry out the proof for the set ,(@)Z,(G@), 
p>1. We have to prove that %,(@)Z,(G) is a closed. 
linear manifold of elements of Z,(G). Let a sequence G, 
of elements of %,(@)L,(@) satisfy the condition 


Ly(Pn—DPm, G) +0 when M,n->oo. 

It follows that the sequence ®, is convergent in the 
mean to a function @ of the class L(G). We have to prove 
that ® is holomorphic inside G, i.e. that © ¢ U,(G@)L,(G). 

Let G;, be a set of points of the domain G whose distances 
from the boundary of G are greater or equal to 6,. Then, 
in accordance with the formula for the mean value of 
a holomorphic function, we have the relation 

1 
Dal2)—Dn(2) =| f [Oal)— Onley] an , 


[$¢—2|<6 


0<b6<b, 2€ Gs, 


valid for the points of the set G,,. Hence, making use 
of the Holder inequality, we obtain 


|Pxl2)—Pnl2)| <= | | [Palt)—Salt)|d dy 


\t—2|<d 


< (nd) > f { a(t) —Sm(C)/°a5 an) 
|@—z|<6 
=< (7082) Pig( Dy — Dm, G). 


This inequality implies that the sequence ®, is uniformly 
convergent in every set Gs. Consequently, the limiting 
function ©; is holomorphic inside G;. We shall prove 
that ®; = ©; this fact follows from the inequality 


L(P3—D, G5) < Ly(G,— Dy, Gs) + Lp(Gr—D, GE), 
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the right-hand side of which, evidently, tends to zero 
when n->co for every positive 6. This completes the 
proof. 

We shall now prove that weak convergence in I,(G) 
of a sequence of elements ®, belonging to %,L,(G@) implies 


strong convergence. Let OG, e L(G). Then, according 
to Theorem 1.3’ the set {©} is uniformly bounded, i.e. 
L,(®,, G) << M. Then the formula for the mean value 
immediately implies that {®,} is uniformly bounded 
inside G in the metric C. Consequently, in view of a well 
known theorem of Montel, [57], from {@,} a sequence Dp, 
can be extracted which converges uniformly inside G to 
an element © of the class %,L,(G); moreover, we have 


clearly On ®, But, by assumption, Dn, Bp. Therefore 
&, =GeAL,(G). It is now easy to discover that ®, 
converges uniformly and strongly inside G to ®. This 
completes the proof. 

It should be noted that we did not asssume beforehand 
that ®, is holomorphic in G. 

Consequently, we have 

THEOREM 1.6. If a sequence of functions ®, holomorphic 
in the domain & is weakly convergent in Ly(G), p > 1, then 
it is convergent uniformly inside G, and therefore the limiting 
function is holomorphic in G. 

We also observe that 2,C(H) is a set of constants and 
Y,L,(H) contains only a function identically equal to 
zero. This follows immediately from Liouville’s theorem. 

1.8. We shall also consider some classes of functions 
which are (in general) not summable. Let %> x Lp(G) be 
a set of functions of the form f = ®g, where @ e 13(@) and 
g¢L,(G),p>1. It is obvious that Wp x Lp(G@) is wider 
than L(G). 

In other words, it will be understood that f « UW x L(G) 
if an analytic function ®e AWj(G) can be found such 
that Sf belongs to Lp(@). In this case ® is said to be the 
analytic swmmability factor of the function f. The latter 
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function is called guasi-summable. A large class of quasi- 
summable functions exists; it contains, for example, 
measurable functions possessing concentrated singularities 
of the pole type |z—2| “° where a is an arbitrary real 
number. Then (2— 2), where [a] is the greatest integer 
contained in a, is the summability factor in the vicinity 


of the point 2. 
Le 


Tf fe Ud x L(G), ge Up x LAG), an = 1, then fg« Uj} x 
x £,(@). But if f and g« Up x L,(G), then f+g, in general, 
does not belong to UA} x Lp(G). Consequently, Aj x Lp(G) 
is not a linear manifold. We shall consider, therefore, 
the set YU} x Lp(G) which contains all linear combinations 
of quasi-summapble functions of the class YW x L,(G). 

Let f = ®g where De Uj(G), g « C(G). The set of these 
functions will be denoted by > x C(@) and their linear 
combinations by 2 Uj x C(@). 

In Chapter 3 we shall also encounter functions of the 
form f= @e? where We AZ(G) and ge XUAYx C,H). In 
general, the function f is not quasi-summable. This class 
of functions will be denoted by Uy x e280 x Ca) 


§2. Classes of curves and domains. Some properties of con- 
formal mapping 
2.1. Let I be a simple, closed or open, rectifiable 
Jordan curve. Then its equation may be written in the 
form 
2(s) = %(s)+ty(s) , (2.1) 
where ¢(s) is the coordinate of a point of the curve I 
corresponding to the length of are s counted from an 
arbitrary fixed point on I’. Let 7 be the length of the 
curve. The origin of the length s can always be chosen 
such that the condition 0 <s <1is satisfied. The function 
2(s) is continuous in the range 0<s <l and 2(0) = 2(l) 
if I’ is closed. In the case of a closed curve, therefore, 
2(s) is a periodic function, the period being equal to the 
length of the curve. 
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A curve I is said to belong to the class C™ if all the 
derivatives of the function 2(s) up to the mth order are 
continuous on the are 0<s<l. Furthermore, if the 
derivative 2™(s) of the mth order satisfies on this are 
the Hélder condition with an index a, 0<a<1, then it 
will be said that Ie Cy. 

Let J" be a piecewise smooth, simple, closed curve 
consisting of a finite number of ares of the class C7. 
Let »,2,...,%,2 be the interior angles at the vertices of 
the curve. It will be assumed that 0 < 7; < 2(4j =1,2,..., &). 
The set of these curves will be denoted by C%,,,...,% 

Tf z(s) is a function analytic in the argument s, then I 
will be called an analytic curve. The class of these curves 
will be denoted by YW. We can also consider piecewise 
analytic curves of the class Q,,....,+, 

If the boundary of the domain G consists of a finite 
number of simple, closed or open, rectifiable Jordan 
curves possessing no points in common, then G will be 
said to belong to the class C. If, now, all these curves 
are closed and belong to the class O"(Co’, Con,....%3 
W, W,.,...,5,) the domain G will be said to belong to the 
class O" (C0, Cots,..0e7 Wy Una..sme): 

2.2. Let there be given a function f(z) of the point 
zeJ' on a rectifiable simple Jordan curve I’. This function 
may be regarded as a function of the length of the arc s, 
ie. f(z(s)) = f(s). If f(s) and all its derivatives up to the 
mth order are continuous on the are 0<s <l, f will be 
said to belong to the class O”(I). If, moreover, f(s) 
satisfies the Hélder condition with an index a, 0<a<\1, 
then it will be said that f « C7 (I). 

The sets O"(I") and C¢'(I’) will become Banach type spa- 
ces if the norm of their elements be defined as follows. 


Of, P) = y O(a Tt) if fe OD), 


k=0 


ory, = ory, +H (et ra), if fe Or), 
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where C(f, I) and H(f, I’, a) denote 

OU, T)=maxlf()|, HY,2, a) = sup H—Tal, 

ter hier [és — tq 

2.3. Let G, be a domain of the z-plane, the complement 
of which consists of m+1 continua G), ..., Gm. We shall 
assume that each continuum contains at least two points. 
In this case, as is well known (cf. e.g. [40a]), the domain G, 
can be mapped conformally onto the canonical domain G; 
of a ¢-plane bounded by the circles J), 1,,...,lm,I[ 
being the unit circle |¢| = 1 with centre ¢ = 0 belonging 
to G, and containing the circles I, ..., Im. The function 
2=(¢) giving the above mapping of the domain G 
onto G, may always be subjected to the additional re- 
quirement 

(0) =%, p(0)>0, (2.2) 
where 2 is an arbitrary fixed point of the domain G,. 
It is known that the conditions (2.2) determine the function 
y(¢) uniquely. 

Evidently, the limiting properties of the function (¢) 
and of the inverse function »(z) depend on the smoothness 
properties of the boundary of the domain G,. We shall 
present below, without proof but with a reference to 
appropriate sources, some theorems dealing with the 
character of the continuity of these functions in the 
closed domains G; and G,, under various assumptions 
with respect to the smoothness properties of the boundary 
of the domain G,. 

THEOREM 1.7. If G, is bounded by simple closed Jordan 
curves Lg, ..., Lm, In containing the remaining curves, then 
y(2) and yw(z) are continuous in the closed domains G.+I 
and G,+L, respectively, L = Ly+...+Lm, 2 =IM9+...+L nm 
and the circle I’; is a homeomorphic image of the curve Lj, 
1.€. Lr; = p(Z;) Gj = 0, Be seeg m). 

THEOREM 1.8. If the curves Lo, L,, ...,Lme Ok > 0, 
0<a< 1), then 


p(E)e OUGr+r), lz) CXG,+L). 
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THEOREM 1.9. If Le Oun,...4, (0<a<1,0 <>»; <2), 
then 
y(z) € C(G, +L) ; ¢(c) € CAG, +L) ) 
where 
v= min(L, =, . : 


tt - 
3), vy’ = min (1, 7, ...5 %%) - 
Vy VR 


In the neighbourhood of a boundary corner point 2; with 
interior angle v;x the function 


p(z)— (23) 
(z) == 2.3 
py ) (g—2,)" ( ) 
tends to a definite limit y,(z;) 40 when z->2z;. Moreover, 
in the neighbourhood of 2; the derivative of p(z) has the form 

1 
: ——1 
p (2) = (2—23)"4 -pol2) , (2.4) 
where y(z) is a continuous function and y(2;) 4 0. 
If €; is the image of 2;, then in the neighbourhood of ¢; 
the function 


P(S) — P(C3) 
(C= (2.5) 
(¢—¢)" 
tends to a definite limit o;(¢;) when C->C; and —;(¢;) #0. 
Besides, in the neighbourhood of ¢; 


y'(6) = (6-2) "gal) 5 (2.6) 
where po(f) is a continuous function and (oj) # 9. 

Proofs of these theorems were given by various authors 
(see for instance [131). A fairly complete list of references 
on the subject may be found in [22]. 

We shall now indicate a way of proving continuity in 
the Holder sense of the functions g(Z) and y(¢) in 
a closed domain, by means of the formulae (2.3) and 
(2.4). 

The relation (2.3) implies that in the vicinity of a corner 
point 2; the function »(z) has the form 


y(2) = (zs) + (2-23) ,(2) « (2.7) 
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On any closed arc of the contour DZ which does not contain 
a corner point, y(z) has a continuous derivative. Therefore 
the bounded function y,(z) has a derivative everywhere 
in the neighbourhood of z; with the exception of this point; 
in view of (2.4) the following inequality holds in the 
vicinity of 2;: 

Mo 


dyi| — 
|je—2%| 


dz 


(M, = const) . 


On the other hand, it was proved by Muskhelishvili, [60a] 
(Ch. I, §7), that in the vicinity of a point 2; on L a function 
of the form (2.7) belongs to the class C, where », 


= min (1 ; =} On closed ares of the contour Z which contain 
i 
no corner points, y(z) « C,; we therefore observe that the 


following is true: on the entire contour Z the function 
yeC,(L) where v’ = min(1, »j,..., 7%). It follows that 
w(z) « CAG,+L) (ef. e.g. [60a], Ch. I, §22). In an analogous 
way we can prove that o(f)¢«C,(@;+lI) where 9” = 
= min(1, , ..., ?%). 


§3. Some properties of Cauchy type integrals 


In this paragraph an important property of the Cauchy 
type integral will be proved; it will frequently be used 
henceforth. 

THEOREM 1.10. Let Ge O07" and fe OL) where I is 
the boundary of the domain G, De C7’, 0<a<1,m>0, 
Then the Cauchy type integral 

df hm(t) at 

8) = bai J te = 
r 
belongs to the class C7(G+T). 

PROOF. By integration by parts it can easily be shown 
that 

(m) _ eo Im(t) dt 
aie ee 2at J t—2 ’ io-2) 


4* 


22 GENERALIZED ANALYTIC FUNCTIONS 


UF a4 lant moat te) — 
fat) = 7) rade 5, (7 al Ke)==, 


the operation t’(s) es on the right-hand side of the relation 


being repeated m times. Since é’(s) and f« Cy (I), then 
Im{t) « C(I’). Therefore, in view of a well known property 
of the Cauchy type integral ([60a] Ch. I, §22), the function 
O™(z) « O(G) when 0<a<1, ie. Ge OT(G). This com- 
pletes the proof. 

The following relation also holds 


Cr(®, 4) << MOTE, LT), (Mt =const). (3.3) 


When m = 0 the proof of this assertion is easily obtained 
from Muskhelishvili’s results, [60a] (Ch. I, §§ 19, 20, 22); it 
can readily be generalized by means of the formula (3.2) 
to the case m> 0. 

Remark. When m=0 the requirement in respect of 
the domain may be somewhat weakened. We have the 
following theorem ([60a] Ch. I, §21). 

THEOREM 1.11. If Ge O and fe C(l),0<a< 1, then 
@(z)¢C,(G+TI). The derivative O'(z) has the estimate 

|D'(z)| < C.f)67"*, O<a<l1, (3.4) 
where 6 is the distance of the point z from the boundary of 
the domain G. 

The last relation implies that ®’(z) « Z,(G) where p is 

an arbitrary number satisfying the condition 


l<p< — ‘ (3.5) 
Also, obviously, 

L,(®',G)< MCAf,f) (M =const). (3.6) 
According to this remark, under the conditions of Theo- 
rem 1.10, we have 

L(S"* , @) < MTC, TL). (3.7) 


It follows from (3.5) that p> 2, when 4<a< 1. 
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§4. Non-homogeneous Cauchy—Riemann system 
4.1. Let us consider the non-homogeneous Cauchy- 
Riemann system of equations 


ou av ou 


cape 918), SF —Bay), — (4) 


On 


where g and hf are known real functions of the real vari- 
ables # and y. This system can be written in the form 


ow +th ) 
ats f= , w=utiv, (4.2) 
where 
re = gla tigy) =a =. (4.3) 


We shall also consider the operation 


ow 1 (BS Fr 


—_— = 0,0 = WW, = = ao Oy . (4.4) 


Oz 2 

We shall agree to call the quantities @,;w and @,w the 
partial derivatives with respect to z and 2, respectively. 
It is readily observed that the derivatives with respect 
to « and y are related to 0;w and 0,w, namely we have 


ow dw, dw ow jeu Phas 
ane 2? yi 


We shall further see that 2; and @, may be regarded 
as the original differential operations which we shall 
define directly, with no reference to the partial derivatives 
with respect to x and y. 

Applying the operations 0; and @, to an analytic function 
@(z) we obtain 


0, SOBs (4.5) 


The first relation is a complex notation of the Cauchy— 
Riemann system, while the second represents the de- 
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rivative of an analytic function with respect to the complex 
argument. If we C(G@) and ® « %,(G@), then, obviously, 


é(Ow) = Dazw, a(Ow) = Gd,w. (4.6) 


Let Ge C and we C\(G). Then by means of the well- 
known Green formula it is easy to derive 


Ow ok | 
G r \ 
aw 1 a 
G r 


It can easily be seen that these formulae remain valid if 
we OU(G) and it is continuous in the closed domain G. * 

If ¢ is a fixed point of the domain G, then in view of 
the formula (4.7) and the relation (4.6) we have 


1 f w(e)de 1 f w(z)de { dw (z) dady 
oF gat 24 ey oz 2=-0 
r jg—C|-=e G, 


(4.8) 


where G, is the intersection of the domain G and the 
domain |z—¢|> «; obviously G,C G. Passing in the above 
relation to the limit (e«—-0) we obtain 


w0(¢) = 1 w ( Ie Alar ee (4.9) 


ont . Zz — 
Pr 


In an analogous way the following formula is derived: 


ee ae Se 1 dw (z) ae 
m= — 5 | =) jae Pay (4.10) 


The above identities have been proved under the 
condition that w(z) belongs simultaneously to C(@) and 
C1(G). We shall discover later on that they remain valid 
for a wider class of functions (§6.1, page 38). 


* Wider generalizations of these formulae will be indicated 
below (§7). 
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The formulae (4.9) and (4.10) are encountered in the 
papers of many authors. Probably, they were first derived 
in the paper of Pompeiu [71] (1912); on this basis he 
generalized the concept of the derivatives 0, and 2; (see 
below, §7). They represent a complex form of some well 
known integral relations encountered in the theory of 
logarithmic potential. We shall find later, however, that 
they are particularly useful for further applications exactly 
in the complex form given above. 

4.2. Let us return to the equation (4.2). If fe C'\(G) 
it is easy to obtain a formula yielding all solutions of the 
equation (4.2). 

Tf w is a solution of the equation (4.2) we have 


wie) = 8()—~ [ [OSs owsry, (4.11) 
G 


where 


@(z) = 1 wes Th = ear asen- 4 (4.12) 


2m J C—2 


4.3. The formula (4.11), in general, has no sense if f 
has discontinuities in G. Nevertheless, it can easily be 
generalized to the equations (4.2) with right-hand sides 
belonging to Ui x C(G) (see also §5.7). 

Let fe Ux C(G). Then an analytic function ®,(z) 
of the class U(@) can be found, such that /®,« 0(@). 
Multiplying both sides of the equation (4.2) by ®D; we 
have 


Hence, in view of the formula (4.11) we obtain 


(0) O(0) dEdn 
3 


Ww (z) = 910) sa | cage 5 


(4.13) 


where ®(z) is an arbitrary analytic function of the class 


Wo (@). 


26 GENERALIZED ANALYTIC FUNCTIONS 


The formula (4.13) is easily generalized to the case in 
which f=/f,+f.+...+fn, where 


fe= 5 meC(G), DeW(G), k=1,..,n. 


Then the formula 


Wie) = OXe) = Ya mD;{2) lee wi pe “an ye Mets) 


where @ is an arbitrary analytic function of the class 
Y5(G), yields the solution of the equation (4.2). 

In the following sections of this chapter we shall 
examine in more detail various properties of functions 
represented by formulae of the form (4.12) and (4.13). 

4.4, If f = f(#, y) isan analytic function in the variables 
“2 and y we can derive a formula which simplifies the 
computation of the integral Tf. Replacing the arguments 


wand y by (2 +2) and >(e—2) respectively, and comput- 


ing the indefinite integral (with respect to 2) 
= Z2t+2 2—2\,_ 
wee, 2) = f (, SAlae, 

we shall have according to the formulae (4.9) 


_1 nf pep een 


1 (F(,2) 
2a0t “Caer 


= F(z, 2)— —s*lar, ogeG. (4.15) 


If z lies outside GTI 
1 (( f(é, 7) op pn f BGS) 
~ a) f Patan =—s5 | peat. (4.16) 


The last statement follows from the fact that Tf is con- 
tinuous on the entire plane, holomorphic outside G+ 
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and vanishes at infinity. Making use of some familiar 
limiting properties of the Cauchy type integral ([60a], Ch. I, 
§17) we readily observe that the right-hand sides of the 
relations (4.15) and (4.16) are identical on the boundary I 
of the domain G. 

It should be noted that the formulae (4.15) and (4.16) 
are valid for both simply-connected and multiply-con- 
nected domains. It is only necessary to demand that 
f(x,y) be an analytie function in the variables # and y 
in a simply-connected domain G, which contains the 
whole domain G@. Assume for instance that f = 2z™ 
where » and m are non-negative integers. If G@ is the 
circle |z|< 1 we have, (when ze @), 


gnygmt+1 gn-m—1 


nem mtilom+1’ 
ape day ("tl + 
A C—2 gnyzm+1 
m+1?’ for n<m—1. 


When 2z lies outside G+TI 


1 rnem ; for n>m—1l1, 
SAS: gcro Veean f 1 
is mpi? ‘er n<m— 


§5. Generalized derivatives in the Sobolev sense and their 
properties 


In this paragraph we shall investigate classes of func- 
tions which possess derivatives in a generalized sense. 


5.1. LEMMA 1. Let f « L,(G), and f = 0 outside G. Then 
the function 


C)déd +e)déd 
ate) = J oem J ee a<2, (51) 


E 


48 continuous on the entire plane, provided p > — 
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PROOF. The second integral in (5.1) may be carried 
out over a circle Gp with the centre at the point z= 0 
and with a fixed radius R. Since 


ales) —g(e) = | { EE aedy, 
GR 


we have in view of the Holder inequality (1.11) 


<([f ie+e—1e-+e) Pagan)” | iF J ier@agan)", 
GR 


1 1 

Pre 5.2 

rae (5.2) 
Since gd = < 2 the second factor in the right- 


hand side of the inequality (5.2) is bounded. The first 
factor, according to Theorem 1.1, tends to zero when 
\2;—2,|->0. This implies the continuity of g(z), which 
was to be proved. 

THEOREM 1.12. Let G be a bounded domain. If f « L,(@), 
then the integrals 


1 = Tf =— = {foe LUE 


ee -L ffigen 


exist for all points z outside G, Tf and Tf are holomorphic 
outside G with respect to z and 2, respectively, and vanish 
at infinity. 

The theorem is obvious and no proof is required. 

THEOREM 1.13. Let G be a bounded domain. If f ¢ L,(@), 
then Tf and Tf, regarded as functions of a point 2 of the 
domain G, exist almost everywhere and belong to an arbitrary 
class Ly(G,) where p is an arbitrary number satisfying the 
condition 1 <p <2 and G, is an arbitrary bounded domain 
of the plane. 


(5.3) 
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Proor. According to Lemma 1, the function 


i 


is continuous if g«L,(G),p> 2. Hence |f\g,¢L,(G) if 
fe« L(G), and in view of Fubini’s theorem 


[J itlndndy J f lglfdedy , 


If (o) [aga [dédn 
file) = J er 


This relation holds for an arbitrary function g of the 
class Ly(G@), p > 2. Therefore, in accordance with a known 


property of summable functions, f, « L,(G), q = ae 9. 


Hence TfeL,(@), for |Tf|</f,. Here q is an arbitrary 
number satisfying the condition 1<q< 2. Since the 
function Tf is holomorphic outside G we have, obviously, 
Tj «LI (G,), G, being an arbitrary bounded domain of 
the plane. Evidently, an analogous statement is true 
for Ty. 

THEOREM 1.14. If f ¢ L,(G), then 


Jf The F dlady ah fodady =0, (5.5) 
a Tf dndy +f f Ipdady =0, (5.6) 
: a 


where p is an arbitrary function of the class D{(@). 


PrRoor. If me Di(G), then in view of the formulae 
(4.9) and (4.10) we have 


_i1 Op(c) d&dn __,,, (Op 
Bey Bae ae t~z =0(2), 


1 dy dédn — (dy 
Sa ens = T(—}). 
ia ae C—2 (2) 
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Hence 


EE: zaody == | f 1) aan [3 or Gedy 
=—| f fedway , 
G 


ff teed =* [fre astm ff a 
=—| | tedody . 
G 


This was to be proved. 
5.2 Following Sobolev, [79a], we shall now introduce 
the concept of so-called generalized derivatives, [14d]. 
Definition. Let f, g « L,(G). If f and g satisfy the relation 


Jf ofaway +f [ toandy =o 

q @ 

(J J age dody-+ Jf toaway =o), 
e G 


where ¢ is an arbitrary function of the class D\(@), f is 
said to be the generalized derivative of g with respect to Z 
(with respect to 2). * 

If ge OC(G) and f = a;9(f = 2,9) the relation (5.7) is 
obviously satisfied. Therefore, in what follows, we shall 
use the same notation for the generalized derivatives 


(5.7) 


* Usually, generalized derivatives with respect to real argu- 
ments x and y are considered. For our purpose, however, it is more 
convenient and more expedient to regard as original the differential 
operators 4; and 2,[14d]. It is easily seen that both definitions are en- 
tirely equivalent. Moreover, it should be observed that they are equi- 
valent to the concept of generalized derivative introduced by means 
of the ordinary partial derivatives with respect to ~ and y [61]. 
Let us also notice that in (5.7) we may confine ourselves to func- 
tions g belonging to the linear manifold D},(@). 
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with respect to Z and z as for ordinary derivatives, i.e. 
é; and 8, respectively. In general, we settle on the no- 
tation 


af = 2 = 5, ifm She: 


The definition implies directly that functions having 
generalized derivatives with respect to Zz or z constitute 
linear manifolds which from now on will be denoted by 
DAG) and DAG), respectively. 

We shall discover below that the classes D{G@) and 
DAG) retain a number of important properties of functions 
differentiable in the ordinary sense. 

It follows immediately from the relation (5.7) that if 
ge DG), then ge DAG), and conversely. Thus, it is 
sufficient to investigate properties of one of these 
classes, D{G) for instance. 

We also notice that according to Theorem 1.14 Tf « DXG@), 
Tf « DAG) if fe L,(@), and 

oTy att 
pz =f ’ Oz. = f : (5.8) 

We shall also consider classes of functions possessing 
generalized derivatives of an order higher than one, with 
respect to 2 and Z. 

We shall say that a function f(z) belongs to the class 
Dm »(G@) if there exist inside G all generalized derivatives 

ith 

oh Gtk <m, i,k =0,1,..) 
and they belong to the class Z,(G), p >1, including the 
case of p = oo. The symbol D» will stand for Dn,. Below 
we shall investigate a number of properties of functions 
of the class Dm,» (§5.6, §6.1, 6.4). In particular, Dn» turns 
out to be a Banach type space if the norm in it is defined 
by the formula 
itk<m 


Dmg) @) = >) Ln Sa) . (5.88) 


ik=0 
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Spaces of the type Dm,» were first introduced by Sobolev 
in the class of functions of an arbitrary number of varia- 
bles, [79a], and denoted by W&”. Important properties of 
these spaces (imbedding theorems) were established in 
the papers of Sobolev and Kondrashev, [79a], Nikolski 
[61b, ec], and others. Later on, in §6, we shall prove some 
of these properties for functions of two variables, principal 
attention being devoted to the properties used in the 
subsequent chapters. Our considerations will be based 
on a general representation of the class of functions D;, 
which will be derived in §5.4. 

5.3. THEOREM 1.15. If 059 = 0, then q(z) is holomorphic 
inside G, t.e. g(z) « UG). 

PROOF. It is sufficient to prove that g is holomorphic 
inside the vicinity of any fixed point 2 of the domain G. 
With no loss of generality we can assume that 2 = 0. 
Let us take a sufficiently small circle Gr with centre 
at the point -=0, and radius R,@pCG@, and con- 
sider the biharmonic Green function of this circle 
({14b], §44) 


Z (2,0) = aje— cing 8 cae lz) (2) ; 


where z and ¢ are arbitrary points of the circle Gz. Taking 
the point ¢ inside Gz it is readily observed that for 2 4~¢ 
Z(z,¢) satisfies the biharmonic equation AAZ = 0 and 


the following boundary conditions 
eZ OZ 
ag = ay 8 for ljej=R. 


Furthermore, 7, Z, and Z, are continuous in the closed 
circle |z| < R. Consider the function 
Z(z,f), for |zej/<k, 


ve) =| 0, tor |el>R, 


where ¢ is a fixed point inside Gp. Evidently, y(z) « Di(@). 
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If j = @;g = 0, then according to the relation (5.7) we have 


i, g geiedy = f fe) dedy = 0. (5.9) 


This relation holds for an arbitrary point ¢ inside G. If 
we now apply to both sides of the relation (5.9) the 
operations 07; we have 


acée J ml, {a away 


= = [fe eee dxdy =-0. (5.10) 


The validity of the above change of the order of differ- 
entiation and integration can easily be proved. 
Simple computation shows that 


@Z(z,6)_ 1 Meo te ae 
azatat = E—2 (R?— 20)? R2—2t | 


Henee, we obtain from the relation (5.10) 


ae a pees eet ®()+6{), (6.11) 


Lf. Re-2RE +22 | 
erat 9(2) “Cpe se): da dy , 
R 
1 [ ( 2dady 
Re— 2 * 


R 


Since @(€) and ©@,(£) are holomorphic inside Gp we 
have, in view of the formulae (4.5) and (5.8), from (5.11) 


i.e. g is holomorphic inside Gg—the required result. 
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This theorem can also be proved by making use of 
properties of mean values of functions, [79a]. 


5.4, THEOREM 1.16. If f = 0;9 « L,(G), then 


ate) = o00)—> J [ES (OEM — 6(@)4+Tof , (6.12) 


where ® is a function holomorphic inside G. Conversely, 
if DeA(G) and fe L(G), then the function g=@O+ 
+T@f ¢ D{G), and 


og 
oe =f (5.13) 

PrRooF. The first part of the theorem follows from the 
preceding one, for 0(g—Tf) = a;g—2;Tf = f—f =—0. The 
second part is obvious. * 

The formulae (5.12) and (5.13) imply directly the 
uniqueness of the generalized derivatives. 

Let D{G) be a set of functions g(z) for which a;g « L,(@). 
Obviously, DG) C DAG). 

The formula (5.12) provides a general representation 
of functions of the class DG). Denoting by TZ,(G@) the 
set of functions of the form Tf where f « L(G), p >1, we 
obtain in view of the formula (5.12) 


DAG) = U(G) + TLE) , 


ie. D{G) is a direct sum of the sets U(@) and TL,(@). 
In other words, every element of the set D;(@) is uniquely 
representable in the form of a sum ®+g where @ « U,(G@), 
g« TL,(G). Evidently, the sets U,(G@) and TZ,(@) have no 
elements in common, except the zero element. 
THEOREM 1.17. If ge D{G), then ge DAG,), where G, 
is an arbitrary subdomain of the domain G. 


* This theorem was proved in author’s paper [14d]. 
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Proor. According to Theorem 1.16 
1 ag déd 
ron ats 
ae 


ot C—2 
dg d&dn 
C eal ont, (61d) 
where ae 
1 dg df dn 
@,(z) = D(z) -—— =———. 
(2) = B(2) =] i] ile 


Since @, ¢ U,(G,), according to Theorem 1.16 the right- 
hand side of the relation (5.14) belongs to DG,). This 
completes the proof. 

This theorem also implies that the property of differ- 
entiability of a function with respect to z (or z) in the gen- 
eralized sense is a local property. 

5.5. Assume that f(z) has a generalized derivative with 
respect to Z at all points of a domain G. In other words, 
to every point 2) « G there corresponds a neighbourhood G, 
such that 


fe) =o4e-2 | f MME 0, +2994, 


Dye Udi G,) » Joe L,(@) . 


inside G). In this case f possesses a generalized derivative 
with respect to 2 in the whole domain, i.e. d;f = g « L,(@). 

Let G, and G, be neighbourhoods of the points z and 2, 
of the domain G, their intersection G,G, being non-empty. 
Since in GG, 

f=O®+Tag=P+Tag, Po, G,¢ U(GG) , 

by differentiating both sides of these relations with respect 
to Z and making use of the formulae (4.5) and (5.13) 
we obtain go = 9g, in GG. 

Let G@’ be a closed subdomain of the domain G. Let us 


cover G’ by a finite number of neighbourhoods Gy, Gi, ..., 
Gm in the interior of which 


f=O;+Tej9;, De AlG;), gre L(G), 
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and, because of the result proved above, g;=g, in 
GG, 4 0. Assume that g is a function equal to g; in G;. 
Obviously, g ¢« £,(G’). If ze G;, then 


a(f—Teg) = 2(f—Te,g—Te-ag) =9, 


since f—T¢,g; = ©; and T@_¢g,g are holomorphic inside G;. 
Consequently, f= ®+Tq@g,H« U,(G’), thus completing 
the proof. It is readily seen that g is independent of the 
subdomain @’. 


5.6. Let f, ¢ D{G@). Then, in view of Theorem 1.16 


n06-2 ff), eect, 


where G, is a subdomain of the domain @ and G,C G. 
This relation implies that 


f(2) = ule, y) += a s(t *) ele e|dédn , 


where 4% is a harmonic function in G). Differentiating both 
sides of the above relation with respect to 2 we obtain 


pone [Se 


Applying to both sides the operations @, we have according 


to Theorem 1.16. 
of of 
: oz =5 de} 


Thus, we have proved the following: 

THEOREM 1.18. If f,¢ D(G), t.¢c. if f,g exists, then fz, 
also exists and fz, = fz. 

In other words, mixed generalized derivatives with 
respect to 2 and Z are independent of the order of differ- 
entiation. 
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If fe CG), then f.5=—4(fatfy) =+}4f. Hence, em- 
ploying also Theorem 1.18, we may now introduce the 
definition of the generalized Laplace operator A as follows: 


1 &f 

Af = 4 be08" (5.15) 
5.7. We can now introduce wider classes of functions 
D* and Dz. We say that f « D3(G@) if a;f «Ay x L(G). In 
an analogous way the definition of the class Df is con- 

structed. 
It can easily be proved that the general representation 
of functions of the class D*(G) is given by the formula 


f(z) = O(z)— _ a pas gt say (5.16) 


where ® and ®, are arbitrary analytic functions of the 
class U$(@) and g is an arbitrary function of the class L(G). 


Also 
1 of 
Consider now the non-homogeneous Cauchy—Riemann 
equation 


ots (5.18) 


and let us assume that f « US x L(G), ie. 
=H, fucDlG), Oy WA). 


By the term generalized solution of the equation (5.18) 
we shall understand any function w(z) of the class D*(@) 
satisfying the equation (5.18) almost everywhere. All such 
solutions are obviously given by the formula 


a JJ Oe @,/ BG) BE Ey , (5-19) 


where ® is an arbitrary function of the class W3(@). 


5* 
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§6. Properties of the operator Tg/ 


In this paragraph we shall investigate properties of 
the operator Tg with respect to various classes of functions. 
6.1. THEOREM 1.19. Let G be a bounded domain. If 
feL,(@),p>2, then the function g=Tef satisfies the 

conditions 
19 (2)| < M,Ly(f, G) ; aE x, (6.1) 


la) —9(@)| < MaLolf, @lm—al, a=P==, (6.2) 


where 2, and 2, are arbitrary points of the plane, and M,, M, 
are constants, M, depending on p and G, while M, depends 
on p only. 

PRooF. Making use of the Hélder inequality (1.11) 
we obtain 


<5 (J werrazan)”([ f e—sreatan)™, (3) 
a) 
Since g < 2 we have 
a ([fe-ertatan)" <5 (GB) t= m= Iho, a, 


aq 


where d is the diameter of the domain G and a = = 
Therefore, (6.3) a immediately the inequality (6.1). 


Since 


— )déd 
g(e2)—9 20) = [ f LEE, Ae, (6.58) 


we have according to the Hélder inequality 


19 (#1) —g (22) | 
- — _ 1a 
< Lol, @) a | Jf e-alle—ad *agdn). (6.4 
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We now estimate an integral of the form 


T(a, B) = ff \t—alt—ae\"dédn, a<2, B<2. (6.5) 
G 


About the point 2, we draw a circle G, of radius oe 
= 2|z,—2,| and a concentric circle G of radius 29, such 
that GCG. If ¢ lies outside G,, then 2|¢—z,| > |¢—4|. 
Therefore 


= ff |e— @| “|¢— z,| dédn < sat f p98 dp 


Go-Gi 
| “a when a+f>2, 
< sage when at+f=2, (6.6) 
jae when a+f<2. 
Furthermore, 
SoM ere rear, 
ae Pc —aal? 
__ dédy Map 
ex, moa ‘LW ie-oP erie PS ja 
ince 


J(a, B) <doot+di, 
we have the estimates * 


Moles 22/2 for a+f>2, 
J(a,B)< ap (G) + 8x|1g|2, — 2el| for a+fB=2, (6.7) 
Mel G) for a+ fB<2. 


Returning now to the inequality (6.4) and remembering 
that 1 < q< 2 we have in view of the first inequality (6.7) 


ae See | 
awa (JJ (\C—2,| [¢—a)*dedn) S Mp|z,—2,|°-” 


* The method of deriving the inequalities (6.6) used here was 
given by J. Hadamard (see e.g. [30], §563). 
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Therefore, the inequality (6.2) follows from (6.4). This 
completes the proof. 

The inequalities (6.1) and (6.2) indicate that Tf ts a linear 
completely continuous operator in the space Lp(@) mapping 


this space onto C,(G), a= me, p > 2, * and 
—2 
CATH, G) <MIgf,@), a=", p>2. (6.8) 


Let fe C(G). Then the following inequalities follow 
from (6.3. (a)): 


lg(z)| < MC(f, 


= 6. 
Pee a Oe) 


where d is the diameter of the domain G. If, on the other 
hand, f « Lo(G), then we have 


19 (2)| < UL.A(f, @) , 
19 (#1) — 9 (%)| < ML,ff, G)|2,—2,|lg 


2d | (6.9a) 
|%4— 2s] | 

These inequalities imply that the operator Tgf is 
completely continuous in the spaces C(G) and L,.(@), 
and it maps these spaces onto a class of functions satisfying 
Dini’s condition. 

The following result follows from Theorems 1.17 and 
1.19: 

if fe Dp, p > 2, then f(z) belongs to the class ee inside G. 


We shall see later that if p < 2 the tinction f(z) may 
turn out to have discontinuities. 

Theorem 1.19 implies a more general:— 

THEOREM 1.20. If fe Dnp (GZ), p> 2,m>1, then Tf 


belongs inside G to the class Of * where a = a=. 


* Such operators are sometimes termed stronger completely 
continuous operators [79a]. 
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To prove the theorem it is sufficient to express deriva- 
tives of f of the order (m—1) by derivatives of the order m 
in accordance with the formula (5.12), and then to make 
use of Theorem 1.19. 

We also observe that the formula (4.9) is still valid under 
the following conditions: (1) @eC, (2) weO(G) and 
0z0 e L,(G), p > 2. 

In fact, in view of the formula (5.12), w(2) = ®(z)+ 
+ 9(z) where © « U(G@) and g(z) = T4(a;w). According to 


Theorem 1.19 ge C,(#),a = oa is holomorphic out- 


side G and vanishes at infinity. Since, by assumption, 
w is continuous in G,® = w—g is also continuous in G, 
and in view of the Cnitiehy formula and Cauchy theorem 
we have 


_ 1 (w)—-g (2) 4 1 (2) 
sd tae Bai | Ce a= 55 | Bae pag 


Thus, under conditions stated above, the following formula 


as valid: 
we) = a ul Oe i = es ee - dtdn. (6.10) 


6.2. The inequalities (6.1) and (6.2) were derived under 
the assumption that G is a bounded domain. In the case 
of an unbounded domain the inequality (6.1) has no 
meaning since in general the constant M, depends on 
the dimensions of the domain @ and tends to infinity 
when the diameter of G tends to infinity. The inequa- 
lity (6.2), however, is still true because the constant M, 
is independent of G. 

Consequently, if f « Lp(£), p > 2 and TH exists at a fined 


point z= 2 then The H,(£),a= t= and 


Tj = O(lel ? ) (near z = oo). (6.10a) 


42 GENERALIZED ANALYTIC FUNCTIONS 


It should be observed that the integral over the infinite 
domain is to be understood as the principal value of the 
integral. 

We shall now prove a theorem for the infinite domain 
which also implies Theorem 1.19. 

THEOREM 1.21. Let feLpLy(G) where LyL,(G) is the 
intersection of the sets Ly(G) and Ly(G), and p>2,1< 
<p' <2. In this case the function g = Tf satisfies the 
inequalities 

\9(2)| < Mp,pLpLp(f,G), ek, (6.11) 
—2 
19 (@)—9 (22) | < Mp,p- Lp Lyf, @) la—al > P , (6.12) 
&1,%€H, 


ie. The C,(E), a= P— where 


LyLy(f, G) = Ig(f, G)+Lp(f, @). (6.13) 


PRooF. Bearing in mind that the constant M, is in- 
dependent of the domain G, we see that the inequality (6.12) 
follows from (6.2) if we take formula (6.13) into account. 
It remains to prove the inequality (6.11). Assuming 
f = 0 outside G we have 


=} ff U2 aan [pee ae: 


ls [el 
Therefore, because of the Holder inequality 


ma <=( [fire+e Pazan)( J J r-tazay} 
]<1 
+2 J ficrar azar) at [fer ¢asan)” 


1/ 22 
<i(eny oh + Zo jt " 
< My,p((Lp(f, G@)+Lp(f, @)) = Mop LpLp(f, @) , 
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where 
1/2 ; 1/ 2 : 
ye \a@ zw \q’ 
Mow 5 (ema) alga) 
_ ~p ,_ _ P 


This completes the proof. 

Since in the case of a bounded domain L(G) C Ly(G) 
and Lyf, 4) << ML,(f, G), the inequalities (6.1) and (6.2) 
follow from the inequalities (6.11) and (6.12). 

Similarly to Theorem 1.21 we can prove 


THEOREM 1.22. If feLoLy(G), 1<p' <2, then the 
function g(z) = Tef satisfies the conditions 


1g (2) | < My LoL f, G) ’ 
19 (#1) — 9 (22) | < MpLeooLy(f, @) |21—22||In |z,—#al] 


Here LoLp(G) is the intersection of the sets D,.(@) 
and Lp(G), LoLp(G) being a Banach space normed in 
the following way: 


LooLyf, G) = realmax |f(z)|+Lp(f, @) , 


where @ is an arbitrary (bounded or unbounded) domain 
of the plane. If G@ is a bounded set, Lio,p(f, G) < ML,.(f, @). 

We shall prove the following theorem for the case of 
the infinite plane: 


THEOREM 1.23. Let f ¢ Lp,.(H), p> 2. Then the function 
9(2) = Turf satisfies the conditions 


lg(z)| < MpLy,,(f) , (6.14) 
p—2 


19 (#1) —g (22) | < MpLy,,/f) |z,— 2] ? (21, 22, € EH). (6.15) 
Moreover, for a given R>1 a number Mp» can be found, 
such that 


2-p 


ig (2)| < My, rLy,(f)\2| ” for [e|>R. (6.16) 
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PRooF. Writing Tzf in the form Tzyf+Tyz,f where 
E, = €(|2| <1), B, = €(\2| >1) * and replacing the var- 
iable ¢ by 1/¢ in the integral Tz,f we have 


les se 1 al ere dé dn 
~—} f fee a ae (Q)seey fps: 


fe(l—te) 
Also, it is readily observed that 


Gal2) = 9o(9) — Go (;) 


y= pga 


According to Theorem 1.19 g, and gy satisfy conditions 
of the form (6.1), for f and f, ¢ Lp(H,), p > 2. Therefore 


1a(e)| < Joule) + ga(0)| + a5] 


< My[Lp(f, Fy) +Lo(fo, H,)] = MpLy,,\f) - 
Further, g,(z) satisfies the inequality (6.2) and for g,(z) 
we have 


\ga(%1) — Ga(2e) | <! a= J) tate eta: (6.17) 


If |z2,|, |2a{ < 4 then |1—z,| > 4, |1—le,| => 4 when |¢| <1 
Hence, from (6.17), we obtain 
|9a(@1) —Go(%2) < |MpLp(fo, Hy) |%— %| 


p-—2 


< MpLp,s(f)\2:—#el ®—([2a> [eal <4) 


* €(....) denotes the set of elements satisfying the conditions 
in parenthesis. 
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Tf |z,| < 4, [| > 2, then 
2 2 I fo()] 


mJ 


\9a(2x) — ga(#2) | < 


2 


< MyLI yp(fo, Fy) %2— 2|? 


p 


& 
i eel 
&2 I 


p-2 
< Myply,Af, E)\e2.—2%)? , 
because 


Sle 
3 lire 


es ae ae 


Finally, if |z,|, |z.| > 4, then 


a7) 05) 


<2 


|Ge(%2)— ge(21) | < 


p-2 
< Mi Lplfo, E,) < MpLp,2(f) |%— 22] ” 
Thus, 


9 (2) — 9 (22) | < |gu(#1) — 9u(%2) | + | go(%1) — ge(#2)| 


p-2 


< MpL»,.(f) ley — | ? . 


Further, when |z| > 1 we have 
1 

lg (2) | < |gs(2)|+ 1(0) — =) 
M,Lolf, # 2—P 

< Motels 4 we Lolfo, Hy) lel ® 


|2]— 
< MpLnAlf)| 5 ia kere P| 


The above relation implies immediately the inequality 
(6.16). This completes the proof of Theorem 1.22. 
Thus, tf f «Ly (H), then 
Taf ¢ Cp-2(£) , p>2, 
Pp 


<8 
and near infinity Trf decreases as |z|? . 


< 


j2|—1 
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6.3. Theorem 1.23 implies the following 


THEOREM 1.24. Let A(z) « Ly.(E), p > 2. Then an oper- 
ator of the form 


A 
Py = [Jer aan = — aT» Af) (6.18) 


is completely continuous in the space C(E) and maps 


this space onto the space C,(E), a == == and 


CAP, H) < MpLy,(A)C(f, £). (6.19) 
Moreover, near infinity 
2—p 
[Pf] < MpLy,(A)C(f, Bel? , p>2. (6.20) 

PROOF. The inequalities (6.19) and (6.20) follow im- 
mediately from (6.15) and (6.16) if we take into account 
that AfeLy(£),p>2 when fe C(#), and Lp.(Af)< 
<Lp,,(A) O(f, B). 

If there exists a bounded set of functions {f} (ie. |f] < 
< M), then by virtue of (6.19) the set {P/} is uniformly 
equi-continuous and uniformly bounded. Hence, by virtue 
of Arzela’s theorem, it follows that the operator Pf is 
completely continuous. 

Also, the following theorem is true. 

THEOREM 1.25. Let A(z) ¢Ly(H),p > 2. Then Pf is 


completely continuous in the space Lg, (EH) when q> J 
2 


besides Pie C,(F), 0<a=1-2(5 +7) <P, and 


CPF, B) < Mp,gLy,A)Laolf) - (6.21) 


Moreover, near infinity, 
[Pf] < Mo, oly, A)Lgo(f) let » 


a=1—2(5 +4). (6.22) 
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o3 1 : 

Proor. If the condition ats <5 is satisfied the 
function Af «L,.(H),r = er > 2, and, according to 
the inequality (1.11), 

Ly, Af) < Lp,oA)Lq,o(f) - 
Therefore (6.21) and (6.22) follow at once from (6.15) 
and (6.16). The complete continuity of the operator Pf 
in the space L,,(£) follows from the inequality (6.21). 


6.4. THEOREM 1.26. If feL,(@), 1<p<2, then 
g = Tef belongs to L{(G) where G is a bounded domain; 
y is an arbitrary number satisfying the inequality 


2 
l<y< = (6.23) 
In this case the following inequalities are satisfied: 
L,(Tef, G) < My, (4) L,(f, G) ? (6.24) 


(/ J lg(2+42)—g(2) P’dedy)? < M},,Lp(f, @ Az", (6.25) 
E 


y 2p : 

PROOF. First assume that p<y< rea Then we 
have 
1 p Ass ia Ste 
Wefl <= f {WOE Hero Heel a ata, 
a 
_ Pp 
q os; p—1 3 


where ee en ee 0. Since say dea Jere with 
y p 2 a) aa 


the help of the Holder inequality we have 


ell <=(f f ror eal agan x 


x ( i; { if (2) Pazar)? *( f ij eat agar)’. (6.26) 


G a 
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Since for 1> 0 the constant M(A, G) is given by 
M(A, @) = sup ff g—2l?dédn < 0, 
&E. G 


we easily obtain from (6.26). 
{ il |Tof da dy <i (M (qa, ))* (Lal, @))?-? x 
@ 
x [fe Pasdn ff \e—2r andy 
G @ 


1 
<s( 


M (qa, @)'M (ya, @)(Lplf, @)) 


The last result at once implies the inequality (6.24). * 
Evidently, the restriction y>p may now be abando- 
ned. 

Let g(z) = T¢f. Then 


|Az| If (2) |dE dn 
Ig (z+ Az)—g(z)| < J peat en aa 


<4 (Ff perie—al 2 aelj-*agan) x 


x (Delf, ay (J { ie—al ee Al ag an) 


G 
2 1-” 
< My,,| Az)? (Lp(f, @)) ” x 
1 


x (ff rore—alle—2—4ei) ag an)’ 


G 


* Making use of an important inequality of Sobolev ([79b], 


p. 481) we may prove that (6.24) remains valid also for y= 3 é 
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From the last inequality we obtain 
(Jf lg(e+ 42)—g(e)'dedy)? < My,,|A2)’(Zpl(f, @)) ” x 
E 
(LS ierPatan ff (gz e—2— ae) aeay) 
G 


1101 
< Mp,,Lp(f, @) [Af 22 : 

It is important to observe that the constant Mp,, in 
this inequality is entirely independent of the domain G 
if y> 2. This can always be achieved for p> 1. Thus, 
Theorem 1.26 has been proved completely. 

Tf follows from the inequalities (6.24) and (6.25) that Tef 
is a completely continuous linear operator in the space L,(G), 
L<p <2, and maps this space onto the space L,(E) where 


a= a “+ es y being an arbitrary number satisfying the 


— 2 
condition p<y< 5 : 


We notice that if G is a bounded domain and y satisfies 


the condition 2<y< yes then the inequality (6.24) 


is replaced by the stronger one 
L,(Tef, EB) < My,f@)Lp(f,@), 1<p<2. (6.27) 
From Theorem 1.26 in conjunction with Theorems 1.19 
and 1.20 the following theorems follow: 
THEOREM 1.27. If f ¢ Dm»(@), m>2,1< p <2, then, 
inside G, f belongs to the classes Dm—1,, and Oy-2', where y 


Y 
is an arbitrary number satisfying the inequality 2<y< 


THEOREM 1.28. If fe Dm.(G@), m > 83, then, inside G, 


f belongs to the classes D  ,D — » and Ofg-1, where y 
m—l,y m—2, =o 
is an arbitrary number satisfying the inequality 1< y < 2. 
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6.5. THEOREM 1.29. Let G be a bounded open set and 
A(z) ¢L,(G), p> 2. Then the operator 


A(e ees 
P= J [FOHIee 2 at Af) (6.18) 
. : ‘ wa, « L_-1 1 
is completely continuous in LG) if 5 < ag <4. 
Moreover, if the integer n satisfies the condition 
2p (1,1 1 
n> Po 3) > 0-1, (6.28) 
then 


oP tf, B) < Mypga(@)Lp(A, G)Lp(f, G) (6.29) 
(k=1,...,%), 
C,(P"*f, EB) < Mogd@)Lp(A, G)L(f,G), (6.80) 


where 
1 
Ve = > —C— (kr = 1... nn), (6.31) 
1 k_E, a, 
q p 2 
1 n+l n 
= 1—2(—-+ ——~— 5 tna] 6.32 
p=1-2(- 47225 (6.32) 
a being an arbitrary positive number satisfying the inequality 
p—2 5 (= 1 5] 
OS oe ee 6.33 
7S "Bp n\p'g 2 ee) 
= mu jee Rage | 
Proor. Since AcL,(G), feL,(G), ong 
then Af «Z,,(G) where aa and 1<7r,<2. By 


virtue of Theorem 1.26 the function Pf « Z)(G) where 
ee oe eee 


— = += +a, a being an arbitrarily small positive 

"mG p 2 

number. Hence APf«Z,,(@) where 1, PY and 
Pry 


Pf = wT (APS) « L}(G) where At els ote Re- 
ve GQ P 
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peating this reasoning we obtain P f « L(G) (k =1,...,n) 
where y; is determined by the relation (6.31). Therefore, 


AP} €Lyg,s(G@) where fri = ram Taking into ac- 
n 


count the inequalities (6.28) we find that 7,4,>2 if a 
satisfies the inequality (6.33). Consequently, in view of 
Theorem 1.19. P"''f = —axT(AP"f) « C,(EZ) where B is 
given by the relation (6.32). The inequalities (6.29) and 
(6.30) follow from the inequalities (6.1), (6.2), (6.23) and 
(6.25). 

6.6. THEOREM 1.30. Let the boundary I' of a domain G 
be the union of a finite number of piecewise smooth contours. 
If feL,(@), 1<p<2, then Tefe LI) where y is an 
arbitrary number satisfying the condition 

l<y<5'5s 1<p<2. (6.34) 
Further, 


( - |Zofl’ds)” < Mp,(@) ( Sf (Pagan)? , 


1.6. 
L,Tef, LP) < Mp,(@)Ly(f, @). (6.35) 
PROOF. First let us assume that p< y< a Then 
1 - ate aot 244 
|Tefl <= J frore—erey eye ace agan 


1 2 : 1 y—p 1 F 
where 2a =-——+1. Since —+~5~+-=1, applyi 

y Pp y op Gg ee 
the Hélder inequality we obtain 


afl <=(f J fe) Pit—el“atan)*x 
G 


<(f fucorasan)?*({ f eel azan)’ 
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whence 
f |Tofl’as 
r 
n~?(M (qa, G)}4(Zp(f, @) lie) lc—2|*"ds. (6.36) 


Since for 4< 1 we have for the constant M(A, I) 


M(A,T) =sup | |e—t\~*ds < 00, * 
zE p 


the relation (6.36) implies immediately the inequality 
(6.35). Obviously, we may now omit the restriction p < 
p 

It is seen from (6.23) and (6.34) that if p = 2, in the 
inequalities (6.24), (6.25), (6.35) » may stand for an 
arbitrarily large positive number. It does not mean, 
however, that Tf « L.(G) and L,(I’) when f « L,(G). For 
example, if G is the circle |z| <d<1 the function 

ew? 


= 0: ———— = ree 
f(z) = ann = og ee 


belongs to the class Z,(G) but Tef = inn is unbounded. 


§7. Green’s formula for the class of functions D,,,. Areal 
derivative 


7.1, Let us now consider a domain G the boundary J’ 
of which consists of a finite number of simple piecewise 
smooth Jordan curves. Let f(z) «Zp(G), p> 1. Then the 
oe formula holds 


a) oat ee if z2eG4+Tl, (7.1) 
Oat 0, if zeG. 


* This can easily be proved by making use of some simple 
properties of piecewise smooth contours ((60a], Ch. II, §2; appen- 
dix 1). 

{ The inequalities (6.24), (6.25), and (6.35) are particular cases 
of inequalities of Sobolev and Kondrashev ([79a], Ch. I, §6). 
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We shall prove this assertion. Let Ga be a sequence of 
domains satisfying the conditions: (1) Gn C @na1C GniiCG 
(2) Gua -G@ when n-co. 

Consider now the functions 


Taf = “5 JJ eaten. 


which are obviously holomorphic outside Gp and vanish 
at infinity. Therefore, according to the Cauchy formula, 
we have the relations 


1 Tf dl =| —Trf(z) , if zeGil, 


2 
2a J C—z 0, if 2eG. 7) 


It is obvious that if the value of 2 is fixed, lim Taf = 
-P00 


= Tg. Besides, according to the inequality (6.35), the 

sequence T'nf converges on J' to Tgf in the mean of the 

order y, ie. L,(Tef—Trf, £)>0, y > 1. Therefore, passing 

to the limit in (7.2) we arrive at the relation (7.1). 
Setting in (7.1) zoo we obtain 


gi | Totde = J f reaedy, 


xf Tof ds = J [= OT andy . (7.3) 


In an analogous way we can prove that 


wi | tare — ff Hel aay =~ f tasay, (7.4) 


if f «L,(@), p> 1. 

If feLp(G),p>2, the formulae (7.3) and (7.4) are 
valid for the more general case of I consisting of a finite 
number of rectifiable, simple Jordan curves. The proof 
of this presents no difficulties, since in this case, according 


to Theorem 1.19, the function Tef « C,(#), a = 2. 


i.e. 


6* 
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Suppose now that dwelL,(G),p>1, where G, is 
a domain containing the domain G, ie. GCG. In this 
case we have the formula 


1 ow 
a [ w(e)ae = i, pg andy : (7.5) 
r G 
Tf, on the other hand, 2, « L,(G)), p > 1, then we obtain 


> | wlejaz = — IN; we dvd . (7.6) 


We shall prove these formulae. They were employed 
before (§4) for we OG) and C(@). It is sufficient to 
prove (7.5). 

Let @’ be a subdomain of the domain G, satisfying the 
condition GC @'C GC G. Then, inside @’ 


ow 1 f (em ean 
w(z) = O(z) We aes 


ow dédn 1 dw dédn 
=: @(z)—— —+— = = -——, 
(2) J ae C¢—zZ dd a C—z 


® being a function holomorphic inside G’. Consequently, 


1 ai ow 
5 | ede = x | 2 ® (2) da + 5 eta | a ae) 
ieee 3 if se eae (7.7) 
amt J \ 4 o C2 


But, by virtue of the Cauchy theorem and the formula (7.1) 


[ewae=o, IS oat ae = 0, 


Therefore, according to the formula (7.1), (7.7) implies 
the relation (7.5). 

Let us observe that the formulae (7.5) and (7.6) are 
still valid when I" consists of a finite number of rectifiable 
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Jordan curves if w « C(@), dw ¢ Lp(G@) or 4,0 € Lp(G), p > 2, 
respectively. 

7.2. Let us consider a so-called regular sequence of 
domains G, which contracts to the point ¢ « G, ¢ belonging 
to all G, ([78], Ch. IV, §2). Then, according to Lebesgue’s 
theorem ([78], Ch. IV, §5), we have for an arbitrary 
sequence of domains G, of this kind, and for an arbitrary 
function f « Ly(G) 


lim Oe J f(z)dady = f(z) (7.8) 


(almost everywhere in @). : 
Hence, we obtain from (7.5): if é~w « L,(G), p > 1, then 


a = lim 7 a | weds (7.9) 
(almost everywhere in @). 

The right-hand side of the last relation is termed the 
derivative of w in the sense of Pompeiu, or areal derivative, 
subject to the obvious condition of existence and inde- 
pendence of the regular sequence of domains G, contracting 
to the point ¢. * 

Thus, we are led to 

THEOREM 1.31. If the generalized derivative a. ¢ L(G), 
p> 1, then the function w(z) has almost everywhere in G 
a derivative in the sense of Pompeiu, the latter being equal 
to the generalized derivative in the sense of Sobolev dw. 


In particular, if ézo e C(G@), then w(z) belongs to the 
class C;(@) (and conversely). The properties of this class 
of functions are investigated in author’s paper [14a] 
(see also [90], [94]). 


* This generalization of the notion of the derivative was estab- 
lished: by the Rumanian mathematician D. Pompeiu, [71], (1912) 
who named it “derivative with respect to area” (la dérivée aréo- 
laire). We shall use the term areal derivative [82a, b]. 
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§8. On differential properties of functions of the form Tgj/. 
Operator J7f 


8.1. In this paragraph*conditions will be derived under 
which functions of the form T¢f possess derivatives in the 
classical sense. We have already learnt that the function 
Tf has the generalized derivative with respect to z equal 
to f(z) if fe Z,(G@). It is interesting to derive conditions 
for the existence of the generalized derivative of Tgf 
with respect to z. The latter derivative, if it exists, will 
be denoted by 
oT of 
Lgf = 


t= al (8.1) 


THEOREM 1.32. Let Ge OT*’, f(z) « C2(@), 0<a<1, 
m>0. Then the function h(z) = Tef belongs to the class 


ortG) and Tef is a completely continuous operator in 
07 (G). Moreover, 


oh ch : i 
awhere 
sae 
IIf = = ie hoatan (3.3) 


This singular integral exists in the sense of the Cauchy 
principal value and belongs to the class C7Z(G). Besides, 
ITf represents a linear bounded operator in C2(G) mapping 
this space onto itself. 

PROOF. Let z be a fixed point of the domain G. Then 
we have 


ef = = i f JO, aan en im f ee 


Secs LP atin 


—f(z)lim = =I f ae (8.4) 


so % 
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On the other hand, applying the formula (7.6) we may write 


1 [ee dgan poo [Jales}ee 


a_i dé 
=a | ros re ) o— 2 “ant | ta 


where 


oa (8.6) 


Let us observe that if Fis the circle |¢—2,| = R and z 
lies inside it, |e—2|< R, then ®,(z) = 0. 
Thus, in view of (8.4) and (8.5), 


Hef =—~ | f =P atan—He)OH2). (8.7) 
G 


Since f « 0,(G), the double integral in the right-hand side 
of the last relation is to be regarded as an ordinary im- 
proper integral. 

Consequently, for an arbitrary function f of the class 
C.(@) the singular integral (8.3) exists in the sense of the 
Cauchy principal value at every point 2 inside the do- 
main G, and it is represented by the formula (8.7). 

Let us now prove that g(z) = [gf « 0,(G), 0<a<1, 
when f « C,(@) 

If z and z, belong to G, and 2 #2, then 


%—2 £(o)—f(2) 
g(%)—9 (2) = a, @_ae— =a ent 


“sl ir Goeapeent 
ad) Garton t 


Le) a—#) a Vee ne (8.8) 
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Since 


= AJ waareaai~ meap A ea 
~aemap Uf) tee ea) 


1 2 [fg — il (Oe as 


* Baa J —2Z 


we have, taking into giant the relation (8.5), 


1 =) (aes dédn 
(C—2F(€—%) 2)?(¢— 2) 
= O7(z) Z—%y oe Pp(z) — Pr(z) 
Z—@, (2-2)? (2-2)? ? 
On the basis of this formula the relation (8.8) may 
now be written in the yao 


act foe ie 21) * dtdn+ 


Z—% , Or(z%)—Prl2) 
8 lemhanls 


+f (%)[Pr(%)—Pr(z)]. (8.9) 
Since 'e C7'*’, 0<a<1, the integral of the Cauchy 
type ,(z) given by the relation (8.6) belongs to 07'*’(@). 
Hence, (2) « C7(G) (§3). 
Let f « C,(G@), ie. 
If(2)—f(a)| < H(f, a, @lze—a/*, O0<a<l. 
Then, taking into account the inequality (6.7), 


F i) al Coa eer 


Ms os G) dédy 
= | aa [S—2P-4[o—a| 
< MH (f, a, @le—z2|"",  (8.9a) 


e2Ax2z. (88a) 


+E) —f(e (= 
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where M, is independent of the domain G. Making use 
of this inequality we obtain from (8.9) 


l9(z)—g (#%)| < Ua(@) Cf, @)le—al* , (8.10) 
where 
M(G@) =1+2M, + 0,(®r, G)+H (Gr, G). 
The relation (8.7) implies also the Oden Ly. 
af] < U(@)H(f, a, @) + O(f, @) Or, @) 


< MiG) C.(f, G) . (8.11) 
From (8.10) and (8.11) it follows that 
Ci(ITaf, G) <S MAG) C.l(f, G) : (8.12) 


Thus, we have established that Igf«O.(G) when f(z) € 
« C.(G). * Moreover, gf is a linear operator in C,(G@) 
mapping this space onto itself. 

We turn now to the derivation of the formulae (8.2). 
Denoting Tgf by h(z), for #2, 2,2,«€G we have em- 
a the formula (8.8a) 


ee —lef = pra eras ee 21) 5 aE dn + 


[(e)e— a) 2) we aon 


=f res eo Jot aoe dédn+ 


+(¢ 7 Ghz) — ere LO (8.13) 


2— ky 2% 


If fe = it follows pais from (8.13) that 


%--& 


< MH (f, a, G)|2—2,|"+ 


ppt tones O(f,@). (8.14) 


* This proposition was first proved by Giraud [34] (cf. also [54], 
[56a}). 
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If now 2, tends to z along a radius making an angle @ 
with the real axis, 2,—2 = |z,—z|e we have 


him #2 —*(@) 


21-72 Ry aid z 


= ITgf + ef (2) . (8.15) 


Setting here 9 = 0 and 0 = a we obtain the formulae (8.2) 


which can be written in the form 


Oe 


Thus, if Ge ne fe C,(G), then 


= ITgf. (8.16) 


TofeOX@), Hof = AS 


C.(G) . (8.17) 


We have also the following i 
C.(ITaf) < Ca(Tef) < MiC.(f). (8.18) 
This indicates that Tef is a aes continuous operator 
n OG) and maps this space onto C,(G). 
Assume now that f« OG). Then by means of the 
formula (7.6) we find 


= ie a op ye ab dn 


e>0 7 


nin? (f(s a ter 
Sct Jes ae. tet + 


. te 
sre we (8.19) 


Since 7 
aa) 2m C—2 


€ 


un! {fea 2 fy rae, 
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we obtain in view of (8.19) 


2) 5 f Ho) a (8.20) 


Hence, according to the first formula (8.16), 
all of (2 =~ 
Zt — 1) » fe OV). (8.21) 


Besides, if fe C.(G), 0<a<1, from (8.20), in conse- 
quence of (8.16), we have 


eal 116( 24) — = i ee (8.22) 


The formulae (8.21) and (8.22) indicate that if Ge Cz, 
fe CG), then gfe OG). By continuing a similar 
reasoning we conclude that if @ « 07", f « O2(G),0<a<1, 
then IIgf « C7 (G), Tef « C7*'(G), and 


OM (Hef) < Of (Teh) < Maa CMF, @). (8.23) 


This inequality implies that Tg? isa completely continuous 

operator in any O7(G) when 0<a<1, m=0,1,.... 

Thus, Theorem 1.32 has been completely proved. It is 

to be borne in mind that by C’(G) we understand C”(G). 
COROLLARY OF THEOREM 1.32. Let A(z) « O7(@). 

Then Pef = Te(Af) will also be a completely continuous 

operator in O7(G), and if fe C7(G), then Pef « OF+'@). 
Indeed, in view of (8.23), 


Co" (Raf) < MmaOz(Af, @). 
But, making use of the inequality (1.6(a)) we have 
OF '(PRat) < Mala (A) OF (f) < Mina Ce (f) - 


It follows readily that Pgf is a completely continuous 
operator mapping C7'(G) onto O7t'G@). 
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The relation (8.15) implies also the following 


THEOREM 1.33. If fe C.(G) and f(z) = 0, 2 €G, then 
the function Tef ts differentiable at the point 2, 1.e. at this 
point there exists a derivative of the function Tgf with respect 
to the complex argument; moreover, we have 


aT pf 1 )dE dr 
rn = ITIgf = =) [Hea ae (8.24) 


8.2. We have seen above that the function Tg is 
continuous on the entire plane if f«L,(G), p> 2. The 
function [gf in general has a discontinuity on the con- 
tour I. 

Let [’« C? and fe C(I). Then we may regard the 
function { as continued outside G, the class being con- 
served. Therefore the formula (8.20) holds for both z«@G 
and 2eG+J. 

Let a function w(z) be given both inside G and outside G. 
Then, if there exist limits of y(z) when z tends to a point ¢ 
of the contour from inside @ or from outside G, they will 
be denoted by pt(t) and y(t), respectively. It is known 
that for an integral of the Cauchy type (3.1) the following 
formulae take place ([60a], Ch. I, ae 


0) =sit—, [WE 


i oe : 
1 ‘i f (6) ae oe 
@()=—-5 (3a | = 


Making use of these formulae, we obtain from (8.20) the 
relation, [lla], [96], 


(af)* — Hal)” = -10(F %) te’, (8.26) 


representing the jump of the function gf on the con- 
tour I. 

8.3. Let us now consider the case in which G@ covers 
the entire plane EH. This case has certain peculiarities; 
it is important, therefore, to examine it in more detail. 
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First, let us observe that Theorem 1.32 still holds if 
f(z) C L,Cv(#), 1 <p <2. We also have 

THEOREM 1.34. If fe Lp,CT(E), then Trf ¢ LpOt*(B) 
and ITyf « Oc (£), 0<a<1. 

PRooF. Let @ be the circle {z| < R. Then 
1 ¢ cat 


Or) = oa J fog lal< Rk 


and, in view of the inequality (8.9(a)), we obtain from (8.9) 


|g (21) 9 (2)| 
<M.H(f,a,E)\—2\", Ma=1+2Mi. (8.27) 


Since the right-hand side of this inequality is inde- 
pendent of £# it is also true even when Roo. Consequently, 
ITgf « H,(#) when f « H.(#). Further, since 


ney = ese 


2 = { fe) V2) ae an — 1 ~ { [ Paean, 


7 ti arses 
we have 
afl <2 Hf, a, B)+= (2%) "Salt, B) 
< My.(Ln(f, H)+H(f,0,B)). (8.28) 
It follows from (8.27) and (8.28) that 
C.(Inf, B) < MpilTnl{, B)+H(f, B)]. 


Thus, IIgf « C.(#) when f ¢LpC0.(F), p > 1. 
According to (8.14) the following inequality holds 
inside the circle |z| < R: 


4-2 — He) S M.H (f, a, E)|z—2,|*. 
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This inequality is clearly true also for R->oo. Conse- 
quently, the relations (8.16) still hold when f « Z,C,(£), 
p> lie. Tyf « CXE) if f « LyC.(B). 

This completes the proof of Theorem 1.34 in the case 
m = 0. In an analogous way the theorem may be proved 
for an arbitrary m> 0. 


§9. Extension of the operator J/} 


In this section we shall show that the operator JIf 
can be extended to a linear (bounded) operator in the 
spaces Lp, p> 1. 


9.1. We first prove three lemmas. 
LEMMA 1. If f and g « DS(E), then 


(Uf, 9) =(f, 1%), (f,9) = =JJ f@)ge)dndy, (9.1) 


where 
m2 ff ieee, ij = eae (9.2) 


PRooF. If f « Di.(#), then, according to the formulae 
(8.20) and (8.21), 


ny =F = of OBE al (9.3) 


dz oz ié 


Integrating by parts and making use of the formulae 
(7.5) and (7.6) we obtain 


(ZIf, 9) gt [| miadeay = tim Ly aeaews 


7 Ial< 
= —lim ul Ty  dedy = lim dim [J ele 2) aay 


= lim f ( jligdady = (f, Ig). 


7% 1el<cR 
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In deriving the above formula we have omitted the 
curvilinear integral over the circumference |z| = R since 
it vanishes as a result of the vanishing of g for sufficiently 
large RR. 

The formula (9.1) indicates that JZ and JT are adjont 
operators in the linear manifold D§(£Z). 


LEMMA 2. If f ¢ Di(E), then 
IIITf == f . (9.4) 


PROOF. In view of the property (9.3) of the operator J7f 
we have 
If = 0;'0 (2, Tf) . (9.5) 


By virtue of the formula (4.10), inside the circle |z| << R 


geen ice Te 1 ~ [oe 


7 i<R 


Since Tf = 0(|z|~’), then 


Consequently, 


1 2 (fa ary gay _Te,T/). 


Differentiating both sides of this relation with respect 
to Z, according to the relation (9.5) we obtain 


f = @;7(e,Tf) = Tf . 


The relation (9.4) proves that in the linear manifold 
D’.(E) the operator JT has an inverse JJ~* which coincides 
with its adjont JZ. 

Lemma 3. If f and he Di(E), then 


(IIf, I[h) = (f, h). (9.6) 
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Proor. If we set g = JJh in the formula (9.1) and 
take into account (9.4) we obtain (9.6). * 
If f =h the formula (9.6) assumes the form 


(if, Uf)=(f,f), ie. Lf, H) =L{f,#). (9.7) 


As a consequence of (9.6) the operator WZ does not 
affect the invariancy of the scalar product of elements 
of the linear manifold D%(H), and according to (9.1) 
and (9.4) the adjont operator JJ coincides with the inverse 
operator I~’. 

Thus, in the linear manifold Dj.(Z) the operator JZ 
possesses properties of unitary operator. Since the linear 
manifold Do.(#) is dense in L,(Z), according to a known 
theorem of functional analysis, operators IT and IT can be 
uniquely continued to mutually adjoint linear unitary 
operators of the space L,(£). 


9.2. Let us consider the operator 


6) dB 
,g =@;T,9, where Salle ie a (9.8) 


Applying the operator JZ, to finite functions g belonging 
to the linear manofold D2,(E) we obtain infinitely many 
times differentiable functions behaving at infinity like |z|~? 
Therefore we may consider combinations of the form 
IT, II*g , IT*IT,g where 
IT*g = 0,T 49 , (9.9) 
If ge Di,(E),m>1, we can show that 
OT .9 = T.(259), eT =,Te(2n9) - (9.10) 
Bearing in mind that 


ae ee aoa ee 


* We should not be disturbed by the fact that generally 
If ¢ D®,(#). It is readily observed that the formula (9.1) is also 
valid in the case of g= IIh,he D®,(E), since near infinity g 
= 0(|2|-3), Tf = 0(|z|—) and the above proof is still valid. 
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the relations (9.10) are established by a differentiation 
of the integrand. 
By virtue of the formulae (9.10) we have 


wo a ( ( 249 (t) 
~tTyIIg = 2, | J mad, rm 


a [ff ere 
= 2;{ lim JJ Org (t) dk, ia Genta ak 


Itl< 


By means of integration by parts we obtain 


Jf ago ans Ul maton Z| 


tl<ez 


=— JJ aang J meal 2|° 
Consequently, 


II, TI*g = 8 f { K(z, t)g(¢)dE , 
Ez 


where 
Aes S) = aed J mer eme Ceuta) 


In computing the last aoe we may assume that the 
points z and ¢ lie on the real axis. Performing a change 
of the variables of integration according to the formula 
t = |z—C| oe, (2 #2), we obtain 


ia Qn 
PNG saline | ae { om oer| 
ed 1 
~ ae ne im f Et  m(e—2)" 
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Consequently, 
II, II*g = 2; {= We g(¢) ax] —g(z). (9.11) 


Replacing in this relation g by g and passing then to 
the complex conjugate relation we obtain JI*JI,g = g. 
It is also easy to establish the formulae 


(Taf, 9) =(f,1*9), (Nef, eg) =(f, 9). (9.12) 


By means of the relations (9.11) and (9.12), which are 
true for arbitrary finite functions, we infer that the 
operators JZ, and J/* may be uniquely continued to 
mutually adjont linear unitary operators of the Hilbert 
space D,(). 

We shall now prove the following relation in the linear 
manifold D$(Z): 


L,(I,g, E) < Apij(g,#), p>i, (9.13) 


where Aj is a positive constant depending on p but 
independent of g. 
We have 


ag(o +2) 
Iheg = al an ) dB 


— lim om(% I Res g G2 + ft] ax) 


a a g(o-+ 1 tg(t-+2) 
ed a oe 


ee TA eo if ateeap =o. 


l= 
Changing now the variables of integration in the second 
integral according to the formula ¢ = ge” and passing 
to the limit, e—0, we obtain 


foo) 2n 


But 


gee: [Sf ona (oe? +2) dp. (9.14) 
0 


Qnt 
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Taking into account that 


Qn Fd 
J etg(get+2)dp = f eg (oe +2)—g(—getr+2)|dp, 


the relation (9.14) may be written in the form 


eee 
Ig = 5 { (2, dp, (9.15) 
0 
where 
tf 
gq (2; in) <2 f Her ag. 


Replacing z by (t+70)e" we obtain 


tf 
F[(r-+ to) et, of] = & | * Mle-tiode ap (9.16) 


We recall that for the transformations of the form 
+00 


1 6 xy 
P=) t—2x 


—oo 


the following inequality, due to Riesz [77], holds 


p(x) = 


i |y(a) Pda < AP aa Ix(t)Rat,] p>, 


where Ay is a positive constant depending only on p. 
Making use of this inequality we obtain from (9.16) 

+00 _ 00 

i) |G (x +io)e™, e]|Pdr < AP f \gl(z-+io)e] |? dr . 
Integrating this inequality again with respect to o from 
—oo to +oo and performing a change of the variables 
of integration according to the formula ¢ = (t+ 7%0)e” 
we obtain 


J J\G(C, e) Pak, < AB SJ Ig(¢)PaHe. = (9.17) 


70 GENERALIZED ANALYTIC FUNCTIONS 


From the formula (9.15) with the help of the Holder 
inequality we have 


pl ¢ . 
Ug? <=> | gle, Pap. 


Hence, in view of the inequality (9.17), we arrive at the 
inequality 


[funarn. <8 | f ioePan., 
E E 


implying immediately (9.13). 

By means of the inequality (9.13) we can assure an 
extension of the operator J/, to a linear operator acting 
from L,(F) irtto L,(#) for an arbitrary p > 1. 

Let g be an element of L,(H), p > 1. Let gn be a sequence 
of elements of D°,(Z) which converges in the mean to g, 
ice. Lp(g— gn) 0. Then, in view of the inequality (9.13), 
the sequence J/,gn converges in the mean to an element 
of L,(#) which will be denoted by 1,9, i.e. L,(.g— 
—IT,gn) +90 if noo. If two sequences gn and g, of the 
linear manifold D$(Z) converge to g, then [gn and IIgi, 
also converge to the same limit. It is evident that the 
operator II,g is additive and homogeneous. Moreover, in 
the case of this operator the inequality (9.13) holds. 
Consequently, /7,g is a linear bounded operator in an 
arbitrary I,(F), p> 1. 

Let us now consider the problem of extension of the 
operator JZ. We have in the linear manifold D(Z) in 
view of (9.11), (9.8) and (9.9), 


Ig = (II, 1*g) = 0,T (0;T.L1*9) 
= 0, i109 = 119 , (9.18) 
The formula 


T (aT, 1I*g) = T,II*g , 
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has been employed above; its validity follows easily from 
Theorem 1.16 if we take into account that T,J/*g vanishes 
for ¢ = oo. 

Evidently, the formula (9.18) allows us to consider /7 as 
a linear operator in an arbitrary Z,(Z), p> 1. 

Let us now denote by Ay the norm of the operator JJ 
in L,(#); Ap = L,(I1), p > 1. We have seen before that 
is a@ unitary operator in L,(H#). Consequently, A, = 1. 
But, according to an important theorem of Riesz [77], 
(see also [35], Ch. IX), A} is a logarithmically convex 
function of p. Therefore a number 6(¢) > 0 may be found 
for an arbitrary «> 0, such that 


Ap—-l<e, if |p—2]<d(e). (9.19) 


This property of the norm Ay,» of the operator JZ will 
frequently be used below. 

REMARK. The reasoning carried out above is basically 
adopted from the papers of Zygmund and Calderon 
[36a, b]; they examined properties of more general many- 
dimensional singular integrals (see also [56b)). 

In the foregoing, the following formula was laid down 
as the basis of the definition of the operator J/: 

ITf = 0, Tf . (9.20) 
It is so far rigorously justified only for functions con- 
tinuous in the Hélder sense. Naturally, the question 
arises: is it preserved in more general spaces L,(E), p> 1? 
This problem is solved by 

THEOREM 1.35. If fe L,(E), p > 1, then Ty has a gener- 
alized derivative with respect to z equal to If, i.e. in this 
case the formula (9.20) holds which may be written thus: 


ar ay sae 
oT! =f 4Uf, RULE (9.21) 
PROOF. It is to be proved that 
I=ff (Tj2.p+If-~)dady =0, (9.22) 
G 


where ¢ is an arbitrary element of D{(@). 
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Let fn be a sequence of elements of the linear manifold 
D’.(G), which converges in the mean to f, i.e. Lp(f—fn)—>0 
when n—oo. Since 


In = Jf (Tfa2p+ollfa)dedy =0 (nm =1,2,...), (9.23) 
G 


taking into account that the sequences Tf, and I/fp 
converge in the mean to Tf and J//, respectively, we 
obtain from (9.23) by the limiting process (9.22). 
Theorems 1.16 and 1.35 imply the following: 
THEOREM 1.36. If 0;f « L(G), p>1, then 0,f exists and 
also belongs to L(G). 
PRooF. Since f= ©+T/f;,®e,(G,), then f,= 
+ If; « Lp(G,) where G, is an arbitrary subdomain of G. 
We have seen in the preceding paragraph that the 
operator [Jf in the space OC, may be represented by an 
integral of the form 


a fe 1e) 


the integral being understood as the Cauchy principal 
value. Naturally, the question arises: is this formula 
preserved in the case of the space L,(H), p > 1. Omitting 
details of the proof we note that on the basis of the 
general results of Zygmund and Calderon, [36a, b], the 
formula (9.24) can be justified, namely: if f « Lp(F), p> 1, 
then the right-hand side of the relation (9.24) exists in the 
sense of the principal value almost everywhere and it is 
equal to ITf. 


(9.24) 


§10. Some other properties of functions of the classes D,(G) 
and D(@) 


In this section, on the basis of the previous results, 
we shall prove a number of properties of functions be- 
longing to the classes D,(G) and DG). Evidently, it is 
sufficient to consider the class D; only. 
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THEOREM 1.37. Let fe D,p(G),1<p<2, geD,»y(G@), 
p= sere Then the product fg « D{G) and 


3p—2° 
(19) = [259 + Gaff « (10.1) 


PRooF. Let G, be a subdomain of the domain G, 
G,C G. Then, according to the formula (5.12) 


f(z) =®(2)+TA, g(2) = P(z)+Ty, 
(fA=2f, H=%9, Th=Taf, 9, Pe U(G,)). 
Consequently, 
fg=h+THh,Th, h=OPV+OTg,+PTy,. 


We note that the formula (10.1) holds if at least one of 
the functions f and g belongs to C}(@). Now we have 


a;h = 90,79, + PO;Tg, = Og, + Pf, . 


It remains, therefore, to prove the formula (10.1) only 
for the product T/,Tg,, ic. we have to show that if 
p « Di(G,), then 


JJ UTAT 27+ (hTa+nTh)gldedy =0. (10.2) 
G 
Let fn be a sequence of functions of the linear manifold 
D..(G,), which is convergent in the mean of the order p 
to f,. Evidently, we have 


J f [(TfnT9,)259 + (fo TH + 9,Tin)pldady =0. (10.3) 


Since fie L,(@), Toe L » (@) and g,¢Ly(G), TheL ae (@), 
p-1 -1 

then after passing to the limit (10.2) is obtained from (10.3). 
It should be taken into account that f, and Tfn are con- 
vergent in the mean (and, consequently, also weakly) 
to f, and Tf,, respectively. 

10.2. THEOREM 1.38. Let a;feL,(G). Let the function 
2=w(l) establish a one to one continuous mapping of 
a domain @’ of the C-plane onto a domain G of the z-plane. 
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If w(t) « C(G’) and the Jacobian of the transformation 
does not vanish inside the domain, then the implicit function 
f (w(C)) « De(@’), D(@"), and 
def (w(l)) = Saf (2) OGw + af (2) ag% , (10.4) 
Och (w(L)) = Onf (2) Ogw + Ozf (2) 0,0 . (10.5) 
PRooF. It is sufficient to prove the first of the above 
formulae; the second will then follow in a similar way. 
We first observe that, according to Theorem 1.36, the 
condition 0;f <« Z(G) implies that 0,f « L,(@). Since inside 
any subdomain G, of the domain G the function f/ can be 
represented in the form 
f=@+Tg, where Be%Al(G), g=a4f, 
it is sufficient to prove the formula (10.4) only for a fune- 
tion of the form Tg, where g«Z,(G@). In doing so it is 
to be borne in mind that the formula (10.4) is true if 
f « COX(G). Let gn be a sequence of elements of DS.(@), which 
converges in the mean to g. Then the sequence fn(w(¢)}, 
where fn(z) = Tgn, will converge in the mean to f(w(2)) 
over the domain G’ of the plane ¢. 
Therefore, if g « Di(@’), then 


JJ Hee) eee) ae an 
= lim J J fa(vo(6)) 2ep(c) ae an 
= —lim J J (2) 2efalvo(¢)) dé an 
= —lim J i; 9(5) (Gefn(2) Bze0 + Ag fn(2) og) déEdn 
= —lim j J PC) Tan 2ee + gute] dé dy 


=—ff o(¢)UTe,go¢w + go:0] dé dn 
q’ 


= —f f o(£)[2,Tge¢w + 2; Tydgm]dé dn , 
GQ’ 


which completes the proof of the formula (10.4). 
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THEOREM 1.39. Let the values of the function 2, = f(z) 
of the class D{G) belong to a bounded domain G,, and 
g = O;f e L,(@), p > 2. 

Let the function D(z,) be holomorphic inside G2, and 
G, C G2. Then the implicit function ®[f(z)] = f,(z) belongs 
to DG) and 

Osf4lz) = B'(f(2)) asf (2) , (10.6) 
Oef.(z) = D'(f(2)) ef (2) . (10.7) 

PROOF. Inside the subdomain G, of the domain @ 

we have 
f(z) =O(2)+Teag, PeAlG,), g=2a;f. 


Let gn be a sequence of elements of D,.(G,) which con- 
verges in the mean of the order p to g. Then the sequence 
fn = ®+T¢,9n converges uniformly to fj in G,. Therefore, 
the sequences ®(fn(z)) and ©'(f,(z)) will converge uniformly 
inside G, to O(f(z)) and ©’(f(z)), respectively. Therefore, 
if » « DY(G,), then 


{J O(f(e))aq@dady 


GA 
= lim J f ®lfale)) 2gqdedy 
=—lim [f p(2)®'(fa(2)) 2zful(z) dady 
N>OO Gy 
=—lim Jf 9(z)®' (fale) gale) dody 
N00 Gy 


— J { y@'(f(e))g(e)dady , 


which completes the proof of the formula (10.6). The 
formula (10.7) can be proved in a similar way. 


CHAPTER II 


REDUCTION OF A POSITIVE DIFFERENTIAL 

QUADRATIC FORM TO THE CANONICAL 

FORM. BELTRAMI’S EQUATION. GEOMETRIC 
APPLICATIONS 


§1. Introductory remarks. Homeomorphisms of a quadratic 
form 


In this chapter our attention is focussed mainly on 
the investigation of the problem of the reduction of the 
quadratic form 


F=a(a, y)da*+2b(2, y)dady+e(a, y)dy*, (1.1) 
A =ac—8> 0 
to the canonical form 
F = A(dv®+dv?), AO. (1.2) 
This problem consists in proving the existence of univalent 


solutions (homeomorphisms) of Beltrami’s system of 
equations 


Van ar be | 


ya 92 +o 2 =. | 
oy 

Many problems of analysis and geometry may be reduced 
to the above problem (for instance, the problem of the 
conformal mapping of a surface on the plane, reduction 
of elliptic differential equations to canonical form in 
a two-dimensional domain, etc.). 

At present this problem has been solved under very 
general assumptions in respect of the coefficients of the 


(1.3) 
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quadratic form. The complete solution was probably first 
obtained by Lichtenstein [48], who basically employed 
for this purpose Koebe’s results on the theory of uni- 
formization; Lichtenstein assumed that the coefficients 
were continuous in the Holder sense. In a more general 
case, when the coefficients are simply continuous, the 
problem was solved in a different way by Lavrentyev, 
[45a, b]. Further generalizations may be found in the 
papers [46a], [59], [18], [93]. 

In this chapter a method indicated previously by the 
author, [14c], is presented, which enables us to obtain 
a full solution of the problem under very wide assump- 
tions about the coefficients of the quadratie form (1.1). 
A similar method of proof was proposed independently 
somewhat later by Ahlfors, [3a] (see also [92], [5d)). 
Further development and applications of the method to 
the problems of quasi-conformal mappings can be found 
in papers of Bojarski [11b, ¢, d, e]. 

We shall assume henceforth that the following con- 
ditions are always satisfied: 

(1) a(@, y), b(@, ¥), c(x@, y) are measurable bounded fun- 
ctions on the entire plane E; 

(2) 4d =ac—b? > A, > 0, a> 0 almost everywhere on # 
(4p = const). 

It follows from the condition (2) that 

2 2 
ae SH<1, GW==const. (1.4) 

We note that the condition (1.4) is always satisfied if 
in the vicinity of the point at infinity a=c 40, b= 0. 
Then the quadratic form (1.1) has in the vicinity of the 
point z¢ = co the canonical form (1.2). If a, 6, ¢ are given 
in a@ bounded closed domain G in which the conditions (1) 
and (2) are satisfied, they can always be continued to the 
entire plane preserving the above conditions. To this end 
it is for instance sufficient to set outside G a=c 40, 
b= 0. 
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The main object of the present chapter is to prove the 
existence of a transformation of the independent variables 


uU=U(v,y), v= v(a, Y); (1.5) 


which would imply, first, the setting up of a one-to-one 
continuous (homeomorphic) mapping of a given domain G, 
of the plane z= 2+iy onto a domain G, of the plane 
w= u-+%, and, secondly, the reduction of the quadratic 
form (1.1) to the canonical form. If such a transformation 
exists the complex function w= 4u+iv will be called 
the global homeomorphism of the quadratic form (1.1). 
If the domains G, and G,, under consideration cover the 
entire z- and w-planes, respectively, then the corresponding 
global homeomorphism will be termed the complete home- 
omorphism of the quadratic form. 

It is also useful to introduce the concept of the local 
homeomorphism. The function w(z) is said to be the 
local homeomorphism of the quadratic form (1.1) if it 
establishes homeomorphic mappings of a neighbourhood 
of the point 2 onto a neighbourhood of the point w, = w(z), 
and the form (1.1) assumes the form (1.2). 

Below we shall, under certain specified conditions, 
prove theorems on the existence of the homeomorphisms 
of the quadratic form (1.1). We shall also examine differ- 
ential properties of the homeomorphism depending on 
the differential properties of the coefficients of the 
form (1.1). 


§2. Beltrami’s system of equations 
It is evident that 
aF = (ada + (o+4 V/A) dy) (ada + (b—i V/A) dy) : 


If the functions » = w(z) and w=4u-+i are found 
which satisfy the relation 


pdw =ada+(b+iydAjdy , A=ac—8>0, (2,1) 
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then we have 


P= dw do = A(dwtde), A= = (2.2) 
It is seen from (2.1) that w satisfies the following 
(complex) equation: 


an —b+iVa)e =o, (2.3) 
or 
0,w—q(z)e,w = 0, (2.4) 
where 


_a—VYA+ib _a—c+2ib 


= = = —__—.,, 2.4 
at) atyVA—ib at+e+2yaA Ke 


The equation (2.4) is equivalent to the following system 
of two real equations 


aa the =O, Vae—bF +o —0. (2.8) 

This system is named Beltrami’s system of differential 
equations. Evidently, it constitutes a generalization of 
the Cauchy—Riemann system. As we shall see later (§4.4) 
a close connection exists between these two systems. 

Thus, the problem of determining the homeomerphisms 
of the quadratic form (1.1) is equivalent to proving the 
existence of univalent solutions of Beltrami’s system of 
equations (2.2). These solutions will also be named the 
homeomorphisms of this system. 


§3. Construction of the basic homeomorphism of Beltrami’s 
equation 


The function w(z) is said to be a generalized solution 
of the equation (2.4) in a domain G if there exist generalized 
derivatives 0,w and @,w of the class L(G), p > 1, satisfying 
the equation (2.4) almost everywhere in G. First, we shall 
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prove the existence of generalized solutions of the class D,p, 
p> 2. * 

We decided above to always assume that q(z) is a meas- 
urable and bounded function on the entire plane and 
satisfies the condition 


la(z)i<q<1. (3.1) 


Moreover, let us assume that q(z) belongs to a Ly(£), 
p' < 2. Then the inequality |q(z)/’<|q(z)/”, p > p’, implies 
that g belongs to any class L,(£), p> p’. Later on we 
shall abandon this assumption imposing certain restrictions 
on the behaviour of the function q(z) near infinity. We 
shall now prove that under the indicated conditions 
Beltrami’s equation (2.4) has a solution of the form 


Wz) meg | pegtbee eh, (3.2) 


where f is the function to be determined, belonging to 
a class [,(f), p > p’. 
According to the formulae (8.16), Ch. I, we have 


eW=f, @W=1+0,Tf=1+Jf. (3.3) 


Inserting these expressions into the equation (2.4) we 
obtain 


f—qlif=q. (3.4) 


This equation belongs to a class of two-dimensional 
singular integral equations investigated by Tricomi, [85b]. 
We shall consider it now as a linear equation in the space 
L,(#) and we shall prove its solubility. 

In fact, since L,(I7f) < ApLp(f), Ap = Lp(lZ), then 
Lp Qf) < qoLe(Tf) < qApLy(f). But the constant Ap is 


* Below we shall derive a formula enabling us to construct even 
wider classes of generalized solutions possessing isolated singularities, 
branch points, ete. (§4.4). 
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@ continuous function of p, [77]; therefore, taking into 
account that g< 1 and A, = 1 (see formula (9.7), Ch. I), 
@ number ¢>0 may be found such that when 2—é¢< 
<p<2+e the inequality qA,)<1 is satisfied. Hence, 
according to the principle of contraction mappings, there 
exists a solution of the equation (3.4) and it belongs to 
any class L,(F), |p—2| <«. In view of Theorem 1.21 the 
function W—z = Tf belongs to C,(#). Moreover, it belongs 
evidently to Dyo+.- 

It is important to note that the equation (3.4) can be 
solved by the method of successive approximations, 
according to the scheme 


f= 9; fnti = Q+QlTfn (n=0,1, ve) (3.5) 
This procedure yields the series 
f=q+qlf+ ql (qq) +... (3.6) 


This method makes possible a fairly easy determination 
of an approximation of the function f with an arbitrarily 
large (assumed beforehand) degree of accuracy. 

Below, (in §5), we shall prove that the function (3.2) 
constitutes a complete homeomorphism and satisfies at 
infinity the following conditions: 


W(co)=0co, 27?W(z)-1 with 2-00. (3.7) 


These conditions follow immediately from the formula (3.2) 
if we take into account the formula (6.10a) of Ch. I. We 
shall find out later on that these conditions determine 
the complete homeomorphism in a unique way (§5.3) 
Therefore, the homeomorphism represented by the for- 
mula (3.2) will be referred to as the basic homeomorphism 
of Beltrami’s equation (2.4). In order to prove the above 
fundamental assertion we have to establish the existence 
of local homeomorphisms and to examine some of their 
properties; the following section, therefore, will be devoted 
to this problem. 
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§4. Proof of existence of a local homeomorphism 
4.1. We have the following 


THEOREM 2.1. Let G, be the vicinity of a fixed point 2. 
If q(z)« CG), 9<a<1, then there exists in a small 
neighbourhood Go of the point 2(GoC G) a local homeo- 
morphism W (2) of the equation (2.4), belonging to the class 


034s), 0<a<1. 


PRooF. By an application of the non-singular affine 


transformation 
€ = e—2 + q (2) (Z—2) 


we see that the equation (2.4) assumes the form 
AW o(C)}aeW=0,  e(t) = Lae), 
1— q(@) (0) 
Since |q(z)|<@<1, it is easy to obtain 


le)i <a <1, lea) — e(ts)| < Lae 
Jo 


Since o(0) = 0 there exists a closed circle @, |C| < 
which the following inequalities are satisfied: 


le()| << Mlcl*, jelS)—e(%:)|< Mla—4)", 
H(q, 2) G,) 
(1=@)* © 


Let us now consider the function 


M = 


e(¢), for \e]< 26, 


oft) =) 200(1-H), for 5a<|ei<o 


0, for (|éj[>6. 


(4.1) 


(4.2) 


(4.3) 


6, in 


(4.4) 


(4.5) 


Evidently, os(f)«C({#) and it vanishes outside the 


circle Gs. From (4.4) and (4.5) we obtain 


leaZ)|< Mit", — eats) — @al22) | < 5M |E,—2a)". 
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C(00, Gs) < Mo", 
C.{0s, Gs) < M(5+6°) <= 6M. 


Let us now denote by C2(@,) the set of elements belong- 
ing to C,(E) and vanishing outside Gs. Since C2(Gs) is 
a closed linear manifold of elements of C,(#) it may 
be regarded as a space of the Banach type. 

Consider now the operator JJsf = oa(£) Jf where f « O3(@,). 
Evidently, //;f is a linear bounded operator mapping the 
space O%(G,) onto itself. If f « O2(G,), then according to 
the formula (8.7), Ch. I, 


ee == 1 ff Moaeay [sia 1 as ay 


(4.6) 


Hence 


lg(@)| < = HUF, a, G) IJ aa <= 


gee 


— H(f,@, Gs). (4.7) 
By virtue of the formula (8.9) of Ch. I, we have also 
|9 (21) — 9 (22) | < Malz,—2.|"H(f, a, Ge) , 

i.e. 
H(lIf, G) < M.H(f, a, Ge). (4.8) 
It follows from the inequalities (4.8) and (4.7) that 


OXI, Ga) < (Mat ~ SH a, Gs) < WC, Gs), (4.9) 


A 


M,= u,+¢ : 
a 
According to the formula (1.7) of Ch. I 


CA osllf, Ga) 
< C.(e@s, Gs) CCF, Go) + Ces, Gs) CCL, Go), (4.10) 


Therefore, in view of (4.6), (4.8), and (4.10) we have 


CxleolTf, Gs) < MoO, 0), ite u(ae+ lar. (4.22) 


8 
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a 


are satisfied. Then it is readily seen that 
M,< Mn) <1. (4.13) 


We now seek the solution of the equation (4.2) in the form 


acs a Leper ate Tf, fe OMG). (4.14) 


Since 


ow =f(¢), eet, f() ae, 


@=2) 


we obtain for f the equation 


(2) — @0(f) Hf = @0(¢) (4.15) 


On the basis of the inequalities (4.11) and (4.13), 
applying the principle of contraction mappings we find 
that the equation (4.15) has a unique solution f(¢) be- 
longing to O2(G@,). 

From (4.15), with the help of the inequalities (4.6) 
and (4.10), we obtain 


Cf, Gs) < Ca(os, Gs) + Calosllf, Gs) << 6M + MsC.(f, Ga) . 
Hence, in view of (4.13) and (4.12), 


OM eo ee AU OG Gt. (206) 
a 


C.Af, Gs) < 
(Ts Ge) 1—M, 48" 


Taking into account that f « O%(@s), according to Theo- 
rem 2.1 the function W(¢) = 04+ Tf « Ci(G@s). We shall 
now prove that W(¢) represents a homeomorphic mapping 
of the vicinity of the point ¢ = 0 onto a vicinity of the 
point W (0). 
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According to the equation (4.2) and the relation (4.15) 
the Jacobian of the transformation is given by the formula 
owe |awP 
ac a 
Bearing in mind the inequalities (4.3), (4.7) and (4.16), 
we obtain 


Jolt) > (1— 48) (4 —[ZTF)* 
8% 2 
> (tai) (1-S calf, @))>0, (4.18) 


Jo) = = (1—]e0(f)P)|1+277P. (4.17) 


Therefore, for. |f| < 6 the Jacobian J,(¢) > 0. Consequently, 
the function W(¢) =¢+ Tf, where f is a solution of the 
equation (4.15), represents a one to one continuous 
mapping of a circle |¢| < 6,< 6 onto a neighbourhood of 
the point W(0). 

Returning to the variable z = «+ ty, according to (4.1) 
we have the function 


Wo(2) = W(z—2+ 4(#)(2—%)) 5 (4.19) 


which, obviously, is a solution of the equation (2.4) be- 
longing to the class CX(Go), where Gj is an ellips with the 
centre at the point 2) onto which the circle |C| < 6, is 
mapped by means of the affine transformation (4.1). 
Moreover, by means of the function W,(z) this ellipse is 
mapped homeomorphically onto a neighbourhood of the 
point W,(z). Therefore, W,(z) constitutes a local home- 
omorphism of the equation (2.4) in a neighbourhood of 
the point 2. This completes the proof. * 

REMARK. It can be proved that if q(z)« CH), 0< 
<a< 1, the standard circle G, of the radius 6, independent 


* The principle of the argument which will be presented below 
(p. 91) implies that the local homeomorphism of the equation (2.4) 
constructed by means of the formulae (4.14) and (4.16) in fact maps 
the entire plane z onto the plane W. However, it satisfies the equa- 
tion (2.4) only in the vicinity of the point z. 


8* 
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of the position of the point 2, may be taken for the 
vicinity in which the local homeomorphism exists. 


4.2. THEOREM 2.2. If q(z) « CU(G)) where G, is a neigh- 
bourhood of the point 29, then the local homeomorphism W,(z) 
which was constructed above belongs to the class + 


omtlh), O<a<1. 


PRooF. Obviously, the theorem will be proved if we 
discover that the function W(¢)=f+Tf, where f is 
a solution of the equation (4.15), belongs to the class 
On*(B). 

It is easily seen that we may assume that the function 
eo(2) belongs to Cz(E), e(2) = e(6) for |¢| <46, and it 
vanishes identically outside the circle |¢| < 6. Such a con- 
tinuation of the function o,(¢) outside the circle |¢| < 46 
is, evidently, always possible. We shall hereafter write 
simply g(¢) instead of o;. The proof will be carried out 
for the case m= 1. It is readily seen that the general 
case can be examined in a similar way. 

Let us now assume that qe C{(£),0<a<1, and 
consider the equation 


g—qlIg—9q.Tg = q - (4.20) 
It is a linear equation in C,(#). Since I—qlJ has the 
inverse operator the equation (4.20) reduces to the equation 
g—-(—qiT)q.Tg = (L— gil). « (4.21) 
Since T is a completely continuous operator and (I— ql)“ 
is linear, (I[— g/7)-19,Tg is completely continuous in C,(£). 
Let us prove that the equation (4.21) has always a solution 
in C,(£) (its right-hand side, obviously, also belongs 
to C,(#)). Let gy be a solution of the corresponding homo- 
geneous equation which is equivalent to the homogeneous 
singular equation 


Go—U1g.—G20 go =9, ge C(H). (4.22) 


{+ Strictly speaking the function W,(z)— (2—2 +4 (2) (%—2)) 
belongs to the class O™+1(Z). 
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It follows from (4.22) that g, = 0 in the vicinity of the 
point z= co. Introducing the function 


To -—> ff rasan 
E 


AA z 


and taking into account that (cf. the formulae (8.20), 
(8.22) of Ch. I) 


To = Jo, W1go+4eT Ho = 2(QITy) , 
the relation (4.22) may be written in the form 


é[Tg— qT go] =0, 


ie. Tg,.—qlITg, = ©,(z) where ®,(z) is an entire function. 
But Tg,— qlI'Tg, vanishes at infinity. Therefore, according 
to Liouville’s theorem, ®,(z) = 0, ie. Tg,—qlITg, = 0. 
Hence, Tg, = 0 and g, = 0. This result implies that the 
equation (4.21) or, what is equivalent, the equation (4.20) 
has a solution g belonging to the class C,(Z),0<a< 1. 
On the other hand, the equation (4.20) can be written in 
the form 


é,(Tg—qlITg—q])=0. 


We therefore infer that Tg—q/ITg = q. Thus, the solution 
of the equation (4.15) has the form f = Ty. Since g « C,(B), 
in view of Theorem 1.32, f « C,(E). Consequently, Tf « 02(E) 
thus completing the proof. 

Similar reasoning leads to the proof of the following 

THEOREM 2.3. If q(z) ¢ Dmp(Go), m > 1, p > 2, where Gy 
1s a neighbourhood of the point 2, then the local homeo- 
morphism W f(z), which was constructed above, belongs to 
the class Dmisy(£). 

4.3. THEOREM 2.4. Let q(z) belong to 0O7,0<a<1, 
m>0 in a neighbourhood of the point 2. Let Wz) be 
a homeomorphism of the equation (4.20) corresponding to 
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the vicinity Gy of the point 2; then every generalized solution 
of the equation 


ow ow 
ag i) 5, = 0 (4.23) 


in the domain G, is represented by the formula 
w(z) = OL W,(z)] (4.24) 


and, consequently, belongs to the class O7*'(G,). Here ®(w) 
is an arbitrary holomorphic function of the complex argument 
in the domain W,(G,). 


PROOF. First of all we can verify by a direct substi- 
tution that a function of the form (4.24) really represents 
a solution of the equation (4.23). It is also evident that 
@[W,(2)] « C2 ** in a neighbourhood of the point z, since 
W,(z) « Cz t*. Now, it remains to prove that every gene- 
ralized solution of the equation (4.23) can be represented 
in the form (4.24) in the vicinity of the point 2. In fact, 
regarding W, = W,(z) as an independent variable and 2 
as its function we have an implicit function w(z(W,)), 
which, according to Theorem 1.39, has generalized deriv- 
atives with respect to W, and W,. Taking into account 
that w(z) satisfies the equation (4.23) we obtain 


ow(2(Wo)) ow ae ow oz 


aw, az OW, a2 AW, 
owl oz Oz 
dz |OW, a | ( 


Since W,(z) is a solution of the equation (4.23), 


rele LL = 


aw, oe aw, | 1@) aw. ’ 


_2Wo _ 2Wo| oa 
OW, ae (+g (rr) 
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ow, 
oz 
: , ' Oz 

sequently, in view of the second relation, ——-+ 
0 


It follows from the first relation that #0. Con- 


+q(z) 2%. = 0. Thus, by virtue of (4.25), 
aW. 
dw (2( Wo) 
aw, 


This implies, according to Theorem 1.15, that w(z(W,)) 
is a holomorphic function in W,. This completes the 
proof. 

As a consequence of Theorem 2.3, the formula (4.24) 
immediately implies the following: 

THEOREM 2.5. If q(2)¢ Dnp(G), m>1, p> 2, then 
every generalized solution of the equation (4.23) in the 
domain G, belongs to the class Dimis,p(Gp). 

4.4, THEOREM 2.6. If q(z)<« 0.(G), 0<a<1, then the 
zeros of a non-constant solution w(z) of the equation (4.23) 
are isolated inside G, t.e. every zero has a neighbourhood 
inside which there are no other zeros of the solution under 
consideration. If w(Z) = 0 at a point 2, then in the vicinity 
of this point 


w (2) = [(2—%) + q(%) (2— 2) ]"w(z) , (4.26) 
where n 1s a positive integer and w(z) is a function continuous 


in the Holder sense in a neighbourhood of the point 2, where 
it does not vanish. 


PRoorF. It follows from the formula (4.24) that in 
the vicinity of the point 2 
w (2) = [Wo(z)— Wol2o)]"Po( Wal) ; (4.27) 


where ©,(¢) is an analytic function in the vicinity of the 
point ¢, = W,(%), and ®,(2)) 4 0. Now, according to the 
formulae (4.19) and (4.14), we have 


W(%)— Wol%o) = W(2)— W(0) =CW. (2), — (4.28) 
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where € = z—2%+4¢(2%)(Z—%), 


W.(2) ym Teme 


Since |f(¢)| < G.(f, Gs)|¢|", we have, obviously, 


LD) «Il B) Q<p<i—. 


Therefore, in view of Theorem 1.19 W, ¢«O;(E), B = -— , 
We shall now prove that W,(0 ~ 0. In fact 
1 ae , 
W,(¢)| >1— =a jee SPA " 
Ste RD) as) “ay oe 
err ere] 
Hence, taking into account the one (4.16), 
Cuff, Gs) ff dB, _ ,_ 20d, Gs)8° 1 
|W.(0)| >1— [ep-a a see ie 


The formula (4.26) follows directly from the formulae 
(4.28) and (4.27). The number n will be called the multi- 
plicity of the zero 2p. 


4.5. The formula (4.26) implies at once the following 
THEOREM 2.7. Let q{z)<«C(0<a<1) in a neighbour- 
hood of a point 2. If w(z) ts a solution of Beltrami’s equa- 
tion (4.23) in the vicinity of 2, then when z tends to z, along 

the radius » = arg(z— 2) = const., 
we) — lo) _, 44 — 9 (2) €-2) , (4.29) 


Z—&y 
where A, is a constant independent of 9. 


_ Tt follows from the relationship (4.29) that a solution 
of Beltrami’s equation has at a point 2 a derivative with 
respect to the complex argument ¢ if and only if ¢(2) = 0. 
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4.6. THEOREM 2.8. (PRINCIPLE OF THE ARGU- 
MENT). Let q(z)¢ C,(G), 0<a<1. Let w(z) be a solution 
of Belirami’s equation in the domain G, which satisfies 
the following conditions: (1) w(z) ts continuous in G+" 
where I is the boundary of the domain G, and (2) w{z) #0 
everywhere on I. Such being the case, w(z) may have inside G 
only a finite number of zeros, this number being given by the 
formula 


1 
Ne Qy Arare™ (2) : (4.30) 


Every zero is counted n times, where n is its multiplicity. 

PRooF. The boundedness of the number of zeros of 
the function w(z) follows immediately from Theorem 2.6. 
Let now %,...,2n be the zeros of this function, every 
zero being repeated n times (n is its multiplicity). Then, 
in view of the formula (4.26), we have 


w(z) = woe) [| | te—en+a(e)(@—%)]; (4.31) 
k=1 


obviously, w,(z) is. continuous in G@+J/' and vanishes 
nowhere. Now, taking into account that 


1 1 ae 21 
97 rare wal) =0, 5 rare {(2— 2) +4 (2x) (Z7—%)} =1, 


we obtain the relation (4.30) directly from (4.31). 

4.7. In conclusion, we consider one more important 
property of the homeomorphisms of Beltrami’s equation. 

THEOREM 2.9. If q(z)¢«C.(@), 0<a<1, and the 
solution w(z) of the equation (4.23) represents a one-to-one: 
mapping of a neighbourhood of the point 2 « G onto a neigh- 
bourhood of the point wy = w(2), then the corresponding 
Jacobian of the transformation does not vanish at the point 
under consideration, i.e. 


Ow |2 
Oz 


2 


ow 


J = |= >0. (4.32) 
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This result follows immediately from Theorem 2.4 and 
the inequality (4.18). 


§5. Proof of the existence of a complete homeomorphism 


5.1. In §3 we constructed a solution of Beltrami’s 
equation in the form 


We) mez ff eyaBemes TT, (5.1) 


where f satisfies the equation 
f—qif=q, Uf=e,Nf. (5.2) 
We have assumed that 
lg2){|<%<1, qglz)eLp{#), p'<2, (5.3) 


Therefore f belongs to any class Ly(#) where 2—e<p< 
<2-+¢. Hence, in view of the inequality (6.11), Ch. 1, 
we have near the point at infinity 


W(z) = 2[1+0(|e/)]. (5.4) 


We shall now prove that W(z) represents a complete 
homeomorphism, under the additional assumption that 
q(z)« Co(#L), 0<a<1, m>0; further, in §5.4, this 
assumption will be abandoned. 

If q(z) « C7(#), then, in accordance with Theorem 2.4, 
the function W(z)« C?*" in the vicinity of any fixed 
point of the plane. It follows immediately, therefore, 
that z— W(z) « O2'*(B). 

Let us now prove that W(z) assumes once and only 
once every fixed value W,. In fact, the function W,(z) 
= W(z)— W, which, evidently, satisfies Beltrami’s equation 


2,0 —q(z)2,w = 0, (5.5) 


cannot be identically equal to a constant, since, by virtue 
of (5.4), near the point z= co it has the form W,= 


= z[1+ O((z|-1)]. Therefore the increment of arg W..(2) 
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on a circle of a sufficiently large radius with the centre 
at the point 2 = 0 is equal to unity. Hence, according to 
the principle of the argument (Theorem 2.8) there exists 
only one point 2 at which the function W,(z) has a zero 
of the first order, i.e. at the point 2 and only at this 
point the function W(z) assumes the given value W,). 
We have, therefore, proved the following 

THEOREM 2.10. If 1) |¢(z)| <a@<1, and 2) q(z)e 
e Ly Ct(£),0<a<1,m>0, p’ < 2, then the function (5.1) 
is a solution of Beltrami’s equation representing a complete 
homeomorphism of the plane onto the plane. This homeo- 
morphism has the following property: 


W(z)—ze OF TYE). 


5.2. The complete homeomorphism (5.1) may be re- 
garded as a local homeomorphism in an arbitrary neigh- 
bourhood of any fixed point 2. Therefore, Theorem 2.4 
implies directly the following 

THEOREM 2.11. If the following conditions are satisfied: 
(1) la(z)|<Q@<1, and (2) g(z)eLpC(H), 0<a<1, 
p’ <2, then every function satisfying the equation (5.5) in 
a ann G is represented by the formula 


w(z) = &(W(ez)), (5.6) 


where ®(C) is an arbitrary analytic function in the domain 
G.= W(G). 

Theorem 2.10 will now be completed by the following 

THEOREM 2.12. If (1) |@(2)| <q < 1, (2) ¢(z) « Lo C.(), 
0<a<1l, p’<2 and (3) q(ze 2) « OG), 0<a<1,m2>1 
where G is a domain of the plane z, then the complete homeo- 
morphism (5.1) satisfies the conditions: (1) W(z) « O.(E) 
and (2) W(z) « C7 **(@). Moreover, all continuous solutions 
of the equation (5.5) in the domain G@ belong to the class 
ona). 

PRooF. Let @’ be a closed subdomain of G. Let us 
take a polygonal domain G, such that @’C G,, GCG 
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and let us continue the function q(z) outside G, preserving 
the three conditions of the theorem—it is known that 
this continuation is possible, [44a]. Let us denote the 
function thus defined by q(z) and the corresponding 
homeomorphism of the equation w;,—qw,=0 by w,(z). 
According to Theorem 2.10 w,(z) « C7**(E). Since q = q 
in G, W(z) and w,(z), as solutions of Beltrami’s equa- 
tion (5.5), in view of the formula (5.6) satisfy the relation 
W (z) = ©,(w,(z)), where ®,(w,) is a function holomorphic 
in the domain G,,, = w(G@)). Therefore W « 02'*1(@’). 
Now, G’ being an arbitrary subdomain of G, we have 
W « 07 **(G). The remaining part of the theorem is obvious. 


5.3. It was already mentioned in §3 that the complete 
homeomorphism (5.1) satisfies the conditions 


W(occo) = 00, 2e3?W(z)>1 for zoo. (5.7) 


In other words, the complete homeomorphism (5.1) 
preserves the point z= co and the directions parallel 
to the real axis at this point. These requirements determine 
uniquely the complete homeomorphism. This result follows 
immediately from 

THEOREM 2.13. Every complete homeomorphism of the 
equation (5.5) has the form 
aW(z)+ 
yW(z)+6’ 
where W(z) is the complete homeomorphism (5.1). 

PROOF. According to Theorem 2.11 every complete 
homeomorphism of the equation (5.5) can be represented 
in the form 


W,(z) = ad—yB #0, (5.8) 


W.(2) = O(W(e)) , (5.9) 


where W(z) is the basic homeomorphism and ®(W) is 
an analytic function of the complex argument W which 
should establish a homeomorphic mapping of the plane W 
onto the plane W,; it is known, however, that only 
linear fractional functions possess this property. This 
completes the proof of the formula (5.8). 
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It is now evident that the conditions (5.7) determine 
a complete homeomorphism uniquely; this was the reason 
for naming the homeomorphism (5.1) the basic homeo- 
morphism. 

5.4. We shall now abandon the requirement of con- 
tinuity in the Hélder sense of the function q(z). If q(z) 
satisfies only the conditions (5.3), then the function 
W (z) = 2+ Tf « D,»(£), |p—2| < «. According to Theorem 
1.21 this shows that T/ « C,(#). It was proved by Bojarski, 
[11b], that also in this case the function W = 2+Tf 
represents a one-to-one continuous mapping of the plane z 
onto the plane W. We shall here reproduce Bojarski’s 
proof, [11d]. 

THEOREM 2.14. Let q(z) be a measurable function 
satisfying the following conditions: (1) |a(z)|<q@<1 
(Go = const.) and (2) q(z) = 0 outside a fixed circle K with 
the centre at the origin of coordinates. Then the function 
W(z) =2+Tf, where f is a solution of the equation (5.2), 
establishes a homeomorphic mapping of the plane z onto 
the plane W. The function W = W(z) and the inverse 
function z=2(W) belong to a space C{E), 0<a<1, 
a depending only on the circle K and the constant q, i.e. 
a= a(K, q). 

PROOF. Let qn(z), n =1,2,... be a sequence of con- 
tinuously differentiable functions on the entire plane, 
satisfying the conditions 


Qn(z)->q(z) almost everywhere 
lan(2)| <Q, (5.10) 
Qn(z)=90 outside K. 


Such a sequence can be obtained, for instance, by taking 
the mean value of the function g(z). By virtue of (5.10) 
we have 

In{(qm_—q)>0 for any p>od. (5.11) 


Let us consider the sequence of the functions 
Walz) = 2+T (fn) , (5.12) 
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where fn is a solution of the integral equation 
fn—QnlIfn = Qn - (5.13) 


Evidently, fn =0 outside K; om — gale) = 0. From 


(5.13) we obtain the estimate Lp(fn) < q ApLo(fn) +Lp(qn), 
or for p satisfying the condition qAp<1,|p—2|<e 


Lig Qn) 2 € 


Liy(fn) < 10,4, °1-GAy? 


(5.14) 
where c is a constant independent of both n and p. Further, 
we obtain from (5.13) 
fn—fm = QnII (fu —fm) + (Qn— 4m) LT fm + n—m 
whence, for p satisfying the condition q,Ap < 1, 
(1—qoAp)Lp(fn—fm) < Dy((Gn— dm) I fm) -+L(Qn— Ym) - 

On the other hand 

Lg [(4n— Gm) LH fm\ < Lpg(Qn— 4m) Lpp (LT fm) ; 


where ats = 1. Therefore, choosing p’ so close to 


unity that qAppy <1, and taking into account (5.11) 
and (5.14), we find that 


Liy(fn—fm) < En,mCy 5 En,m—>0 when n,M—>oo, 


where én, = Lpg(Qn—Qm) and ¢ is a constant (depending 
on p but independent of n and m). Let 


f=limf, in I,(f), feL,j(K), f=0 outside K 


Evidently, f—qlf=q. Assuming W(z)=2+Tf we 
have C,(W— Wn) < ML,(f—fn), a= i » p> 2. Conse- 


quently, Wi—W/(z) uniformly on the entire plane. It is 
evident that W(z)«C,(H#). According to Theorem 2.10 
W,(z) is a continuously differentiable homeomorphism of 
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the plane z onto the plane W. Let us prove that W/(z) 
is also a homeomorphism of the plane z onto the plane W. 
To this end let us consider the sequence of continuously 
differentiable functions z = z,(W)—inverse to the functions 
of the sequence (5.12). We have 


én(Walz)) =2 and Walen(W))= W (5.14a) 
for all W and z 
It is easy to verify the formulae 
Gm _ 1 OWn Gin «AL OW 
OW dn d ' OW dn & 
(J, is the Jacobian of the transformation W = W,(z), 
OWn|? |OW,|? Sia) 
Jn = a ee ) which imply, by (5.13), that 2=za(W) 
satisfies the = equation 


(5.15) 


= — + Inlen(W)) - 2s =0. (5.16) 


As @ consequence of the soe (5.14) we derive 
from (5.13) 
|Wr(z)—z| < My Lp (fn) < (5.16a) 


where the constant M is np ot of n. Cagie (5.15) 


into account we see that 7 = 0 outside a fixed circle K, 
independent of n. Therefore, by Theorem 1.16, 2n(W) can 


be represented thus: 
an(W) = W+D,(W) + T(Fr) 
— W+G,( moh ee fulé) 1 dédn, (5.17) 


where fn(¢) = 0 outside K, and the function ®,(W) is 
holomorphic on the entire plane. 

- When n is fixed T(j,) is bounded and limT(}p) = 0 
when W->oo. By virtue of (5.16a) ®,(W) is also bounded 
and since lim |Wn(z)—2|= 0, 00, i.e. lim |W — zn(W)| = 0, 
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Woo, then D,(W)-0 if Woo, ie. D,(W) = 0. There- 
fore, (5.17) assumes the form 


enW)=W+TGn), jro=0 outside K,. (5.18) 


Making use of (5.16) and the last formula we obtain 
for fn the equation 


Int dn(2n( W)) Thin = qn(2n(W)) ’ 


Besides, |qu(zn(W))| <q <1. 
Thus, similarly to (5.14), we obtain the estimate 


Ly(fn) < C2 


(c, is independent of n) valid for p > 2 and satisfying the 
condition gAp)<1. According to the inequalities (6.1) 
and (6.2) of Ch. I, the operator Tf transforms the space Lp 
into a space of functions satisfying the Holder condition 
in a completely continuous way. Therefore, from the 
sequence (5.18), a sequence 2n,(W) can be extracted, such 
that it converges uniformly to a function 2(W) satisfying 
the Holder condition. By a limiting process in (5.14a) 
with respect to the subsequence n;,, k->co, we obtain 
W (e(W)) = W and 2(W(z)) =z, ie. w = W(z) is a home- 
omorphic mapping of the z-plane onto the w-plane pos- 
sessing, as well as its inverse z= 2(w), all the required 
properties. This completes the proof of the theorem. 

REMARK. The uniqueness of the limit 2(W) of the 
subsequence 2n,(W) and the compactness of the sequence 
2n(W) imply immediately that 2n(W)-—>2(W) uniformly. 

5.5. We have so far been assuming that q(z) = 0 in 
a neighbourhood of the point 2 = co. Now we can abandon 
this restriction. We have the following 

THEOREM 2.15. If q(z) is a measurable function on the 
entire plane and the condition |q(2)|<@<1 is satisfied, 
then there exists a complete homeomorphism W(z) of 
Beltrami’s equation 0;w—q(z)é,w = 0 belonging to a class 
CAL),0<a<l1. 
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Proor. Let Wpr(z) be the basic homeomorphism of 
the equation 


0,w — dr(z)0,w = 0, (5.19) 
where 
_ q(z), for |lel<R, 
ai 0, for |el/>R. oe) 


According to Theorem 2.14 the function Wr exists and 
belongs to a class O,(#), 0<a<1. Performing a change 
of variables in equation (5.19) according to the formula 


1 


C=C) = Wae)— Wald) ’ (5.21) 
we obtain 
dw—qyljaw =0, (5.22) 
where 
q(t) = LGR) ent (6.23) 


1—q(2)dr(2) 256 


As is seen from (5.21), (2) represents a univalent con- 
tinuous mapping of the z-plane onto the ¢-plane, the 
vicinity of the point z = 0 being mapped onto the vicinity 
of the point ¢ = oo, and conversely. By virtue of (5.20) 
and (5.23) q,(¢)=90 in a fixed neighbourhood of the 
point £ = oo. Moreover, it is evident that |9,(2)| <q <1. 
Therefore q,(¢) satisfies all the conditions of Theorem 2.13. 
Consequently, there exists a basic homeomorphism of the 
equation (5.22), which will be denoted by W,(¢). Con- 
sidering now the function 
W,(z) = Wie (2)], 

we obtain a complete homeomorphism of the original 
equation (5.5). 

If we take into account that ¢(z) is analytic in 2 outside 
the cirele |z| < R and W,(¢) is analytic in ¢ in the domain 
in which q,(¢) = 0 (this domain is the image of the circle 
\z| << R) we obtain the following differentiation formulae: 


O.W = 0¢Wy(C) 026 ’ o,W. = oeW(6)a36 ’ for |2| > k ’ 


9 
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and 
a,Wy = O,Wi(2) 626 ’ aW = a, W (C) ex , for |2| <k. 


It easily follows from these formulae that W, satisfies 
Beltrami’s equation (5.5). Taking into account that 
W (00) a W,(E(00)) = W,(0) we find that the fractional 
function 

et eae 

~— WiLE(2)]— Wi(0) 


represents a@ univalent and continuous mapping of the 
2-plane onto the W-plane, the point z = oo being preserved. 
Since €(z) and W,(¢) are functions continuous in the 
Hélder sense, evidently W(z) also satisfies the Hélder 
condition in any finite part of the plane. Thus, Theo- 
rem 2.15 has been proved completely. 

5.6. The above mapping of the z-plane onto the W-plane 
will not, in general, be continuously differentiable. We 
know only that it belongs to the class D,,» for a p > 2. 
Nevertheless, it was shown in [11b, 11d] that the mapping 
W(z) =2+Tf has a number of properties analogous to 
those of continuously differentiable mappings. With 
respect to some fundamental operations of analysis 
(integration, generalized differentiation, etc.) it behaves 
in exactly the same way as continuously differentiable 
mappings. These statements allow us to investigate the 
properties of solutions of Beltrami’s equation w;—q(z)w, = 
= 0 under the only assumption that q(z) is a measurable 
function satisfying the condition [q(z)|<q<1. For 
example, we have the following 

THEOREM 2.16. Under the above conditions all solutions 
(of the class D,»(G@), p> 2) of Beltrami’s equation 


Wz — 4 (2) Wz = 0 


W (2) 


are given by the formula 

w(z)= O(Wz)), We) =2+Tf, (5.24) 
where f is a solution of the equation (5.2) and © is an 
arbitrary analytic in W function in the domain W(@). 
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It is evident that the last formula makes possible the 
construction of solutions of Beltrami’s equation possessing 
arbitrary singularities of the pole type, essential singu- 
larities, branch-points of various types, etc. In particular, 
by means of the formula (5.24) we can construct various 
univalent solutions mapping homeomorphically a do- 
main G@ onto canonical domains of appropriate type. 
A number of important properties of this kind of uni- 
valent mappings were established in the paper [11d]. 

Finally, we state without proof the following theorem, 
[11d]: 

THEOREM 2.17. Let Gu, n =1,2,... be an increasing 
sequence of subdomains of the domain G, GnC Griz, G = 
= lim@n when n->co. Let there be given in the domain G 
an equation of the form (5.5). Assume that sup lq(z)| = 

240n 


= dn <1, and it is possible that qn—>1 when n->co. Then 
there exists in the domain G a global homeomorphism of 
the equation (5.5). In every bounded and closed subdomain 
of the domain G the properties of this homeomorphism are 
analogous to those of the homeomorphisms investigated 
above. 

Under the assumptions of Theorem 2.17 the global 
homeomorphism cannot, in general, be represented by 
means of the simple formulae (5.1) with fe Z(G), p > 2. 
Nevertheless, it can be constructed from the homeo- 
morphisms of the form (5.1) by a limiting process. 


§6. Reduction of a positive quadratic differential form to the 
canonical form. Isometric and isometric—conjugate co- 
ordinate systems on a surface 


6.1. Let us now again consider the quadratic form 
F = ada + 2bdady + edy?. (6.1) 


Let us assume that: (1) a,b,¢ are bounded and belong 
to the class Cz in a domain G (m>0,0<a< 1), 
(2) d = ac—B? > A, > 0 in G, A, = const. Considering the 


g* 
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global homeomorphism W(z) = u(a, y)+7v(x, y) of the 
system of equations (1.3) we can reduce the quadratic 
form (6.1) in the whole domain G@ to the canonical form 


F = A(u, v)(du?+ dv?) , (6.2) 
where 


A 
a=4V4, y\wea-Ker (63) 


or 
A = ay, + Whar, y+ Cy = Ay t+ WyuYot cys. (6.4) 


In view of Theorem 2.10 every global homeomorphism 
of the quadratic form (6.1) belongs to the class C7'(@). 
Therefore, it is seen from (6.3) that Ae Cf’ in the ap- 
propriate domain. 

If a,b, ce Dns p(G),m > 0, p > 2, then, according to 
Theorem 2.5, the global homeomorphisms of the form (6.1) 
belong to the class Dmizp, and, consequently, A¢ Dmisp. 

By means of conformal transformations of the first or 
of the second kind 


We = ty +10_ = D,(W(z)) or we = ®,(W(z)), 


where ©,(W) is an arbitrary univalent holomorphic 
function in W(G), we can obtain any global home- 
omorphism of the quadratic form (6.1) with respect to 
the domain G, and, evidently, 


F=A,(di+de2), A= A,|@(w)P. (6.5) 


If we make use of Theorem 2.15 the reduction of the 
quadratic form (6.1) to the canonical form (6.2) may also 
be performed in the case in which the coefficients are only 
measurable bounded functions in a domain G, and 
ac—b?>q,> 0. Since @y, t%eLy, p > 2, it follows from 
(6.4) that Ae Ly. 

Let a domain & represent a union of domains G,, Ge, 
.., Gy, where G,G, = 0, 1 # &. Assume that a,b, ce 07(G), 
4=1,2,...,1 and that both the functions and their 
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derivatives up to the mth order may have discontinuities 
of the first kind on the contours of the domains G;. Then, 
according to Theorem 2.12 and Theorem 2.15, there 
exists a global homeomorphism W(z) of the class C,(£) 
belonging to the class C7*’(G,) inside every domain G;. 

6.2. Let us now apply the above results to the 
solution of the geometric problem of construction on 
a given surface of a so-called isometric net of lines 
“= const., y = const. defined by the fact that referred 
to this net the fundamental quadratic form assumes the 
form 


I = A(da®+dy?), A>O. (6.6) 


Henceforth by a surface we shall understand the union 
of its interior and boundary points, i.e. the boundary 
points also belong to the surface. 

Let a surface S be mapped homeon.orphically onto 
a domain G of the plane, i.e. there has been established 
@ one to one continuous correspondence between the 
points of S and G. Then the coordinates z!, « of a point 
of the domain G will also be regarded as the coordinates 
(interior coordinates) of the corresponding point of the 
surface. It is evident that the domain G@ is closed. By 
mapping homeomorphically the domain G onto another 
(obviously also closed) domain @ we obtain on the surface 
@ new coordinate system %!, #2. Thus, to every one to one 
mapping of the domain G@ onto another domain there 
corresponds a fully determined coordinate system on the 
surface. Consequently, there exists an infinite set of co- 
ordinate systems on the surface S and a change of a co- 
ordinate system #1, 2? on another system 7, % is per- 
formed by means of non-singular transformations of the 
form 


v= wel, a), at = a(G, 7), t=1,2, (6.7) 


where # (a1, 2?) and #(%!, %) are continuous single-valued 
functions in G and @ respectively. 


104 GENERALIZED ANALYTIC FUNCTIONS 


By introducing in the space a Cartesian system of 
coordinates with unit vectors e,, e,, e3, the position vector 
r(a, v) of an arbitrary point of the surface S may be 
expressed in the form 

r(a', 0) = X (x, w)e,+Y(a", @)e,+Z(a", w)eg, 
where X, Y,Z are Cartesian coordinates of a point of 
the surface with interior coordinates 21, «7. Let us now 
assume that there exists a coordinate system 2', a on the 
surface S with respect to which the functions X(#', «*), 
Y (av, #7”), Z(xv!, @) are continuous and have continuous 
derivatives of the order < * in a closed domain G. Then 
the surface S will be said to belong to the class C*. In 
differential geometry it is customary to call a surface 
regular if k > 3. We shall hereafter also use this term 
in this sense. We shall also consider surfaces of the 
classes CF and Dy». 

If there exists on a surface a coordinate system 2!, 2, 
such that X, Y, Z are analytic functions in the variables 
z', a in the domain G, then the surface S will be called 
an analytic surface or a surface of the class Q. 

We shall henceforth make use of the fundamentals of 
the theory of surfaces in vectorial and tensorial notation. 
For references on this topic the reader is advised to 
consult the book [37]. It should, however, be borne in 
mind that we shall sometimes use different notations 
(see also Ch. V, §5). 

Let us consider a piecewise smooth surface 8. composed 
of a finite number of surfaces of the class O*,k>1, 
which is homeomorphic to a domain G of the plane (@ may 
coincide with the entire plane). Then the equation of the 
surface may be represented in the vector form 

r=r(a', 2), 
where r is the position vector of a point with (interior) 
coordinates 21, «2. If the vectors 

or 


y= 
ou" 


(a=1,2), 


POSITIVE DIFFERENTIAL QUADRATIC FORM 105 


are chosen for the base vectors of the coordinate system 
«', 2, then the first fundamental form of the surface has 
the form 

I = ds? = a,gdatda®, where dag = raFs - (6.8) 


In the case of a piecewise smooth surface a,g will be 
sectionally continuous bounded functions in the domain G. 
Since @ = a4, 4g9— 443 > a > 0, according to Theorem 2.15 
there exists a global homeomorphism of the form (6.8) 
with the corresponding isometric coordinate system 2%, y 
on the whole surface. It follows that the net of lines 
“= const. y = const. covers the whole surface in a con- 
tinuous way but it is isometric only on every smooth 
part of the surface. On the contact lines the coefficients 
A(«#,y) of the form (6.6) suffer discontinuities of the 
first kind. On passing through the contact lines of neigh- 
bouring smooth parts of the surface the coordinate lines 
are continuously continued from one part into another, 
but in general the property of isometry on these lines 
is violated. 

If a surface belongs to the class 07**, 0 < a <1, then aug 
belong to 07'(@) and, consequently, in this case A(a#, y)« Ct. 

Let us observe that a change of isometric coordinate 
system—from an isometric system 2, y to an isometric 
system 2’, y’—is performed by means of a transformation 
of the form 


a’ +iy’ = O(a+iy) or a +iy’ = O(a@+ity), 


where © is an analytic function univalent in the domain 
of the variables xz, y. If this domain coincides with the 
entire plane z = 7+ ty, ® is a bilinear function 


= az +B 
yeto’ 
6.3. We now consider the problem of reduction to the 


canonical form of the second fundamental quadratic form 
of the surface, 


D(z ad—yB #0. 


II = Bagdad? . (6.9) 


106 GENERALIZED ANALYTIC FUNCTIONS 


The coefficients of this form are expressed by the for- 
mulae 
_ _ Or _ ryXTe 
bap = Nog, Top => aueaae 5 n= Ir, x r,| . (6.10) 


The principal curvature of the surface is given by 


_ baybee— Dis 


2 
Ay, 22 — A129 


K (6.11) 
It follows that the form IT has constant sign on surfaces of 
positive principal curvature. Let a surface S be composed 
of pieces of the class O7*"(m > 0) of positive principal 
curvature. Such being the case, it is seen from the for- 
mulae (6.10) that the coefficients of the form IT are 
sectionally continuous functions of the class 07’. 

As before, we shall assume that the surface is homeo- 
morphic to a domain G@ of the plane. Moreover, it is as- 
sumed that K > K,> 0 (in @), K, = const. Accordingly, 
in view of Theorem 2.15 there exists a homeomorphism 
of the quadratic form II corresponding to a fully de- 
termined coordinate system on the surface. The second 
fundamental quadratic form referred to this system has 
the form 


II = keds? = A(da®+dy*), Ae OG), (6.12) 


where k, is the so called normal curvature of the surface 
in the direction s. 

If the coordinate net on the surface is constituted by 
the lines of curvature & = const., 7 = const., then the 
form II = A*k,d®@+ B*k,dy? and the corresponding homeo- 
morphism 2(¢) = x(&,7)+7y(&, 7) satisfies Beltrami’s 
equation 

AVk,—B Vig 
— = 
© AVE, +BY ke 


Since aK = A?, either A = YaK or A = —YyakK. In what 
follows we shall always assume that 


(6.13) 


A=yak. (6.14) 
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This can always be achieved by the choice of the orien- 
tation of the normal n to the surface, which in our case 
should be directed towards the concavity of the surface. 
In fact, according to Meusnier’s theorem, k, = k cos#. 
Taking (6.14) into account it is found that this is possible 
only if the normal to the surface makes an acute angle @ with 
the principal normal of the curve directed always towards 
the concavity of the surface; this proves our assertion. 

Denoting by ds and do the corresponding elements of 
ares of the surface and the plane z we have from (6.12) 


4 4 
ds = ¢,do, a4, V/ G<e< om (6.15) 
8 ky ) ke 


Thus, in mapping a surface of positive curvature onto 
the z-plane by means of the homeomorphism of the 
second fundamental quadratic form, an element of an 
arc of the surface suffers an extension inversely propor- 
tional to the square root of the normal curvature in the 
direction of the are under consideration. 

The net of lines on the surface referred to which the 
second fundamental quadratic form assumes the form 
(6.12) is named the isometric—conjugate system of co- 
ordinates. 

Thus, an isometric-conjugate net of lines exists on 
any surface of the class 07+’, m>0 homeomorphie to 
a domain of the plane (or to the entire plane). If the 
surface is homeomorphic to a domain G and composed 
of a finite number of regular sections of the class 07°*?, 
then, as before, there exists on the whole surface a continu- 
ous net of lines # = const., y = const. which is isometric— 
conjugate on every regular section. In this case A and 
its derivatives are in general sectionally continuous 
functions. 

If the surface belongs to the class Dmisp, p > 2, then Dag 
belong to the class Dmi» (consequently, in view of 


Theorem 1.20 base C7, a = 2). According to Theorem 
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2.5 the homeomorphism # = #(&, 7), y = y(é, 7) of the 
form II belongs to the class Dm.» in the corresponding 
domain. Hence, obviously, A¢ Dmis,p. 

Since Ke Dmizp and A= VaK Dmiszp, it is evident 


that ae Dmup- 

We observe that, similarly to the case of an isometric 
net of lines, a transformation from an isometric—con- 
jugate coordinate system to another such system is 
accomplished by means of conformal mappings of the 
first or of the second kind. 

Below we shall investigate in more detail the pro- 
perties of isometric-conjugate net of lines, for we shall 
use it in Chapters V and VI in dealing with geometrical 
and mechanical problerhs. 

6.4. Let us consider on the surface the reciprocal base 
of the coordinate system x, a? 


‘ re=a%r, (a=1,2), (6.16) 
where 

qt = “B,  g@t at =—“B, at@=“B, 6.17) 

@ = Gy Ang — Aye « (6.18) 


It should be borne in mind that the covariant and contra- 
variant metric tensors a, and a” are used for raising 
and lowering indices of components of tensors. 


Differentiating the unit normal vector n we have 
ie - yok git Oy. (6.19) 


Since when the condition K + 0 is satisfied the vectors n, 
and n, are not collinear, we obtain 


r=—d¥ny, a? = a ah ry, (6.20) 
where 


cl=c@=0 and Bf@=—@Ga= (6.21) 


a 
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Hence 
a? = rr? = —d* a’ nr, = d*a*’b,, = d"bh. (6.22) 


Considering these relations in the isometric-conjugate 
system and taking into account that 


du — q#@ — Lo g se See 0 (6.23) 
yak 
we have 
1 2 
11 O22 = al a ay = 7 
a yak’ a yak 
Po eens! ee bbe 
a yak yak 
or 
b+b3_/— 
at = Oy + dg = VE 2a, (6.24) 
mae 


a = Ay Boo + 1A. a, (b3— b; aan 2ib5) ya $ 


VK 
Taking into account that 

bi+b3 =2H, |b3—b}— 202] = V (b3—b})? +4 (02)? 
=|k—k,| =2VE, (6.25) 


where H is the mean curvature and E is the so called 
Euler’s difference (E = H?— K?) we have 


aE ie, (6.26) 


Since 
Ayg = TyTg = Vy AeC080, & = AyAe8in?@, (6.27) 
we obtain 
dy = Vacoto , (6.28) 


where w is the angle between the coordinate lines, and 
O<a<7. 
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From (6.28), (6.27), (6.26) we obtain the relation 


E:. 
cota = Vz siny, (6.29) 


—the expression for y in terms of w. In view of (6.24), 
(6.26), (6.29) we have 


au = W/E tn = Y/% (H—-VBeosy), 


| cE 
ny eee V <siny. (6.30) 


Hence, it follows that 


qu _H—VEoosy jm _H+VEoosy 5) 
Vak 
gg? ——_ga=—— VE any: 
ak 


In view of these formulae the first fundamental quadratic 
form is given by 


ds? = dagda*daP = Vi (H+ VY Ecos(p—28))do®, (6.32) 


where # is the slope of the are do on the z-plane correspond- 
ing to the element of arc ds of the curve on the surface. 
From (6.32), (6.12) and (6.14) it follows that 


ke(H + YEcos(p—29)) = K. (6.33) 


This relation holds for an arbitrary tangent direction at 
a fixed (chosen in an arbitrary way) point of the surface. 
Writing this relation for the principal directions and 
taking into account that y is independent of the choice 
of direction at the point under consideration we have 


cos(py—20,) = —1, cos(y—28,) =1, (6.34) 
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where #3, and #, are slopes of the directions o, and o, on 
the z-plane, which are images of the principal directions s, 
and s, of the surface. The relation (6.34) implies that 


y= 2d,, 8, = 9,5. (6.35) 


We have discovered, therefore, the geometric meaning 
of the function y(z,y). It 1s equal to twice the angle of 
slope of the direction on the z2-plane corresponding to the 
principal direction s, of the surface. Moreover, to the principal 
directions 8, and 8, of the surface there correspond mutually 
perpendicular directions o, and o, on the z-plane, t.e. the net 
of the lines of curvature of the surface is mapped onto an 
orthogonal net of lines on the z-plane. 

Taking into account that ds} — B*d7?, it follows from 
(6.35) and (6.15) that 


dz\?— [ds,\2(dz\? Wak /dz\? 
iy — (2%\" _ [482\* (de \* _ Yak (dz 
ow = (Fe) (za) Ca B%, (i) Rate) 


In other words, if the surface « Dnigy then pe Dinu, p- 
Since H = }3(k, +4), VE = 4(h,—hq) (Ky > hy), then 


H— yEcosy = i,sin® 5 + k,cos* 5 =k” 


H+ yEcosy = i, cos? 5 + kein? 5 =k’, (6.37) 
k,—k, ; 
VEsiny = alee ae sin 25 = —t’, 
where k’ and 7’ are the normal curvature and the geodesic 
torsion of the surface in the direction making an angle 


$y = %, with the principal direction s,, and k’’ is the 
normal curvature in the perpendicular direction. Hence 


a= 4 / £, oe Sa Ve (6.38) 


mB ae (6.39) 


112 GENERALIZED ANALYTIC FUNCTIONS 
From (6.29) we have 

V H?sin? o— K 
VEsino 


The sign should be chosen in accordance with the rela- 
tion (6.29). This immediately implies the inequality 


VE 


cosy = + (6.40) 


1>sinwo > (6.41) 
showing that there exist two positive constants 0 < 6, < 
<6,< 2% depending on the surface but independent of 
the choice of the isometric-conjugate net of lines, such 
that 0< i <a <b,< 24. 

Let us now examine the distortion of the angle between 
two tangent directions in mapping on the plane of 
a surface of positive curvature, by means of homeomor- 
phisms of the second fundamental quadratic form. Let t 
and s be two unit vectors tangent to the surface. Denoting 
by 2 the angle between them we have 


cosQ = ts = Aagt’s” , sinQ = n(tXs) = apts) , (6.42) 
where ¢,g 1s @ covariant tensor of rank two defined by the 
formulae 

Cy = Cy = 0, Cy = — Cy = Va : (6.43) 
In deriving the second relation (6.42) we have used the 


formula 
Tq Xp = CopN . (6.44) 


By virtue of (6.30) and (6.15) 


cosQ = Vv: {eos (d,—8,) — rz sin (06-04) ; 


sinQ = V = sin(9,—%) , 


where 3, and #, are slopes of the directions + and o on 
the plane z which are the images of t and s (in the map- 
ping under consideration). 


(6.45) 
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If t and s coincide with the principal directions s, and s, 
of the surface, then k,;= k,,k, = k, and from (6.45) we 
again obtain the relations (6.35). If ¢ and s are mutually 
perpendicular, then from (6.45) after simple transforma- 
tions we obtain 


. /K 
sin (9,—8,) = kike ; 


cos (8,—0,) = TEE, ‘ 
3 ve 


These relations are equivalent to the following relation 
which may also be derived directly: 


(6.46) 


dz dz 4 Ty; 
dids Ya yak ee) 
From (6.45) we have the estimate 
1 > sin(d,—9,) > yk (6.474) 


HH’ 
As should be expected, the formulae (6.45), (6.46) and 
(6.47) are independent of the particular choice of the 
homeomorphism of the form IT. 


It is known that two tangent directions t and s are 
said to be conjugate if they satisfy the relation 


ti, = baptes? = 0 ° 


This relation referred to an isometric—conjugate co- 
ordinate system has the form 


dz dz 
141 242 —— aa 
siti + st? = Re le al 0 
which is equivalent to the relation 
cos(8,—8,) = 0. 


ie. the directions o and + on the g-plane corresponding 
to the conjugate directions s and t of the surface, are 
perpendicular. 
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Thus, an tsometric—conjugate coordinate system trans- 
forms any net of conjugate lines of the surface onto an 
orthogonal net of lines on the z-plane. 


6.5. In an isometric-conjugate coordinate system we 
have the conditions by, = be., 04, = 0, i.e. 


nary, = TU 99 5 nr = 0 5 (6.48) 


or, in complex notation, 


nr;; = in (Pyy—Tog + 2try.) = 0. (6.49) 
It follows that the position vector r satisfies the equation 
rzgt+tArz+Br,=0. (6.50) 


Making use of the formulae of Gauss 
rag = Dagry + dagn , (6.51) 


where I, are Christoffel’s symbols of the second kind 
and bg are the coefficients of the second fundamental 
quadratic form, it is readily found that 


1 . 4 
A= 7 (2-202) — g(Ue—Tnt Le) 


— (rt — tr’ )r; 


: ee . (6.52) 
a 
B=7(Um—ITin + De) + 7 (Pe TPn— Te) 
= —(r+ tr) rg. 
Equation (6.50) is the complex form of the familiar 
Laplace’s equation for the Cartesian coordinates of a point 
of the surface, referred to an isometric—conjugate co- 


ordinate system. 
We have also 


ra+Orz+Or,—5 An =0, (6.53) 
‘where 


A=VaK, 0=—5(PL+Th) +5 (Ph +78). (6.54) 
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Making use now of the relations 


at = 4r,r; a=4rr,, a= (a? la- (") ’ (6.55) 


22 ? 
we obtain 
eat Ca- Ca- 
op — talet la, Gp = Bra, Gp = Brera: 


Hence, by means of the relations (6.50) and (6.53) we 
have 


+ = 
-. = —(A+6)at—Ca-—Ba-, 
7 : (6.56) 
uae = —2Aa-—2Bat, i ~20Ca-—2Ca*. 
oz oz 
These relations imply that 
_ @mya,1/(,@a- _aa-\ Ana 
A ee 5a(4 ama =)=- aa 
1 dat 0a- 0a~ 
wet, oe ee pg aera 
si sa\ 9g eg ae ), on 
1 0a- Ca- 
= — + —a 
ag (a a” be \s 


5.6. On the basis of the relations (6.19) 
_— 5 (7m, +i) = — 5 Ale! + ire) saya VOR (ah + iat). 


or, by virtue of (6.31), 

n; = —Hr;+ yEer,. (6.58) 
Differentiating (6.50) and (6.53) with respect to z and Z, 
respectively, making use of the same relations and the 
formula (6.58) we obtain 
r;;, + (A,—A0O— BB)r;+(B,—AC— AB)r,+;AAn =0, 

rite + (C-40— 00+ 5HA)r;+ 
= (2,-Bo—C+—5 A Bee] r,+5(CA—Ag\n =0. 
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The last relations imply the following: 
A;+(A—C)A =0, (6.59) 


A,—C;~BB+00—5HA =0, (6.60) 


— B,—C34+(C—-A)C+ (C—A)B+5 A VEev =0. (6.61) 


The equation (6.59) represents the complex form of 
Codazzi’s system of equations. From (6.59) and (6.57) 
we have 


—— nVayKk , (6.62) 
o =2mK (6.63) 
- 


Equations (6.60) and (6.61) are equivalent to the equa- 
tion of Gauss. Taking into account (6.62), (6.63), and 
(6.26) we see that these equations may be written in the 
form 

Kat @lnA 


4 Oe6n +CC—BB, (6.64) 


1 
1—,, Ka a/c 
VE Ac® = = 45(3)-7 Abe 
In view of (6.62) we obtain from the second formula 
(6.57) 

pa wWKe GN Nee ev). (6.66) 
Qat azlayK}) 2H \Kya 


According to (6.63) the third relation (6.57) may be put 
in the form 


2 AB): (6.65) 


z 


C Wak 4 
ag (Vane a 


(6.67) 


It is easy to verify that the relation (6.57) follows from 
the relations (6.66) and (6.67). 

The relation (6.67) may be regarded as an equation 
determining the real functions Ya and y if the mean 
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curvature H and the principal curvature K of the surface 


are known. Having determined ya and y from (6.67) we 
can then use the formulae (6.14) and (6.30) in order to 
calculate the coefficients of the second and the first 
fundamental quadratic forms and Christoffel’s symbols 
of the second kind corresponding to the isometric—con- 
jugate coordinate system under consideration. 

We can obtain the following expression for B by making 
use of (6.66) and (6.67) 


B= (aren ah ows erty , {6.68) 
VK]; 4K 
By means of the formulae (6.52), (6.54), (6.62), (6.63) 


and (6.68) it is easy to derive the following formulae for 
Christoffel’s symbols of the second kind: 


z 


o _ Fs) =e 
In =z, mnya—T, Px =— x myVaK +I, 
7] —— é = 
Ti =—5, VK +n, Tr = gyn Va—Fis, (6.69) 


: — H K 
12,—iI, = (InVa yK),— {arch —=) ev — 2 ev. 
iA = On VaR), (arch =) oT 


z 
6.7. Introducing the covariant derivatives of the com- 
plex covariant vector w, = u,+7u, with respect to Z 
and z we have 
7-004 = = (V+ Vp) (thy + itty) = wyg + Avy + Bidg , 
(6.70) 
(V,—4iV,) (u, + tuy) = w,, + Cw, + CO, . 


(V,—iV.) (wi + iu?) = w,—Aw*—Cw*. — (6.72) 
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6.8. Suppose that the surface belongs to the class O7*?. 
Then H, K, E belong to the class Cz’. Moreover, according 
to the results proved above, A = VaKe 0”, ie. ae 0”. 
Then it follows from the relation (6.67) that pe CO. 
Considering now the formulae (6.62), (6.63) and (6.68) we 
obtain 


A,B,OceOr", if m>1. (6.73) 


We now assume that the surface belongs to the class 
Disp, p > 2. Then H, K, B, a, ye Dniip and according 
to (6.62), (6.63) and (6.68) we have: 


A, B, Ce Dip e (6.74) 


In particular, the condition (6.73) is satisfied in this case. 
Also 


HK Boece" 2222) (6.75) 


6.9. As a result of a conformal mapping of the first 
kind z,=@(z) (or of the second kind z, = ®(z)) an 
isometric—conjugate net of lines is transformed into 
a similar net. In view of (6.55) we have the following 
formulae of the transformation 


at =az|O(z)2, a- =azO'(z)?, (6.76) 
a = a,|®'(z)|*, (6.77) 
arga- = arga; —2arg@'(z) . (6.78) 


It follows that | 
Ye =yt2y, where y=arg®@'(z). (6.79) 


The last formula follows also from the formula (6.35), 
since in a conformal mapping the angle 3, acquires an 
increment y. 

It follows from (6.76) that 


atdzdz =atdz,dez, a-d#=a,dz. (6.80) 
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Thus, the first fundamental quadratic form of the surface 
given by 
1 sn ik _, l= 
I = ds? = 5 at de da -- 7 a~ dz + que ; (6.81) 
represents a sum of three quadratic forms invariant with 
respect to conformal mappings of the first and the second 
kind. These quadratic forms are independent of the 
particular choice of the coordinate system. 

The arbitrariness in the choice of the isometric— 
conjugate net of coordinate lines can be used to impose 
certain additional conditions on the coefficients of the 
forms I and II. For instance, one can obtain y = 0 on the 
boundary curve or on its part. (In fact, it follows from the 
relation (6.79) that y is determined to within an additive 
term 2y which is a harmonic function). Then a,. = 0 on 
the boundary curve, i.e. on this curve the tsometric— 
conjugate net of lines under consideration coincides with 
the net of lines of curvature of the surface (it should also 
be borne in mind that b,, = 0 everywhere). 

If we now consider the formulae (6.62), (6.63), and 
(6.68), then in view of the formulae (6.69) and (6.71) 
we obtain the following transformation formulae for the 
quantities A, B, C: 


Be A, @"(2)— ao 
| oo Ole) (6.82) 
4 , 
B = B; @'(z) 9 C = C,®@ (2) . 


It follows from the last formulae that if B and C vanish 
in one arbitrary isometric—conjugate coordinate system, 
then they vanish in every such coordinate system. 

Let us observe that B= C =0 for a spherical surface 
and only for such a surface. This result follows immediately 
form (6.63) and (6.68) if we take into account that H = 0 
only for a sphere. 

In the case of a complete ovaloid (i.e. for a closed sur- 
face of positive curvature) the variable z ranges over the 
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entire plane. In this case only linear fractional functions 
may be taken for ®(z), namely functions of the form 


sae EY _ 
P(2) = BTS », ad—By ~0. (6.83) 
Taking into account this result and making use of the 
formulae (6.76), (6.77), (6.82) we obtain the following 
asymptotic representations near the point at infinity: 


at,a-, Va = O([e|-4) , (6.84) 
A=O(e\4), B, O = O(z|). (6.85) 
This result implies that 
B, CeLyAE), p>2 (6.86) 
(see Ch. I, §1.5). 


6.10. Let the surface S of positive curvature under 
consideration belong to the class Dinisp,p > 2. Then it 


certainly belongs to the class 07**?, a= —. Let us 


consider a piecewise smooth curve Z on the surface SV. 
The angle between the tangent to the curve LZ at one of 
its points and the principal direction s, at this point will 
be denoted by g. Let L’ be a smooth arc of the curve I 
(the ends are assumed to belong to LZ’); then » as the 
function of the length of arc s is, obviously, continuous 
on L’. Let us assume that ge Oo” (L’) where m’ <™. 
Referring for definitness the surface to the coordinate 
system of lines of curvature we have 


I = Atdé?-+ Bedy?, Il=keds* = A*k,dé?-+ Bekdn,, (6.87) 
d& cosy dn sing 
ds A’ ads B 

Since A and Be O07'*’, then it follows at once from (6.88) 


that &(s), 4(s)e 0" “(L’) (we assume that the whole 
line ZL’ lies inside 8). 


(along L’). (6.88) 
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Introducing on the surface S an isometric—conjugate 
coordinate system 


w= 2(F,n), y= ylé,n), (6.89) 
corresponding to a global homeomorphism of the quad- 
ratic form II = A?k,dé+Bk,dy? we obtain 

Il = k,ds? = A(da®+dy?), A=yaK. (6.90) 


Let J’ and I” be the images of the curves LZ and L’ on 
the plane z= #+iy. Let us now examine the degree of 
smoothness of the curve J”. Denoting by ds and do the 
corresponding ares of the curves ZL’ and J” and taking 
into account that 


yak 


de? = — do? = ——_——_ de? 6.91 
ks H+yEecos2p oe) 
we have the relation 
- f fae, (6.92) 
Vak 


which shows that o(s) (i.e. the length of an are of the 
curve J”) is a function of s (the length of an are of the 
curve L’) belonging to the class 0%. Regarding now s as 
a function of o, s(c), it is readily observed that s(c) is also 
a function of the class C”’*’. Denoting by @ the angle 
of slope of the tangent to J” we have 


_ dz dé dy\ ds 
= (a+ vas) ae 
aaa (6.93) 
n\ ds 
da Fes = (ue ds * ea be 
Therefore de C2’ (I')’, ie. a(c) and y(o)e 0” *; it should 
be taken into account here that a, Y¢, %q)Yn)€ Co) 


A, Be CF "'(Dm+2y). Summing up the results we infer the 
following: 
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Let there lie on the interior part of a surface of positive 
curvature of the class Dmiszp, pP > 2, @ smooth curve L’ 
pie 


, —2 
n(s)e On ** where a= ee m'<m. By introducing 


belonging to the class , 4.e. tts coordinates &(s), 


on such a surface an isometric—conjugate coordinate system 
corresponding to a global homeomorphism «x = x(&, 7), 
y = y(€, ) of the form IT = A*k,d&+ B?kydy?, the curve L' 
is mapped. onto a curve I" of the plane z, which also belongs 
to the class 0%" *", i.e. its coordinates «(c) and y(c) regarded 
as functions of the length of the arc of the curve I” belong 
to the class C”™**, m’ < m. 

Let the curve Z contain a corner point lying on the interior 
part of the surface S, the adjacent arcs L’ and L’’ belong- 
ing, as before, to the class O2"*', m’ <m. Then their 
images J” and I”’ on the plane z also belong to the class 


o™+! and constitute a piecewise smooth curve J’ repre- 
senting the homeomorphic image of the curve L. In 
this case the angle between the curves J” and I” is uni- 
quely determined by the angle between the curves L’ 
and L’’, and it is evident that this angle is independent 
of the choice of the global homeomorphism of the form IT 
which defines the isometric-conjugate net of lines on 
the surface. This result follows from the fact that a trans- 
formation from one such system to another system of 
this kind is accomplished by means of a conformal map- 
ping of the first or of the second kind. It should be borne 
in mind that the considered corner point lies strictly 
inside the surface. 

Let us now assume that the whole surface 8S together 
with its boundary is a strictly interior part of a surface S, 
of the class Dnisy, p > 0, m > 0. 

Let the boundary of S, which will be denoted by L, 
consist of a finite number of piecewise smooth curves 
L,, L,, ..., Ly, the smooth pieces of the curves belonging 


to the class 0”, m’ < m. 
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If we consider on S, an isometric—conjugate net of 
coordinate lines z = const., y = const. corresponding to 
a homeomorphism # = «(é,7), y = y(&, 7) of the form 
II = A?k,d?+B’k,dy? global with respect to S,, the 
surface S together with its boundary LZ is mapped homeo- 
morphically onto a closed domain G+TJ, the homeo- 
morphism taking place between the domains S and G, 
and between their boundaries Z and I. We have seen 
already that the nature of the curves Z and IJ" is the 
same, i.e. if Ly, L,,..., LZ, are smooth curves of the class 
on", m’ <‘m, then their images I, I, .., I, also belong 
to the class 0%. If, now, the curves Ig, Ly, ..., I, possess 
corner points, then to these corner points (and only to 
them) there correspond corner points on J), J\,..., [,. 


§7. Reduction of equations of elliptic type to the canonical 
form 


In this paragraph we shall apply the results obtained 
above to the problem of reduction to the canonical form 
of a system of partial differential equations of the first 
order of the elliptic type, and of an elliptic equation of 
the second order, in the case of two independent variables. 
We shall start from the investigation of an elliptic system 
of equations. 


7.1. Let us consider a system of equations of the form 


ayo +a set ba +d "au t+bw =f, 


"5 
(7.1) 


tae + Oe +6 


nggt has + Ayu + byv = fy , 


where aj, bi, a;, b;, f; are known functions of two inde- 
pendent variables in a domain G. 
Let us associate with this system the quadratic form 


F = adz + 2bdxdy+cdy’, (7.2) 


124 GENERALIZED ANALYTIC FUNCTIONS 


where 
pas AyD 29 — Magb wee yy Day — Mayday 
A , A , 
1 (7.3) 
b=— 3A (41D 22 — GoDe1 + A221 — Geab11) , 
A = (Aqpbo2— 29042) (A192 — Aa) — 
— $ @yydo0— Araby + A202, — Aggy)? . (7-4) 


The quadratic form # is positive definite if and only if 
a>0,4> 0. In this case the system of equations (7.1) 
is said to be of elliptic type. The condition 4 > 0 implies 
= pbs and 
A = —§[(4y1— UAy2) Doe — (Ag, — Hg)? <0. 
Therefore the system (7.1) can always be reduced to the 
form 
Vy + Aye + Ayyty + au + by =f, , (7.5) 
Vz + Ag thy + Aggy + dot + bv = fe. 
In this case the condition of ellipticity has the form 


Ay, > O(a, > 0), A = Gy Geg— Ff (Ary + My)? > O. (7.6) 


Tf dy = — 1, A, = A, we have the system 
— Vy + Ay U® + Ayyty + au+ bo =f,, (7.7) 
Vz — Ayan TF Ay Uy + Ag + bv = fe. 
which, after the substitution * 
U=ayt, V=vt apt, a, > 0 (7.8) 
is reduced to the canonical form 
U,z—V y+4a,0+b,V =f, (7.9) 


U,4+V,+¢,0 +aV = 9. 


* We assume that a, @.¢ Dip, p > 2. 
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We shall now show that a system of the general form 
(7.5) may also be reduced to the form (7.9) by means of 
a change of independent variables 


E= (@,Y), N= (2, Y), Exny— §yNx =I #O. (7.10) 


As a result of such a change the system (7.5) assumes 
the form 


— Vgby— Unty + (Asa + Aaby) Ue 

+ (Ay%a + Arey) Uy + Ou + bo = fy, 
Usb + Una + (MerEe + Aeeby) Ue 

+ (Gay Mex + Aogty) Uy + Ou +dv = fe. 


Solving this system with respect to v; and v, we obtain 


— Uy t Aye + Aigt, + ayu+ byw =f; , 


t 
Vet Ante + Axel, + agu + b3v = fo, 
where 


1 
ayy = 7 (a.62+- (Qy2 + a1) Eby + AseEy) ’ 


, 1 
ay = 7 (Ay Ea%x a OyeEaNy me An FyNx a A2e5yNy) , 


Ao, = > (Ay Ea29x + AeéyNz t+ Anézny + AeoéyNy) 5 


qy 


3 1 
an = J (aunz ++ (Gy, + Ge1) Naty + 591) : 


Suppose now that the considered transformation (7.10) is 
subject to the condition aj, = — a, aj, = age, i.e. 
ay1(£2— Nz) + (Ay. + 12) (S28y— Nay) + Osa( Ez — ny) =0, (7.11) 
201 Sax + (12 + Aa) (ExMy + Synz) + 2aoekyny = 0. 
Introducing the complex function ¢=&+%n the last 


system of equations can be written in the form of one 
equation 


Aytz+ (Ayo + Gq1) Say + Aogly =0, (7.12) 
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which is satisfied by the solutions of the equation 
Ouyba + (E( dy, + Gq) +t V A) ly = 0 (7.13) 

or, in the complex notation, 


—VA+ 5 (dy2+ a) 
Ce—a(z)o.=90, g= ee gee es Gat (7.14) 
dy +VA~ 5 (d+ Om) 


Let us assume that in the closed domain under conside- 
ration the following condition is satisfied: A > A,> 0, 
A, = const. Then |g(z)|}<q<1 in G. If, moreover, 
q(z) € Dnnsip(G), p > 2,m >0, then there exists a global 
homeomorphism ¢(z) = &(@, y)+in(a@, y) of the equation 
(7.14) belonging to the class Dn+op(@). 

According to the relation (7.12) we have 


; P ae! 
2042 = Ay2— A) = a (@y2— a1) (Say EyNx) = Ayg—M,, (7.15) 


1 a a 
2a11 = ay + Aso = J (Ge 7 a2 = = ts)t ‘on 


: ows te / (7.16) 


From (7.13) it follows that 
tate + 28 See, = —iV dt, , 
Analy + He, = iV Abe. 
Introducing these expressions into (7.16) we obtain 
an = a0 (Ceby— Coby) = VA (7.17) 


Thus, the system Oe assumes the form 


2 


—0,+VAuet Ay, + aint bv =f, 


ve — a i VAu,+ asut dv = fa, 
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or, introducing new functions 


U =ydu, Vata, (7.18) 


we arrive at the canonical system of equations of elliptic 


type 
U;,—V,+4,0+6,V =f, 


7.19 
DAV co0tas Hy, ce) 
where 

OVA 1é(a.—a ; ; 

a, =a im ue 9 a a) b,=b,f=f, 
ime ta (7.20) 

, Ayn — & t , 

C, “6n +5 "OE 2 ’ d, = bs, gj= fe . 


If Qiks bin Dinesh @) Ais b;, fie Dn, AG), m 2 0, p> 2, 
then, evidently, a,, ,, ¢,,d,, f and ge Dm,p»(G’) where G’ 
is the image of G in the homeomorphism ¢ = ¢(z). 

7.2. We now consider an equation of the second order 
of the elliptic type 


Ou 
a(x, Yaa t 2b (x Wee jy 1 oC nen by? 


ou ou 
rlessast + 0. (7.21) 


In order to reduce it to the canonical form 


Ou =u i ou >) = 0 (7.22) 


ag | ay ae 1{$5 7 Ms oes on 


we should make use of the homeomorphism of the equa- 
tion 

a— a—yA- — tb 
a a+yA4 A+t ib’ 
For definitness we shall assume that the condition of 


uniform ellipticity is satisfied on the entire plane E, i.e. 
A> A, > 0 (in E), Ay = const. In this case |q(z)| < qo <1, 


c—a(z)l,=0, gq= A=ac—b?. (7.23) 
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and, consequently, there exists a complete homeomor- 
phism of the equation (7.23) if a,b,¢ are measurable 
bounded functions. This is, however, insufficient in order 
that the equation (7.21) be reduced to the canonical 
form; there must exist the first and the second derivatives 
of the function C(z), at least in the generalized sense. 
To this end it is sufficient to assume that a, b, ce D,,(F), 
p>2. Then, according to Theorem 2.5 €(z)« D,p(). 
Generally, if a,b, ¢é Dniip(#),m>0, p> 2, then C(z)e 
€ Dintop(E). If a,b, ce CU(E), then f(z) OF *(E) (Theo- 
rem 2.12). 
If we are given the linear equation 
eu Ou = Ub, 


then as a consequence of the change of variables 


E=E(L,y), n= n(%,Yy), (7.25) 
where + in = C(z) is a homeomorphism of the equation 
(7.23), we obtain 


Pu a 


+r(F,)u=h(E,), (7.26) 


where, as is easily shown, 


J 

P= ae (Abn + 2be zy + Cb yy + dé, +- e&y) ’ 
(7.27) 
q= 4 Wi (Q xx + 2bNey + CNyy + Anz + ey) ; 

Jf jes Jg 

~ 4yA’ 4yA’ 
Here A = ac—b? and J is the Jacobian of the transforma- 
tion (7.25). 


(7.28) 
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Let a,b, ¢€ Dniip(@), 4, ¢,f,9¢ Dm,o(G), m > 0, p> 2. 
Since &(#, y), n(@, ¥)¢ Dny2n(@), then J ¢ Dn+1,o(@), and, 
consequently, Je Co(G), a= . Therefore, according 


to (7.27) and (7.28) we have 
P»49,7; he Dn,p(@’) ’ 


(@’ _ £(@)) (7.29) 


CHAPTER III 


FOUNDATIONS OF THE GENERAL THEORY 
OF GENERALIZED ANALYTIC FUNCTIONS 


§1. Basic concepts, terminology and notations 


1.1. In this chapter we shall investigate basic prop- 
erties of solutions of elliptic systems of partial differential 
equations of the first order, in a two-dimensional domain. 
First, the following systems written in canonical form 
will be considered: 


ou ow ou ov ; 
ba ay + tO =F, ay 7 ag tf Cu + Ov = 9G, (1-1) 


Afterwards more general systems of elliptic equations 
will be dealt with. A constructive theory will be devel- 
oped, making possible an investigation of the structural 
and qualitative nature of solutions. 

An equation of the second order of the form 


Aw + pw,z+quy = 0 (1.2) 
is equivalent to the system of equations (1.1). In fact, 
denoting wz, = u, Wy =—v we have the system of equa- 
tions 

Uz—Vytpu—qu=0, wtm=0. (1.3) 


It will be proved below (§9.2) that the converse is also 

true, ie. the system of equations (1.1) can always be 

reduced to a second order equation of the form (1.2). 
Introducing the complex function 


w(z) = u(@, y)+ (2, y), (1.4) 
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we may write the system of equations (1.1) in the form 


C(w) =d@w+Aw+BU=F, (1.5) 
where 
dw = 4(We+ Wy) , 
A=1(a—d+ic+ib), B=}(a+d+ic—id), 
F=3(f+%). 


We shall discover below that this form of the system 
of equations (1.1) has considerable merits in many respects. 
In the classical sense by a solution of the system of 
equations (1.1) we understand a pair of real continuously 
differentiable functions u(#, ¥),v(#,y) of the real va- 
riables # and y which satisfy this system everywhere in 
a domain G. Such solutions, however, exist only for 
a comparatively narrow class of equations. For example, 
the equation (1.5) with continuous functions A, B and F 
may possess no solution in the classical sense. The follow- 
ing equation serves as a simple example: 
ert ; 
wv; = i. STEP; (*) 
In — 
r 


The right-hand side of this equation is, obviously, con- 
tinuous in the vicinity of the point z = 0. Every solution 
of this equation, continuous inside a neighbourhood of 
the point z = 0 is given by the formula 


w(z) = —22nIn= +@(z), 
where ®(z) is a function holomorphic in the vicinity of 
the point <= 0. Differentiating the above relation with 


respect to 2 we obtain 


1 ; 1 1 ; 
W; = 5 (Wa — ty) = —2lnIng+—7 +? (2). 
In — 
Fa 


11 
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It follows that the derivatives with respect to # and y 
of any solution of the equation (*), continuous in a neigh- 
bourhood of the point z = 0, possess discontinuities at the 
point z= 0. 

Let us consider one more example of an equation 
with a continuous coefficient 


e2iv 


d0-+Aw=0, A= 


In 


The general solution of this equation is given by the 
formula 
1 

w = @(z) go ; 
where @(z) is an arbitrary function analytic in z. It is 
now observed that w is continuous at the point z=0 
if and only if ® is continuous inside a neighbourhood of 
this point. In this case, evidently, w; is always continu- 
ous inside the same neighbourhood and w, is continuous 
only if the condition ©(0)=0 is satisfied. If ©(0)A0 
we have solutions of the equation (*) continuous inside 
the neighbourhood of the point 2 = 0, their first deriva- 
tives having discontinuities at this point. Further examples 
are given in the paper [86]. 

It will be proved later on that a solution in the 
classical sense always exists if the coefficients and 
the right-hand side of the equation (1.5) are continuous 
in the Holder sense in the domain under consideration. 
Nevertheless, for many reasons, it is expedient to in- 
vestigate more general classes of equations. It should be 
observed that one encounters numerous problems in 
applications, which lead to equations with discontinuous 
coefficients. Below we shall consider a class of equations 
for which A, B, Fe Ly, p > 2; therefore it will be neces- 
sary to deal with a concept of a solution in a generalized 
sense. Generalizations of the concept of a solution may 
be introduced in many ways by imposing certain require- 
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ments. Henceforth we shall employ a concept which 
is defined in a natural way by means of the generalized 
derivatives in the Sobolev sense (Ch. I, §5). Usually such 
solutions are sought in the class of summable functions; 
in our case, however, this limitation would be too restric- 
tive. For example, it would exclude from the class of 
solutions of the Cauchy—Riemann equation éw = 0 the 
meromorphic functions. We shall, therefore, introduce 
below a definition of a generalized solution of the equa- 
tion C(w) = é0+Aw+ Bo = F which in the case of the 
Cauchy—Riemann equation leads to the class of analytic 
functions which may have a discrete set of isolated sin- 
gularities inside the domain. 

The function w(z) is said to satisfy the equation 
(1.5) in a neighbourhood G, of a point 2 if we Dz(G) 
and €(w) = 0éw+Aw-+ Bw = F almost everywhere in GQ). 
If w satisfies the equation C(w) = F in the vicinity of 
every point of the domain G except, perhaps, points of 
a set Gy discrete with respect to G, it will be said that w 
is a generalized solution of the equation (1.5) in the 
domain G. The set Gi, which has only isolated points, in 
general depends on the choice of w. This set will be called 
the set of singularities or the set of singular points of the 
generalized solution w(z) with respect to the domain G. 
If Gi is an empty set the generalized solution w will be 
said to be a regular solution of the equation (1.5) in the 
domain G. 

In other words, a solution w regular in the domain G 
belongs to DG) and satisfies the equation C(w)=F 
almost everywhere in G. It will be established below that 
equation @(w) =F’ always has both generalized and 
regular solutions if A, B, Fe L,(G), p> 2. Moreover, 
the following important property of regular solutions 
will be proved: if A,B, F«L,(G), p > 2, then every so- 
lution of the equation (1.5), regular in the domain G, 


belongs to the class O.(G),a = 7 (§3). 


11* 
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We now introduce the concepts of generalized and 
regular solutions of the systems of equations (1.1). The 
pair of real functions u(#,y) and v(x, y) is said to be 
a generalized (regular) solution of the system of equa- 
tions (1.1) if the complex function w = u+iv is a gene- 
ralized (regular) solution of the corresponding complex 
equation (1.5) in the domain G. 

Let us now introduce the following notations. Let 
U(A, B, F, @) (H(A, B,F,G@)) denote the entire class 
of generalized (regular) solutions of the equation (1.5) in 
the domain G. If A, B, Fe L,(@)(A, B, Fe Ly,2)) we shall 
write, respectively, U*(A,B,F,@) and ,(A, B, F,@) 
(Us (4, B,F,G@) and W,,.(4, B,F,@). A union (a sum 
from the point of view of the theory of sets) of the classes 
U*(A,B,F,G) corresponding to all possible functions 
A,B, F of the class L,(@), p being fixed, will be denoted 
by %%(@). In an analogous way the classes 1,(G), He o(@) 
and Wp, o(@) are defined. 

If # =0 we have the homogeneous equation 

C(w) = 0,w+Aw+ Bu =0, (1.6) 
equivalent to the system of homogeneous (real) equa- 
tions of the form 


ou 
ox 


ov ou Ov 
pp ee a pg (1.6a) 


To denote classes of generalized and regular solutions of 
the equation (1.6) in a domain G@ we shall employ the 
symbols %*(A,B,G) and AW(A,B,G), respectively. 
The symbols %3(4,B,@), U(A,B,@), U5,(A, B, @), 
Wp,2(A,B,G), UG), Wp(G), °W(G) and Apy,(@) will 
also be used, their meaning being obvious. 

The coefficients A and B of the equation (1.6) will be 
called the generating pair of the class U*(A, B, @). 

In view of Theorem 1.15 the class of the generalized 
solutions in a domain G of the Cauchy—Riemann equa- 
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tion é;w = 0 coincides with the class of functions analytic 
in z which may have arbitrary isolated singular points 
inside G-poles and essential singularities. It was agreed 
in Chapter I (§1.7) to denote this class of functions by 
A5(G). It is evident that the class of regular solution of 
the equation 0;w = 0 coincides with the class of functions 
holomorphic in G; the latter will be denoted by Y,(@). 
Obviously, U(4) = AGC (@). 

We note the following properties of the classes 2 (A,B, @) 
and (G):— 

(1) The class A*(A, B, G) constitutes a linear manifold 
over the field of real numbers, i.e. if w,, w, €U*(A, B, @), 
then ¢,W,+¢,w, « U*(A, B, G) (e, and c, are arbitrary real 
constants). 

(2) If f(z), nf(z) « Dy o(G) and w « Z(G), then the product 
fw « Up(G@). 

The first property is obvious. We prove the second 
property. We have 


(fw); = fzw+ fo; = fzw—Afw— Bfw 
Sie: (mpsliw—= (Fo) . 


Since A—é;lnf and Tal) fw U(G). 


Below, in §4, we shall examine the structure of a gen- 
eralized solution of the equation (1.6). It will be established 
that if A, Be Ly (E),p> 2, then generalized solutions 
have the folowing form in any given domain @: 


w(2) =BD(2e™, DeA(G), we Cp oH). (1.7) 


This formula indicates that deep connections exist bet- 
ween the classes of generalized solutions of the equa- 
tions of the form (1.6) and the class of functions analytic 
in z. We shall see later that the formula (1.7) and a number 
of relationships which will be derived in the present 
chapter, enable us to extend many properties of functions 
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analytic in 2 to generalized solutions of a very large 
class of equations of the form (1.6). Therefore, generalized 
solutions of an equation of the form (1.6), i.e. functions 
of the class 2,(@), will be called generalized analytic 
functions. Accordingly, an equation of the form (1.6) 
will be called a generalized Cauchy—Riemann equation. 
In this and in the subsequent chapters we shall develop 
a fairly complete theory of generalized analytic functions; 
it represents an essential extension of the classical theory 
preserving at the same time its principal features. 


1.2. The form of the equation (1.5) is preserved in 
conformal mappings of the domain, [58a]. This fact 
considerably simplifies in many cases an investigation of 
properties of generalized analitic functions (see also [58a)]). 

Ii A,B,FeL,(G), we shall say that the equation 
C(w) = F belongs to the class L,(G@), the number p being 
named the order of this class. 

Let the function 2 = ¢(¢) establish a conformal mapping 
of a domain G, onto a domain G, of the ¢-plane. Then 
the equation (1.5) is transformed into the equation 


. +7 OA(y)w+P7OB—)G=P7 OF). (1.8) 


Inside the domain G, this equation evidently belongs to 
the same class as the original equation, for y’(¢) is a func- 
tion holomorphic inside G,. In the closed domain @,, 
however, this equation may not belong to the original 
class, depending on the smoothness properties of the 
boundaries of the domains G, and G;. 

Let the boundary LZ of the domain G, belong to the 
class Ch,,..., (Ch. I, §2.1) and let us assume that @, 
is a canonical domain bounded by the circles I), J, ..-, my 
the union of which will be denoted by I. Then (¢) is 
continuous in the closed domain G,;+ J’, and L is mapped 
homeomorphically onto J. The derivative ’(¢) of the 
function »(¢) may have discontinuities at the points of 
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the boundary corresponding to the corner points of the 
contour L. 

In the vicinity of the point ¢; corresponding to a corner 
point 2; with the interior angle 1,2, 0 < 1; < 2, 9’(¢) has 
the form (Ch. I, §2.3). 


y'(f) = (C—Ls)golS) (JQ =1,..., &), (p—o;)%C 


where ,(¢) is a function continuous in the vicinity of ¢;, 
and 9(¢;) 40. Assume that all »;>1. Then the coef- 
ficients and the free term of the equation (1.8), evidently, 
belong to the class Ly(@,+TJ), i.e. in this case the class 
of the original equation is preserved in the conformal 
mapping of the domain onto the canonical domain. If at 
least one of the constants »; <1, the coefficients and the 
free terms of the equation (1.8) belong to the class 
In G,+I) where p, is an arbitrary number satisfying 
the condition 


2v(p—2) 
2v+p(1—v) 

Thus, in a conformal mapping of a domain G, of the 
class Ci,»;,..,, onto the canonical domain G, bounded 
by circles, the order of the class of the equation (1.5) in 
general decreases but remains always greater than two. 

Let us observe that when p = 2 the order of the equa- 
tion in new variables remains the same. 

Henceforth, unless otherwise stated, we shall assume 
that the following condition is satisfied: 


A(2), B(2); P(e) ¢Lp,(B), p > 2. (1.10) 


2>p,<2+ <p, v=min(1,»,..,%)- (1.9) 


We note that the function f,(z) = let4( 5) « Le.) if 


fe Ly,(H),p > 2. On this basis it is easy to discover 
that in the bilinear transformation of the variable 


al + B 
yo+ 6’ 


BZ = 


ad— By #0. 
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the coefficients and the free term of the new equation 
(1.8) will also satisfy the condition (1.10). In other words, 
in a bilinear transformation of the independent variable 


the class U* 2, p > 2, is preserved. 


; ‘ 1 
In particular, if 2 = = we have the equation 


‘ 
dw +Ag(l) Wo + Bol) Wy = Fo, (1.11) 
where 
w(t) = (3), 
4 
yore ( By -~22()), f= =aF(;| 
mn 3 EP NG Gr “NG 


Since in the last transformation the vicinity G. of the 
point 2 = co is mapped onto the vicinity G, of the origin 
of coordinates, we shall adopt the following definition: 

The function w(z) will be said to belong to the class 


W(A, By B, Gx) af wgle) = w(2) « (Ao, Bo, Fo, Os). 

The last results enable us to reduce the investigation 
of the behaviour near infinity of a solution of the equa- 
tion 0;,w+Aw+Bw=F to the investigation of the 
behaviour of a solution of the equation (1.11) near the 
origin of coordinates. In particular, if a function w,(z) of 
the class UW(Ap», By, G) is continuous at the point z= 90, 


then the function w(z) = w4(5] is, by definition, contin- 


uous at the point z= co and belongs to U(A, B, G) 


§2. Integral equation for functions of the class H(A, B, F, @) 


According to the definition every solution of the equa- 
tion C(w) = F regular in a domain G belongs to the 
class D;(G), ie. if we (A,B, F,G) then @w =—Aw— 
—B6+FeL,(G). Let us now consider the case of 
d;weL,(G), denoting the class of such solutions by 
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W(A,B,F, G). Obviously, H(A, B, F, G) CHA, B,F,@). 
If we H(A, B, F, @), then in view of the formula (5.12) 
of Ch. I, we have 


w—Pqgw=G(z2)+TeF, Ge %,(@), (2.1) 


where the following notation has been employed: 


tof =—= [ { P-aean, 
G 


Pef = —Te(Af+ Bf). 


Thus, every function of the class 1(A, B, F, G) satisfies 
the integral equation (2.1) and the analytic function @ is 
uniquely determined by the given solution w of the equa- 
tion C(w) = F. The converse statement is also true, i.e. 
if for a function ® holomorphic in G the integral equation 
(2.1) is satisfied by a function w, such that Aw+ Bw e L,(G), 
then this function will also satisfy the equation C(w) = F. 
In fact, if the operation @; be applied to both sides of 
the relation (2.1), then according to the formula (5.8) of 
Ch. I, we arrive at once at the relation ©(w) = F. When 
F = 0 we have the equation 


w—Pew = D(z), (2.3) 


where ® is an arbitrary function analytic in z in the 
domain G. We have thus obtained an integral equation 
for generalized functions of the class %(A, B, @). 

If the conditions (1.10) are satisfied and, if we O(@), 
then according to Theorem 1.19 Pgw and TgF«C,(E),a= 
= 2. Therefore, it follows from (2.1) that ®(z)« C(@). 
Let the boundary I" of the domain @ consist of a finite 
number of rectifiable Jordan curves. Taking into account 
that Pew and TgF are holomorphic outside G+TI and 
vanish at infinity we obtain from (2.3) in view of the 
Cauchy theorem and Cauchy formula, 


(2.2) 


Sela, (2.4) 
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Thus, the integral of the Cauchy type (2.4) represents 
a function continuous in the closed domain G if the density 
function coincides with limiting values of a generalized 


analytic function w of the class No(G) , p > 2, which is 
continuous in G. 

It should be noted that, as is known, an integral of 
the Cauchy type with an arbitrary continuous density 
function does not possess this property, i.e. it is not in 
general a continuous function in the closed domain. 

Further, in §5, we shall prove that the integral equa- 
tion (2.1) has a solution under very general assumptions 
concerning the functions A,B, F in the domain G. On 
this basis we shall derive a general representation of the 
class of functions %(A,B,F,G@) by functions analytic 
in 2. 

In the following section, making use of the integral 
equation (2.1) we shall prove several theorems concerning 
the smoothness and differentiability properties of regular 
solutions of the equation C(w) = F. 


§3. Continuity and differentiability properties of functions 
of the class T,.(@) : 


In what follows we shall deal exclusively with these 
classes of equations of the form (1.5) which inside the 
considered domain have continuous (generalized) solu- 
tions. We shall discover that this class contains all equa- 
tions for which the condition (1.10) is satisfied. We shall 
also deal with less general classes of equations the solu- 
tions of which have continuous and generalized deriva- 
tives up to a certain order; the examination of such 
cases is important particularly for various geometric and 
mechanical applications. 

3.1. We have the following 


THEOREM 3.3. If we Ip(A,B,F,G),p> 2, then 


we C.(@), a= a 
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PROOF. Since, according to the definition, we D;(G) 
(i.e. 0;w ¢ L,(@)),in view of Theorem 1.26 we L,(G) where y 
is an arbitrary number satisfying the condition 1 < y <2. 


Therefore we may assume that y > rear 


Let us consider two subdomains G, and G, of the do- 
main G, GC G,C @,C GC G. Then d;w « L,(G,), we L,(G,). 
Therefore, according to the relation (2.1) we have 

w(z)—Pypw = h(z), h=@f(z)+TF 


(3.1) 
(P, = PG, T, = TG) ’ 


where ®, is a function holomorphic inside G, and T,F'e 


€Cp-(E). Since we L(G), 7> rae then in view of 
Pp 
ere ae es 
Theorem 1.29 P,we L,(G), -—=-+-——5-+a where a 
i YY p 2 


is a sufficiently small positive number. Hence, it follows 


from (3.1) that he L,,(G.), for y, > y> dem By means 


p—1 
of iterations we obtain from (3.1) equations of the form 
w= Prwth+PaAt+..+Pr ch. (3.2) 


According to Theorem 1.29 there exists an integer » such 
that P?~’we« C(G). Therefore, for this n, we have by virtue 
of Theorem 1.29 


P2w = P,(P2"w)e C,(E), a= c— 


Let G’ be a subdomain of G, such that G,C @’, G’C 4G. 
It is evident that in this case 


P, =P’ +P”, Pos Pe, Ps Pe.—@’ ) 


P”h being, evidently, holomorphic inside G’, and con- 

sequently continuous in the Lipschitz sense in G, be- 

cause G, CG’. Since h is continuous in G’, according to 

Theorem 1.24 P’he C,_.(H). Therefore P,k =P’A+P’"hAC 
Dp 
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C Cp_2(G,). By a similar argument we can show that 
Pp —_— 

Pohe Cp_2(G,) (k = 1, 2, ...). 


2 
Thus, for an integer n, the right-hand side of the re- 


lation (3.2) belongs to the class Cp_2(G,). Consequently, 


Pp 
w(z)e Cp-2(G) because an arbitrary closed subdomain of 


the domain G may be taken for G,. This completes the 
proof of the theorem. 

3.2. THEOREM 3.2. If A, B, Fe Dng(G)(m > 0, p > 2), 
then every function w(z) of the class U(A, B, F, G) belongs 
to the class Dinsip(@). 

Proof. If m=0 then A, B, Pe Ly(G), p > 2, and in 
view of the preceding theorem we Cp_.(@). Therefore, it 


follows from the equation w;+Aw + Bw =f that we 
« L(G), p > 2. In this case, however, in view of Theorem 
1.36 w,€ Lp(G), p > 2, i.e. we D,,,(@). Let us now consider 
the case m>1. Since according to the proved above 
we D;,(G) we have 

Wz +A;w + Bzw +Aw; + Bw; = F; ’ 

wz+A,w+B,w+Auw,+ Bo, =F,. 
This implies that we D2,(G). Thus, for m = 1 the theorem 
is proved. If m = 2, then differentiating both sides of the 
relations (3.3) with respect to 2 and Z we obtain that 
we Dz(G). Continuing analogous reasoning we find that 
derivatives of w of the order m+1 belong to the class 
L,(G), p > 2; this completes the proof. 


(3.3) 


Theorem 3.2 in view of Theorem 1.20 implies the 
following: 
Tf A,B, Fe DnglG@)(m>0, p> 2) then w(z)« C7(@), 
p—2 
2 
THEOREM 3.3. If A,B, Fe Co(@)(m>0,0<a<1) 
then the function w(z) of the class U(A, B, F, G) belongs 
to the class 07 **(@). 


Qa = 
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PRooF. When m= 0 we have w;= —Aw— Bw+Fe C,. 
Then, according to Theorem 1.32, w,€ C.(G) i.e. we C2(@). 
If m = 1, it follows from the relations (3.3) that we 02(@). 
It is readily proved by a reasoning analogous to that used 
above that the theorem holds for an arbitrary integer m > 0. 

It is seen from Theorem 3.3. that for the existence 
of solutions of the equation (1.5) in the classical sense or 
of the corresponding system of equations (1.1) itis sufficient 
that A,B, Fe C.(G),0<a<1. In this case every reg- 
ular solution has partial derivatives of the first order 
continuous in the Hélder, sense inside the domain. 

3.3. Theorems 3.1, 3.2, and 3.3 proved above determine 
the smoothness and differentiability properties of functions 
of the class Y(A, B, #, G) in terms of the same properties 
of functions A, B, F inside the domain G. The smoothness 
and differentiability properties of these functions in the 
closed domain G depend, evidently, on the same prop- 
erties of the functions A, B,F in the closed domain 
and on the degree of smoothness of the boundary of the 
domain and the limiting (boundary) values of the functions 
under consideration. 


THEOREM 3.4. Let Ge OL. If A, B, Fe L,(G44+T), p > 2, 
then a solution of the equation (1.5) continuous in G+ 
and belonging to the class C.(I) on I’ belongs to the class 


CAG+L) where B = min(a, y), y = 2— 


PRooF. Under these conditions w may be represented 
in the form w = Pgw+TgF+6(z) where @ is given by 
the integral of the Cauchy type (2.4). In view of Theorem 
1.10 Oe C.(G+TJ). Since Pgw and TeFe C(G+TI) we 
obtain at once that we O,(44+J/), B = min(a, y). 

In §§ 1, 7 of Chapter IV some other conditions will be 
indicated which guarantee the continuity of generalized 
analytic functions of the class U,(@), p> 2, and their 
derivatives up to a certain order in the closed domain. 

3.4. The case of A, B and F being analytic functions 
of real variables # and y should be considered separately. 
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In this case regular solutions of the equation C(w) = F 
are analytic functions in w and y inside the domain and 
the problem of determination of these functions can be 
reduced to the solution of an integral equation of the 
Volterra type in the complex domain. In such a way 
various integral representations of solutions of the equa- 
tion C(w) = F can be obtained and their properties in- 
vestigated. An exposition of this method may be found 
in author’s paper [14a] (§10: see also [85c], §3.13). There- 
fore, this case will not be considered separately in the 
following sections. 


§4. Basic lemma. Generalizations of some classical theorems 


In this section we shall derive the formula (1.7) 
which, a8 was indicated above, will enable us to prove 
a number of theorems generalizing properties of functions 
analytic in 2. 

4.1. First of all let us prove the following basic lemma. 

THE BASIC LEMMA. Let w(z) be a generalized anal- 
ytic function of the class MWho(A, B, G), p > 2. 

Let 


A(e) + Be) 22), if wz) #0, eG, 


g{z) = w(z)’ (4.1) 
A (z)+ B(z), if wiz)=0, eG. 
Then the function 
D(z) = w(z)e-%®) , (4.2) 
where 
pig ese ee OO oI; (4.20) 


belongs to the class %9(G). 

ProoF. Since |g(z)| < |A(z)|+ |B(z)|, g¢ Lpe(@), p > 2. 
Therefore, according to Theorem 1.23, the function 
w(z)e O.(#), a = P= Since —g = @;we Lp(G), p > 2, in 


view of Theorem 1.39 the function e°%« D,(@), and 
aze-° = — €—°05 0 = ge-®. 
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Let G%, be the set of singularities of the function w. 
According to the definition Gj, is a discrete set with respect 
to the domain G. Inside the open set G— Gj, the function w 
is, evidently, a regular solution of the equation @;w+ 
+Aw+ Bw = 0. Consequently, in view of Theorem 3.2, 
we D,,p(G— G5). Therefore, we can apply the formula of 
differentiation of a product to the function © = we-@ 
belonging in view of Theorem 1.48 to the class D;(G— G%), 
ie. 

0, = e—%(@,w + wg) = e-*(—_Aw— BW+ wg) . 


Hence, in view of (4.1) we have 
é;® = 0 almost everywhere in G—G%j. 


This result shows that ® is holomorphic inside G—G%. 
Since Gj, contains only isolated points, evidently De Wp(G@). 
This completes the proof of the lemma. 

In particular, if w is a regular solution of the equation 
d,0+Aw+ Bw =0 in the domain G, then © is holomor- 
phic in G. 

The formula (4.2) was proved in the author’s paper 
[14a] (1952) by means of Carleman’s uniqueness theorem 
[38a] (see below, §4.3). The proof given here makes no 
use of Carleman’s theorem; it was stated somewhat later 
in another author’s paper [14e] (1953). It is evident that 
Carleman’s theorem is a simple consequence of the lemma 
proved above (ef. Theorem 3.5). 

In the subsequent articles we shall consider some 
important consequences of this lemma. 


4.2. The formula (4.2) shows that the set of points for 
which w(z) = 0 coincides with the set of zeros of the 
analytic function @®(z). Similarly, the set of singular 
points of w(z) coincides with the set of poles and essen- 
tially singular points of (2). It follows that if w does not 
vanish identically its zeros and poles are isolated, and 
the multiplicity of a zero and the order of a pole are 
positive integers. Besides, it is evident that near a pole 
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the function w(z) is not bounded and its behaviour in 
the vicinity of an essential singularity is determined by 
the Sokhotski-Weierstrass theorem. The first assertion 
is obvious; we shall prove the second. 

If w(z) does not vanish identically the formula (4.2) 
may be written in the form 


w(z) = D(z) er® , (4.3) 


a=, [[(a@+Beggjes 


Let 2 be an essential singularity of the function w(z) 
and ¢ an arbitrary fixed constant. Then, by virtue of 
(4.3) 

[20 (2) — ¢| < | (2)| en — ent] + |(z) ee]. (4.5) 


where 


Since 2 is an essential singularity of ®(z), in view of the 
Sokhotski—Weierstrass theorem there can be found a se- 
quence 2, converging to 2) and satisfying the condition 
@D (z;,)e°%0))->e when k->co. On this basis, taking into 
account the continuity of w(z) we obtain from the ine- 
quality (4.5) that w(z,)-e when 2,2. This was to be 
proved. 

The formula (4.3) is named the representation of the 
first kind or the reciprocal theorem for generalized anal- 
ytie functions. * We shall see further that it is of funda- 
mental importance for the construction of the general 
theory of generalized analytic functions. This formula will 
frequently be used in the later considerations. 

4.3. The formula (4.3) implies immediately the follow- 
ing uniqueness theorem for generalized analytic functions: 


THEOREM 3.5. If a generalized analytic function w(z) 
of the class Upno(G), p > 2, vanishes in an infinite set WC 


* In the papers of Bers [5a, b] this formula is called the principle 
of similarity. 
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of the points of a domain @ possessing at least one limit 
point belonging to G, then w(z) = 0 everywhere in G. 

By means of the formula (4.3) many established limiting 
uniqueness theorems of the theory of analytic functions 
may be extended to the generalized analytic functions [72]. 
For instance, we have 

THEOREM 3.6. Let the boundary of the domain G con- 
tain a rectifiable arc y. Let A and Be L,(G+y), p> 2. 
If w(z)eA(A, B,G) and non-tangent limiting values of 
w(z) on y vanish, then w = 0 everywhere in G. 

Proor. It follows from (4.2a) that in the interior 
boundary strip adjoining the are y, w(z) is continuous. 
Therefore the non-tangent limiting values of the analytic 
function ®(z) vanish on y. Consequently, according to 
a well known theorem, [72] (Ch. IV), @(z) =0, ie. w = 0. 

There is an important geometric interpretation of 
Theorems 3.5 and 3.6 (see Ch. V, §3.5). 

Theorem 3.5 was proved by a different method by 
Carleman in 1933 [88a], under the assumption that 
A, Be C(G) and w is continuous and has piecewise con- 
tinuous derivatives of the first order. Carleman’s reason- 
ing may also be applied to our more general case (A, Be 
éLpo(f),p > 2) if the Hélder inequality be taken into 
account. 

4.4, If B=0 the formula (4.3) assumes the following 
form: 

1 f (AO a 

w(2)=G(zye@ ©" | Ge URG). (4.6) 

This is a representation of a general solution of the 
equation 

d0+Aw = 0 (4.7) 
by functions analytic in 2. It was first derived by Theodo- 
rescu [82a, b] (1931) for the case of a bounded measurable 
function <A. 

It should be observed that it is possible to derive the 
formula (4.3) in the general case by means of the for- 


12 
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mula (4.6). In fact, the equation ©(w) = 0 may be written 
in the form 


2.00 -++-A,w = 0, Ay= A+B. 


Taking into account that A, « Lpo(H), p > 2, the solution 
of the last equation may be written in the form (4.6) 
and hence we immediately arrive at the formula (4.3). 
In this way the formulae (4.3) and (4.4) were derived in 
author’s paper [14a] (1952), the formula (4.6) being 
obtained, as it was mentioned before, as a consequence 
of Carleman’s theorem. (At that time the author did not 
know that this formula had been obtained before Car- 
leman (1933) by Theodorescu [82a].) An analogous proof 
of the formula (4.3) is given in Bers’ paper [5b] (1953) 
who announced it without proof as early as in 1951 in 
the paper [5a]. Bers does not mention Theodorescu either. 
Let us note that in the papers [5b], [6a] the explicit 
expression (4.4) for w is not given; it is of essential value 
in various applications of the formula (4.3). 

4.5. The formula (4.3) may be generalized to the case 
of the class of quasi-summable functions A and B (Ch. I, 
§1.8), [144]. 

THEOREM 3.7. Let there exist analytic functions ®4(z) 
and ®z(z) of the class Up(G) such that the products A (z)®4(z) 
and B(z)®p(2) « Ly(G),p > 2.* If wz) is an analytic 
function of the class U*(A,B, @) then there can be found 
an analytic function ®(z) of the class Uj(G), such that 


w(z) = B(z) er) , (4.8) 


oe ) A (¢) dédn+ 


PoC) Bide) c) 
+54 @ I) “ew dédn. (4.9) 


where 


co (2) 


- 35 


* If G is an unbounded domain we shall assume that A (z)®, (2) 
and B(z)®, (2) «L,L,(@),p > 2,1 <p’ < 2... 
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PRooF. In the trivial case w = 0 we shall set 0 =0. 
Therefore, in what follows, we shall assume that w(z) 
does not identically vanish. Since 

A (2) G4 (2) € Ly(G) 
and 
w(z 
Ba) @p(2) 22) 
in view of Theorem 1.19 the integrals appearing in the 
right-hand side of the relation (4.9) belong to the class 


Cp-2(H), and the following relation holds everywhere in G: 
Dp 


e Ly(G@) , p>2, 


sale Be 2) 

7 — A(z) BN aay 

Hence, according to Theorems 1.38 and 1.39 we have 
for the function ®(z) = w(z)e—*@ 


~* = ee) (2 + Aw + Ba) =. 


This relation is satisfied in the whole closed subdomain @’ 
of the domain G, which does not contain zeros or singu- 
larities of the analytic functions ®,4(z) and ®g(z) and 
singularities of the function w(z). But the set of such 
points is discrete inside G. Therefore ®(z) « 25(G@) i.e. O(z) 
is an analytic function everywhere in G except for, perhaps, 
a set of points discrete with respect to G. This completes 
the proof of the theorem. 

The formula (4.8) may easily be generalized to the 
case of A and B having the form 


AAs AD, BSBA 14:10) 


where A; and B;eUxL,(G),p>2 (7 =1,...,”). In 
this case the formula (4.8) still holds if we take for w(z) 
the function 


AO ee nae se () x ( MC) er dn 


me Bele) Plep wl) 


12* 
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Thus, if A and B are functions of the form (4.10) where 
A; and B; are quasi-summable functions of the class 
Us x Lyp(G), then the formulae (4.8) and (4.11) indicate 
that generalized analytic functions of the class U*(A, B, G) 


belong to the class Wj x e7%*¢a) where a = P= (Ch. I, 


§1.8). The above generalizations of the reciprocal theorem 
(4.3) were obtained in author’s paper (14f]. 

4.6. From (4.8) and (4.11) the following inequalities 
are obtained: 


nowy < |2(2) 
ma <|S 


<e%), |w(z)|< Q(z), (4.11a) 


where 


ate) = Sata eo ea ae Dlasan-+ 


EXOEZG) 
tapas) i a a ee 


These inequalities hold for all functions of the class 
W*(A,B,G), Q(z) depending only on the generating 
pair A and B and being independent of the choice of the 
function w. 

Tf A, BeLpo(F#),p>2, then @4 = @Og=1 and, ac- 
cording to the inequality (6.14), Ch. I, we have 


_1/ (JAMl+1 BO] 


< Myly2(|A|+[Bl).  (4.12a) 


4.7. The functions © and w appearing in the represen- 
tation of the first kind (4.8) will be named the analytic 
divisor and the logarithmic difference of the generalized 
analytic function w(z); they are not determined uniquely 
by w. If ®,(z) is a function holomorphic in G we have 


w(z) = D(z) er2) — DHe-—Pol2) ePole)t+ a2) — DG, (z) ere 
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It follows that the analytic divisor and the logarithmic 
difference are not expressed uniquely by w. This circum- 
stance makes it possible to impose various additional 
conditions upon them. In particular, we can select various 
conditions determining these functions uniquely. For 
instance, for every function of the class U}.(G), p > 2, 
the representation of the first kind (4.3) where w/(z) is 
given by (4.4) is unique. This representation is charac- 


terized by the fact that o(z) «C,(E), a=? 


, 18 holo- 


morphic outside G+J"’ and vanishes at infinity (see 
Theorem 1.19). In fact, if we had two representations of 
the form (4.3), 


w(z) =D, (ze) | w(z) = (2) era) , (4.13) 
we would obtain the relation 


®,(2) 03 (2) —wo(z i 
Big ~ em (in @). (4.14) 


Since w,(z) and @,(z) belong to the class C,(H), a = P, 
are holomorphic outside G+J' and vanish at infinity, it 
is evident that the left-hand side of the relation (4.14) 
is holomorphic inside G, continuous in G+J' and may 
be continued outside G+J° by a holomorphic function 
equal to unity at infinity. Hence, in view of Liouville’s 
theorem, ©, = ®, and, consequently, w, = w,. Thus, we 
have established the uniqueness of the representation of 
functions of the class %}2(@),p > 2, by means of the 
formulae (4.3) and (4.4). 

In what follows the logarithmic difference w(z) given 
by the formula (4.4) will be called the normal logarithmic 
difference of the function w(z) of the class U7 .(A, B, @), 
and the analytic function ®(z) appearing in (4.3) the 
normal analytic divisor of w(z). 

According to Theorem 1.23 the normal logarithmic 
differences of functions of the class 2,.(4, B, G) satisfy 
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the inequalities 
|o(z)| < MyLp.(|A|+|B)) , 
|o(%,)— (4) < MyLpallA|+[B)a—zal® » (4.15) 


2—p 


[o(z)| < MpLpe(|Al+[Bl)l2]? for |e) >R>1. (4.16) 


The inequalities (4.15) hold for all points z, z,, 2, of the 
plane H, and the inequality (4.16) is valid for |e] >R>1, 
Rk being a fixed constant. Let us also observe that the 
constant My in the inequalities (4.15) and (4.16) depends 
only on p, p> 2. 

Let yr (G) be the set of all generalized analytic func- 
tions the generating pairs of which satisfy the condition 

Ly2(|A|+|Bl])<M, M=const. (4.17) 

The inequalities (4.15) immediately imply 

THEOREM 3.8. The set {w(z)} of the normal logarithmic 
differences corresponding to the elements of the set UMO(@) 
is uniformly bounded and uniformly equi-continuous on 
the plane, 2.e. the set {w(z)} 1s compact in the space C(E). 

4.8. Making use of the principle of the maximum 
modulus of an analytic function we obtain from the 
formula (4.3) this principle for a generalized analytic 
function, in the following form. 

PRINCIPLE OF THE MAXIMUM MODULUS. If we Upo 
(A,B, G), p> 2, and it is continuous in G, then 


|w(z)| << Mmax|w(t)|, 2eG4+Tr, (4.18) 
ter 


where M is a positive constant (i >1) which depends 
only on A, B, p. 

By means of the inequality (4.15) we can easily obtain 
for M the inequality 


1 <M < eM ol pallAl+1B) | (4.19) 


If we equate M to e”», then the inequality (4.18) will 
hold for any function of the class %p2(@). 
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By means of the principle of the maximum modulus 
we can prove the following theorem: 


THEOREM 3.9. Let the sequences An and Bn of elements 
of Lp o( EL), p > 2, converge in the mean (in the metric Ly »(E)) 
to A and B. Let wn € Upe(An, Bn, G) (nm = 1, 2, ...), Wn being 
continuous in G. If the sequence wa converges uniformly 
to a function w(z) on the boundary I' then wa converge 
untformly in the closed domain to the function w(z) belonging 
to the class UpA(A, B, G), p > 2. 


PROOF. The sequences An and By, evidently satisfy 
the inequality of the form (4.17). Consequently, w, « W2(G) 
and according to the principle of the maximum modulus 
the sequence wn is uniformly bounded. It remains to 
prove that it converges uniformly in @ to a function w(z), 
weW(A,B,G) where A=limA,,B=limB, (in the 
metric of Ly). It is easy to prove the compactness of {wn} 
in C by making use of the formulae 


1 n d nN 
tal) = 5a | PHO LPP om (w= 1,2, .). 


Hence, every convergent subsequence {wn,} converges to 
a function of the class W(A, B, @) satisfying the equation 


we) = A, [MOH 1 f AC) + BUVHD) azay, 
r G 


~~ Qt C—z a 
Here the function w(¢) = limwa(¢), 6 ¢ I, is the same for 
all {wn,}. Now, in view of the principle of the maximum 
modulus all Wn, converge also inside G to the same limit 
(see also §12). We have incidentally proved the following 
THEOREM 3.10. If the sequence wn converges uniformly 
inside G, then the limit belongs to the class Upo(A, B, G). 
We can also easily generalize Schwarz’s lemma. 
Tf (1) we Upe(A,B,B,), p> 2, H,= €(\z}<1), (2) 
weC(H,) and (3) w(0) =0, then 
lw(z)! < |e at max |w(t)|, eB, (4.20) 


where k is the multiplicity of the zero z= 0. 
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The above assertion can easily be verified if we take 
into account that 


zk (z) e UA, Be, H,), p=arge. 


It should be observed that the constant M in the 
inequalities (4.18) and (4.20) is the same in both cases. 
4.9. We can also generalize Liouville’s theorem. 


THEOREM 3.11. If a generalized analytic function w(z) 
of the class Upo(EL),p > 2, is continuous on the entire 
plane, is bounded and vanishes ai a fixed point 2, of the plane 
(in particular it may occur that 2 = oo) then w(z)=0 
everywhere. 

PROOF. It is evident from (4.3) and (4.4) that the 
function ®(z) is an entire function. It is bounded on the 
plane (the inequality (4.16) should be taken into account) 
and vanishes at the point 2. By virtue of Liouville’s 
theorem we have ®(z) = 0, ie. w =0 everywhere. 

In Chapters V and VI geometric and mechanical inter- 
pretations of Theorem 3.11 will be indicated. For con- 
tinuous A and B vanishing outside some bounded domain, 
this theorem was proved in author’s paper [14a] (see §3.5: 
“Basic lemma’). Under more general conditions—in fact 
equivalent to those in Theorem 3.11—the theorem was 
proved in another author’s paper [14f]. Let us also observe 
that Theorem 3.11 may be derived as a consequence of 
the principle of the maximum modulus. 

If w(z) is continuous and bounded on the plane, and 
belongs to the class Upo(H), p > 2, then it follows frora (4.3) 
that ®(z) = ¢ = const. * 

Thus, we have 

THEOREM 3.12. Every continuous and bounded on the 
plane function w(z) of the class Up.o(H), p > 2, has the form 


w(z) = ce), e¢ = const. (4.21) 


* Instead of the boundedness it is sufficient to demand that 
w(z) = O(|2|"),a <1 (near the point z= oo). 
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where w(z) = —Tz (4 +B2) . Consequently, w(z) satisfies 


the conditions (4.15) and (4.16). 

It will be seen below, in §6, that these functions are 
of a special significance in the class of functions W,.(£). 
They play here roughly the same part as constants in 
the class of analytic functions Y,(@) (for A = B = 0, the 
right-hand side of the relation (4.21) is evidently equal 
to a constant). They will therefore be named the gen- 
eralized constants. Thus, by a generalized constant of the 
class WheklA,B,H) we understand any bounded on the 
entire plane solution of the equation 


d0+Aw+Bw=0, A,Belpl(E), p>2. (4.22) 


The generalized constants of the class 23.(4,B, F) will 
also be called the constant solutions od the equation (4.22). 
In other words, a generalized constant is a function of 
the class Upol(L), p> 2, such that its normal analytic 
divisor is equal to a constant. 

Let us now introduce the notions of the generalized 
polynomial and generalized rational function. A function 
of the class %,.(£), p > 2, is said to be a generalized 
rational function if it has a finite number of poles on the 
extended plane. In this case the normal analytic divisor 
is a rational function the poles of which coincide with 
the poles of the corresponding generalized rational function. 
If a generalized analytic function has one pole at z= co 
it will be called a generalized polynomial. In this case 
the order of the pole will be said to be the degree of the 
generalized polynomial. Generalized polynomials of degree 
zero are generalized constants. 

It is now easy to generalize Liouville’s theorem in the 
following way: 

THEOREM 3.11’. If (1) we Upo(F), p > 2, and (2) w = 
= O(|z|") near the point z= co, where n is a non-negative 
integer, then w is a generalized polynomial of the class 
Wp2(H) of the degree n. 
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4.10. In the class of generalized analytic functions the 
principle of the argument and its corollaries are preserved 
(in particular Rouche’s theorem). This result follows 
directly from the formula (4.3) (we have in mind the case 
of A and Be Ly»(H), p > 2). We shall not expose the 
statements of the theorems here, since they are exactly 
the same as in the classical case. 


§5. Integral representation of the second kind for generalized 
analytic functions 
5.1. Let us now consider the integral equation 
f—Pf =f(e)—Ta(Af+B/) = g(z), (5.1) 
and let us prove that this equation is always soluble if 


A, BeLpa(E), p > 2, and 9 Iya B), 9 > 5 Fy Since P 


is a completely continuous operator it suffices to show 
that the corresponding homogeneous equation f—Pf = 0 
has only the zero solution f = 0. 

Let f(z) be a solution of the class Lgo(H) of the equation 
fo—Pf, = 9 Then it will also be a solution of all equations 
fo—P"fp = 0 (n= 1, 2, ...). But, according to Theorem 1.29 
an integer n can be found such that fp = Pf, « C,(E£), 


a =2—. Besides, near infinity we have by the ine- 


quality (6.22) of Ch. I, fo(z) = P’f(z) = O(jz| *). On the 
other hand a solution of the equation f,— Pf, = 0 satisfies 
also the differential equation @;f)+ Afy+ Bf, = 9, i.e. f(z) 
is a continuous generalized analytic function of the class 
W,.(H), p > 2, vanishing at infinity. According to Theo- 
rem 3.11 f = 0 everywhere. Therefore the equation (5.1) 
has a solution of the class Lgo(#), and this solution is 
unique for an arbitrary right-hand side g(z) « Lgo(£), 


q ae It admits the representation 


f(z) = g(z)+ Rg, (5.2) 
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where F is a completely continuous linear operator in the 
space Lg (EH), ¢ Te This operator is called the resol- 
went of the operator P. 

5.2. Let us now return to the equation 
C(e) =0,w+Aw+Bw=F (5.3) 


and let us first investigate the case of A, B, « L,(@), 
p> 2, Fe L,(G), G being a bounded domain. For a so- 
lution of the equation (5.3) belonging to the class L,(@), 
g eae we have the integral equation 


1a Bitywli 
we 2) eye! MNS) ean yp, (5.4) 


where g = TF +@(z) and 


mes | EM, Oe) WIG), a>". 
The function © may have simple poles in the domain G, 
since the number gq may be taken as less than two. 

Since F « L,(@), according to Theorem 1.26 TF e L,(G) 
where y is an arbitrary number smaller than 2. Therefore, 
in view of the formula (5.2) the equation (5.4) has always 
a solution of the form 


W (2) = W(%) + W,(Z) , (5.5) 
where 

wz) = O(2)+ RO, (5.6) 

w,(2) = (T+ RT)F. (5.7) 


The formula (5.6) associates with every function (2) 
analytic in the domain @ and belonging to L,(@), q> 


a generalized analytic function w(z) of the class 


p 
Ao” 
LyMxA, B, G). This formula will be named the represen- 
tation of the second kind of functions of the class 

pA B ? ). 
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The formula (5.7) represents a particular solution of the 
non-homogeneous equation (5.3). If F «Ly .(L), p > 2, then 
TF ¢ Cp-.(F) and w, € Cp_2(E). 

y 4) Dp 

5.3. Let the plane H be divided into a finite number 
of domains Gp), G,,...,@Gm where G, is an unbounded 
domain, the remaining ones—G,, ..., Gm—being bounded. 
The more general case of presence of a few unbounded 
domains may be reduced to the case considered here by 
means of a bilinear transformation. It was noted already 
above (§1.2) that the class U,.(H#), p > 2, is preserved in 
such a transformation. 

Let @®(z) be a sectionally holomorphic function satis- 
fying the following conditions: (1) ® is holomorphic 
inside every domain G, G,,...,Gm, continuous up to 
their boundaries except for a finite number of boun- 
dary points, and near every such point = 0O(|z—2,|°), 


0<a< “2, (2) ® is bounded in the vicinity of the 


point z= oo. Such being the case ®e Lgo(E), ¢ = a 


and we may construct a solution of the equation €(w) = 0 
according to the formula (5.6). Since w= ®—T(Aw-+ 
+Bw) and T(Aw-+ Bw) « Cp_.(H#) the character of the 


Pp 
continuity and the discontinuities of w at the boundary 
points of the domains G; will be the same as that of the 
function ©. If ® satisfies on the curves J; bounding the 
domains G; the conditions of the form (Hilbert boundary 
problem, [26], [60a]; Ch. IT, §37) 


O02) =O (2) +gl(2), Cel, (5.8) 


then w(z) will also satisfy the same conditions. Thus, by 
solving the non-homogeneous Hilbert problem (5.8) for 
analytic functions we obtain the solution of the analogous 
problem for generalized analytic functions. The results 
on this topic were obtained in the paper of Mikhailov 
[55a, b] (see also [1a]). 
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5.4. The integral equation (5.4) may be regarded as 
a device for constructing any solution of the equation (5.3). 


1 
analytic in the domain G is associated with a fully de- 


termined solution. This equation may be solved by suc- 
cessive approximations according to the following simple 
scheme: 


By means of (5.4) every function ®(z) « L(G), q ee 


me Attn + Bun 
Wat = af J ag Tent O18) +TF (5.9) 


(n = 0,1,...), 
where w= @+TF. This scheme may still be simplified 
by setting A = 0 i.e. considering an equation of the form 
i0+Bu=F. (5.9a) 
The equation (5.3) may always be reduced to the last 
equation by means of the substitution 
woalltim 
w(z) = sae g : (5.9b) 
In future, therefore, if we find it expedient, we shall 
limit ourselves to the consideration of an equation of the 
form (5.9a). It should be observed that the substitution 
(5.9b) leaves the equation in the class Ly o(ZF). 

5.5. Parallel with (5.4) we may consider a number 
of other integral equations enabling us to construct 
solutions of the equation (5.3); these equations may so be 
chosen that the required solutions satisfy certain imposed 
beforehand conditions. We show, for instance, how an 
integral equation may be derived making it possible to 
construct solutions of the equation (5.3) having given 
values at fixed points 2,, ...,2,. To this end we introduce 
a polynomial of (n—1)th degree with respect to z, of the 
following form: 


Piz 969 Bayo -) 2n) 


=>) (2—2,)...(@—2p_1) (@— p41)... (2@—2n) 1 
(2% 


— &1) 00. (2 — Se—1) (@e— S41) «++) (Se— Mn) C— Se! 
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and let us consider the integral equation 


w(z)+T¢(Aw-+ Bw) = O(2) + Tek, (5.10) 
where 


tef =-= [fro [eg Pfs ey en) |e 
s 


It is readily seen that a solution of this equation satisfies 
the differential equation (5.3) and, conversely, any so- 
lution of the latter equation may be represented in the 
form (5.10). 

We prove that this integral equation is soluble for an 
arbitrary right-hand side belonging to Z,(G); q¢ = ra T° 
By considering the appropriate homogeneous equation we 
discover that its solution w,(z) satisfies the following 


conditions: (1) €(w,) = 0 (in @), (2) w € Ca(E), a = .— 


and (3) w,(z) is holomorphic outside G+J and has at 
infinity a pole of the order (n—1). Representing w,(z) by 
the formulae (4.3) we find that the corresponding analytic 
divisor ®,(z) is holomorphic on the entire plane and has 
at infinity a pole of the order (n—1). At the same time 
@,(z) vanishes at » points 2,, ..., 2, at which w(z) vanishes. 
Therefore ©, =0, thus proving that the homogeneous 
integral equation corresponding to (5.10) has no non-zero 
solutions. Consequently, the latter integral equation has 
a solution for an arbitrary right-hand side belonging 
to Ig, q=> real 

Tf we now take in the right-hand side of (5.10) for ®(z) 
an analytic function satisfying the relations 


D(2,) = a, + ib; (A=1, ey Te) 


where a, and 5, are given real constants then we shall 
obtain solutions of the equation (5.3) having at the points z, 
the values a,+%b,. In particular, in this way we can 
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construct solutions of the equation (5.3) having fixed 
beforehand zeros. 

On the basis of this result it is readily observed that 
every solution w(z) of the equation (5.3) can be represented 
in the form of the sum 


w (2) —, Wo(2) + w,(2) ’ 


where w,(z) is a solution of the homogeneous equation 
C(w) = 0 having at the points z, the values w(z,), and w, 
is a solution of the non-homogeneous equation (5.3) 
vanishing at the points Zz. 


§6. Generating pair of functions of the class %,.(A, B, FE). 
Derivative in the Bers sense 


6.1. If G coincides with EH and w(z) is bounded and 
belongs to Wy.(A, B, H),p > 2, then according to the 
formula (5.4) we have 


1 ( f A(d)w(0)+ BD) w(t) 
we)—5 | fe atay 


=> w—_-Pw = Cy + te, ; (6.1) 


since # = 0 and @, evidently, is constant. Consequently, 
in view of the formula (5.6) 


W (2) = CyWo(Z) + C,Wy(2) , (6.2) 
where w,(z) and w,(z) are solutions of equations 
Wy— Pwo = 1 3 w,— Pu, —- 4 e (6.3) 


According to Theorem 3.12 the following formulae take 
place: 


wz) = er) , wy (z) = tem® , (6.4) 
where 
wj(e) = [ | PO azan, (6.5) 
£ 


Xe) ={(4@)+ Be) 2) j= 0,1) . 
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Thus, w; + 0 everywhere in H and w,(co) = 1, w,(0o) = 4. 
The formula (6.2) yields the general form of the generalized 
constant of the class W)(A, B, £). 

By virtue of Theorem 3.12 a generalized constant may 
vanish at a fixed point ef the plane if and only if c, = ¢, = 0. 
Hence w,(2) and w,(2) satisfy everywhere on the plane 
the condition 


Im[w,(2)-w,(2)] >ky > 0; ky = const. (6.6) 
Since 
85W)+AW+BYy=90, u,+Auw,+Bu,=0, 
we have 
_ W Oz Wy~- Wy Oz, B= W 05 W,— W105 Wo 
Wy Wy—WyW, ’ Wy, Wy — Wy Dy, 


A (6.7) 

Thus, there is a one-to-one correspondence between the 
pairs (A, B) and (w,, w,). If A and B belonging to Ly,(£) 
are given, then we can determine uniquely w, and w, 
by solving the integral equations (6.3); then also wo, w, € 
e Cp-2(H#) and possess generalized derivatives with respect 


Pp 
to z belonging to Ly,.(H). Besides, the condition (6.6) is 
satisfied on the entire plane. 
If now the pair of functions w,, w, is prescribed and it 
satisfies the conditions enumerated above: (1) wo, w, € 
€ Cp-2(E), (2) 0;wo, 0,0, ¢ Lp.»(#) and (3) the inequality (6.6) 


Pp 

is satisfied on the entire plane, then the formulae (6.7) 
determine uniquely the corresponding pair A,B. There- 
fore the pair of functions w,(z), w,(z), following Bers, will 
be named the generating pair of the class Wp.(A, B, £). 
Such a pair of functions was used by Bers as the basis 
of his theory of pseudoanalytic functions ([5a, b, cl, 
[7a, b]). 


6.2. Every function w(z) may be represented uniquely 
at any point in the form 


wW(%) = Xo(%) Wo(%) + x2(2%) Hy(2) , (6.8) 
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where 7, x, are real functions. Following Bers we shall 
define the derivative with respect to the pair (wo, W,) at 
the point z as follows: 


w (2) = lim wz) — xo(2o) wale) — 4i(%o) w,(2) (6.9) 
2-20 ied |) 


It can now readily be proved that it is necessary and 
sufficient for the existence of w(z) that the following 
relation holds at the point 2, 


e+ A (2020 (6) +B (2) (a) = 0, (6.10) 


where A and B are functions of the form (6.7). According 
to Bers the function w(z) is called the pseudoanalytic 
function of the first kind in the domain @ if it is continuous 
and has almost everywhere in this domain a derivative w (2) 
with respect to the pair (wp), w,). 

Thus, the class of pseudoanalytic functions in the Bers 
sense corresponding to the pair (ww), w,) coincides with 
the class of generalized analytic functions Y(A, B, @) 
in our sense. 

6.3. If a function w satisfies the equation (6.10), then 
according to the relation (6.8) there is a complex function 
%=%Atty uniquely associated with w, which, following 
Bers, will be called the pseudoanalytic function of the 
second kind. It is readily observed that it satisfies the 
equation 

_ Wot iy, 


sx—9(2)02% =0, aren (6.11) 


Taking into account (6.6) we easily obtain 
la(z)|<q<1 (in EZ), q=const. (6.12) 


We shall prove below that every solution of the equa- 
tion (6.11) in the domain G can be represented in the 
form (§17) 

a(z) = [Wie], (6.13) 


13 
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where W(z) is a complete homeomorphism of some 
Beltrami’s equation of the form 


O51 G(#)ezx = 0, IW <a<1, (6.14) 


and ®(2) is a function analytic in ¢ in the domain W(G). 
The formula (6.13) implies at once the following im- 
portant theorem proved by Bers [5c]: 
Every non-constant pseudoanalytie function of the second 
kind (2) = %(2)+14,(z) establishes an interior mapping 
in the Stoiloff sense. 


6.4. Now there arises in a natural way the problem 
of properties of mappings established by generalized 
analytic functions. It is easy to prove the following 
assertion: 

For an arbitrary point 2 it is possible to find a function 
in any class Up(H#), p> 2, which is univalent inside 
a neighbourhood G, of the point 2. 

This condition is satisfied, for instance, by a function 
of an arbitrary class Wp .(#) with the normal divisor z— 2. 
Thus, there always exist locally univalent solutions of 
any equation of the form C(w) = é,w+Aw-+ Bw =0 
(A, Be Ly2(H)}. Examples may be constructed indicating 
that in general Riemann theorems for such equations are 
not preserved. Nevertheless, it was shown by Daniluk [32c] 
that it is always possible to construct classes of solutions 
of an equation of the form C(w) = 0, which establish in- 
terior mappings in the Stoiloff sense (see also [70b)). 


§7. Inversion of the non-linear integral equation (4.3) 


The formula (5.6) enables us to construct for every 
function ®(z) holomorphic in G the corresponding gen- 
eralized analytic function w(z). This formula may be 
applied even if ® has simple poles in G. However, if ® 
has inside the domain or on its boundary singularities 
of a higher order, then the formula (5.6) in general has 
no sense. Hence the problem arises in a natural way of 
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constructing generalized analytic functions corresponding 
to analytic functions possessing singular points of an 
arbitrary kind. This problem is solved by 

THEOREM 3.13. Let ® be a function analytic in G, which 
may possess arbitrary singularities. Let t be a fixed point 
of the domain G. Then there exists a function w(z) of the 
point z¢«G which satisfies the following conditions: the 
w (z) 
D(z) 
tinuously continuable to the entire plane, and 
1) Wy € Cp), 2) w(z)~490 (in F), 3) w(t)=1. (7.1) 


p 


is continuous in G and it is con- 


function w)(2) = 


Moreover, at the regular points of ®(z) the function w 
satisfies the equation C(w) = éw+Aw+ Bw = 0. 
PRooF. Let us consider the integral equation 


eile 9(£) + Bol) woll) 
(¢-—2)(¢—1) 
@ 


B= Bs. 


dédn=1, (7.2) 


® 


This equation has a unique solution, since the correspond- 
ing homogeneous equation has no non-zero solution (this 
result follows at once from Theorem 3.11). A solution of 
the equation (7.2) satisfies all three conditions (7.1). The 
first and the third conditions are obvious. Let us prove 
that the second condition is also satisfied. Let wo(z)) = 0 
where z, is a fixed point. Then it follows from (7.2) that 


a A(¢é 0) + Bolo )wo(2) 
we(@)—— Ne ee ae econ 


But this homogeneous equation, as it was already indi- 
cated above, has only the zero solution w, = 0. 

By considering the function w= ®w,y we readily see 
that C(w) =0 everywhere in G except for the set of 
singular points of the function @(z). It can easily be 


13* 
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verified that w= ®w, satisfies the non-linear integral 
equation 


2nd: z—t ( (A(C)w(0) + B(d)w(Z) 
w(z) = O(z)exp eal —“(E—z) (w(t) . (7.8) 


The existence of a solution of this equation was proved 
in a somewhat different way by Bers, [5a]. We have 
reconstructed the proof given by the author in [14f]. 
Thus, this equation may be regarded as an operator 
enabling us to associate with every function ®(z) analytic 
in the domain G and with every fixed point ¢ of the plane, 
a completely determined solution w(z,t) of the equation 
C(w) = 0. In future this (non-linear) operator will be 
denoted by ‘R,®). The operator ‘X®) makes possible 
the construction of solutions of the equation C€(w) = 0 
which have singularities of an arbitrary order at given 
points of the domain or of its boundary. In particular, 
for ®(z) sectionally holomorphic functions may be taken. 
If, for example, a sectionally holomorphic function ®(z) 
is a solution of the homogeneous Hilbert boundary prob- 
lem ([60a], Ch. II, §34) 


@*(z)=g(z)® (2) (on L), (7.4) 


then the corresponding sectionally analytic function 
w(z) = R,[O(z)] satisfies the same boundary condition, 
[55a, b], 


wt(z) =g(z)w-(z) (on I). (7.5) 


The formula (7.3) (and, consequently, Theorem 3.13) 
hold also in the limiting case t = oo. Then the operator 
R(®) associates with a given normal analytic divi- 
sor @®(z) the corresponding solution of the equation 
C(w) = 0.* 


* In the paper [23*a] this theorem is unjustly attributed to 
Mikhailov [55a]. 
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§8. Systems of fundamental generalized analytic functions and 
fundamental kernels of the class 2,,(4, B, G), p> 2 
8.1. Let X;(z, ¢) = R{®;(z)](j = 1,2) be solutions of 
the equation €(w) = 0 corresponding to the functions 
1 1 
gaa? 8) oe)? 
where ¢ is a fixed point of the plane. Evidently, the 
following conditions are satisfied: 


D(z) = (8.1) 


lim(—2) Xe, () =F, lim(t—-e) Fle, 1) =F. (8.2) 
got Zot 


It is readily observed that X, and X, satisfy the integral 
equations 


(a xye,9-3 [f= ) Elly N+ BOXED ae gy — a 


C—2 (t—z) © 
(8.3) 
1 ( (AS) XA(6, t)+B(o) X4(6, 0) —— 
ee, 
Representing X, and X, in the form (7.3) we have 
e@1(2,t) emalz,t) 
Ay (2, t) = Bbw)’ X,(2, t) = Fitas)’ (8.5) 
where 
tae (AMO XMC, 1) + BIO EWE, 1) 
i(2, t) = (C= 0=—O.2, dédy ) (8.6) 


j=1,2. 

In view of the inequalities (4.15) and (4.16) it can 
easily be shown that ,(z,t) satisfy the following condi- 
tions: p—2 

|eox(2,t)|< Mp, |e, t)| << Mylz—t]|” , (8.7) 
2— 


poop 
oe, M<Mgllel® +1?) for el, [e>R>1, (88) 
p-2 
| ej(21, t)— w4(22, t)| < Mplz— 24 = ’ (8.9) 
p—2 i 3; 


|o4(z, t)— w,(z, t)| < Myle—2| ” (8.10) 
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where 
M, = MyLppl\A| +|B)), My = 2 MpLy (|B) . (8.11) 


The pair of functions X, and X, will be called the 
system of fundamental generalized analytic functions of 
the class Up.(A,B, H) with a pole at the point t. These 
functions are continuous in the Hélder sense everywhere 
on the plane except for the point t, and satisfy the equa- 
tions (2 4 t) 

0; X,+A(z) X,+B2)X,=0, 

6;X,+A(z)X,+ B(z)X,=0. (8.12) 
8.2. Let us now introduce the following functions: 

Q(z, t) = X1(z, 1) +1X,(2, t 

(2, t) ead? ee (8.13) 

Q(z, t) = X42, t)—71X,(z, t) , 


which, obviously, satisfy the following system of equa- 
tions: 


6,2, +A (2) Q,+ B(2)Q, =0. 
Since 
errlest) 1. gea(2,t) eorl2t) _ eo2(2,t) e 
eS ata), MS ggg, 


in view of the inequalities (8.7) and (8.10) we have 


(8.16) 
Ee 
2,2, t) = O\e—t| >) 
If z be fixed and z + co,t-oo we have the estimates 
Qlz,t) = Ol"), Q,(z,t) = Oljt!”’). (8.17) 


Tt should be observed that, as is seen from (8.6), if B = 0, 
then w, = w, and, consequently, 2, = 0. 
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It can easily be proved that the conditions (8.14), 
(8.16) and (8.17) determine uniquely 2,(¢,¢) and 2,(z, t). 
The functions 2, and 2, will be called the fundamental 
kernels of the class Up.(A, B, FE), p > 2. 


§9. Adjoint equation. Green’s identity. Equations of the 
second order 
9.1. We consider the equation 
C(w) =0,w+Awt+ BO=F (9.1) 
and its adjoint equation 
C'(w’) == é-w'-Aw'-Bw' = F’. (9.2) 


If w and w’ are continuous in @+J/ and belong to the 
class D,»(G@), p > 2, then in view of the integral formula 
(7.5) of Ch. I, we have 


LJ memo [fs 
“ff (even 


= ih [w@’(w’) + w'C (w) + Bow’ — Bow’ |dady . 
G 


Zz -—— dx dy 


We have, therefore, the identity 
1 ¢ , 
rela, | w(zZ)w (2)az| 


= Re {| (wO’(w’) + w'E(w))\dady, — (9.3) 
G « 
which represents the property of mutual adjointness of 
the equations (9.1) and (9.2). 
Tf €(w) = 0 and C’(w’) = 0 we have 


Re(5; J wo(2) (2) dz) = Oi: (9.4) 
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This formula, which will henceforth be called Green’s 
identity, holds for two arbitrarily chosen solutions w 
and w’ of the equations @(w) = 0 and @’(w’) = 0, which 
are continuous in G+J/. 

In the real notation the mutually adjoint systems of 
equations have the form 


ou av ou av 
Te a a (9.5) 
ou’ av’ ou’ av" 


te ag —cv' =0, a” ie +av'’=0. (9.6) 
The formula (9.4) assumes the form 


f (wo! + vw!) dae + (uu! —ov')dy = 0. (9.7) 
r 


9.2. Let us consider the real function 
1 ne | 
y (2) = Re(> | w(l)w'(t)dt}, %—a fixed point, (9.8) 


where w and w’ are arbitrary continuous solutions of the 
equations C(w)=0 and C’(w’)=0, respectively. By 
virtue of (9.4) y(z) is single-valued in the domain G which 
we assume to be simply-connected, and is independent 
of the path of integration. We have 


2.9 = =, 0 (2)10'(2), 09 = — 5 wa) we) . (9.9.) 


Taking into account that é;w = —Aw— BW, d;w' = Aw’ + 
+ Bo’ we have 

ay Bu' Bu’ 

6208 w! VET 0" 


Le. 
Ay + a~z + byy = 9, , (9.10) 


a= —4Re([ ), b = ~4Im(="| . (9.42) 
Ww Ww 
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Here an arbitrary solution of the equation €(w’) = 0 
may be taken for w’. Choosing for w’ a fixed solution of 
the last equation we may, according to the formula (9.8), 
associate with a solution w of the equation C(w) = 0 
a fully determined solution of the elliptic equation of the 
second order (9.10), and, conversely, if y is a solution of 
the equation (9.10) then the formula 

w = a9 == (ein) (9.12) 
yields a solution of the equation U(w) = 0. Accordingly, 
every real solution of the equation (9.10) will be called the 
potential function or simply the potential of the equation 
C(w) = 0. The equation (9.10) will be called the equation 
of the potential. 

The last results show that the problem of integration 
of an equation of the second order of the form (9.10) 
and the problem of integration of a system of equations 
of the form (9.5), are equivalent. 

It should be observed that an equation of the second 
order of @ more general form 


Ap+agz+boyteyp=9, c#0, (9.13) 
in general cannot be reduced to a system of the form 
(9.5) ([14a], §4.6). 


9.3. Let A =0, B 0. Then any solution of the equa- 
tion é;0+ Bw = 0 satisfies also the following equation of 
the second order 


0/1 dw\ ow 
Be (z ae) tae 
or, taking into account that 2,0 = — Bw 
ew 1 0B dw = 


If w is a solution of the equation (9.14) it can easily be 
verified that the functions 


ma(otge) mag lege) 9 
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satisfy the equation 0;w+ Bw = 0. But 9.15 implies that 
WwW = W,+M,. (9.16) 


Thus, any solution of the equation of the second order 
(9.14) admits a representation in the form (9.16) where w, 
and w, are arbitrary solutions of the equation of the 
first order 0;w + Bw = 0. Conversely, any solution of the 
equation 0;w+ Bw =0 may be obtained from the for- 
mulae (9.15). We note that it is sufficient to make use 
of one of these formulae in order to obtain all solutions 
of the equation of the first order é;w+ Bw = 0. In fact, 
we observe that by replacing w by iw one of the 
formulae (9.15) transforms into the other one. It is also 
readily observed that if w is a solution of the equation 
(9.14), then iw is also its solution. 

The solutions of the equation (9.14), which are in general 
complex functions, may be called the complex potentials 
of the equation of the first order 0,0 + Bw = 0. 

If B, #0 the equation (9.14) has complex coefficients 
which have singularities at the points at which B vanishes. 
Therefore, the integration of an equation of the second 
order of the form (9.14) with discontinuous coefficients, 
may be reduced to the integration of the equation of the 
first order 0;w+ Bw = 0 with a continuous coefficient. 


§10. Generalized Cauchy formula 


10.1. Let us denote by Xi(z,t) and X3(z,t) the system 
of fundamental solutions of the adjoint equation €’(w’) = 
=(. Then the kernels of this equation will be given 
by the formulae (see (8.13)) 


Die, t) = Xi(z, t) + 1X32, t), 
Q(z, t) = Xyi(z, t)—i XZ, t) . 


In this section we shall establish some relationships 
between the fundamental solutions of adjoint equations. 
Formulae will be derived representing explicitly X;(z, t) 
in terms of X,(z,t), and conversely. Moreover, a formula 


(10.1) 
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will be derived which constitutes a generalization of the 
classical integral Cauchy formula. 

Let te G, where G is a domain bounded by a finite 
number of simple smooth closed Jordan curves the union 
of which will be denoted by J. Let I’, be the circle 
|e—t| = e where « is a sufficiently small positive number. 
Taking for w’ the fundamental solutions Xj(z,t) and 
X3(2,t) of the adjoint equation ©’(w’) = 0 and applying 
the formula (9.4) to the domain bounded by J’ and J, 
we have 


jw w (2) X4(e, t)de—w (2) Xi(e, t) dz 
= f w(e) Xie, t)de—w(z) Xilz,t)dz, b=1,2. 


PF, 
Multiplying the second equation (k = 2) by « and summing 
with the first we obtain 


f w(2)Qi(2, t)de— w (2) Q(z, t)dz 
Lr 
= f w(2)Qile, t) dz— w (2) Q3(z, t) dz . 
I, 

Hence, when «+0 we obtain in view of the estimates 
(8.16) 

J w(z) Q(z, t)de—w (2) Uz, t)dz = —Qniw(t), te G. 

L 

If tel or te G+T we obtain analogous relations in 
the right-hand sides of which appear the functions 
—aniw(t) or 0, respectively, ax being the interior angle 
at the point ¢, and 0 < a < 2. In other words the following 
formula takes place: 


1 peer eee n pone a 
— she | Qt, 2) (tat — BN, aw ai 
F 
w(z), when zeG 
—_ = wle), when gel’, (10.2) 


2 
0, when <eG. 
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Let ¢ be a fixed point of the plane. Let I, and I), be 
the circles |e—f| =e and |z—¢| = . respectively. Since 
X,(z,¢) and X,(z,¢) are continuous solutions o the 
equations (9.1) in the closed domain ¢ < ]z—{| < — aC- 
cording to the formula (10.2) we have the relation 


ule, t) = —goz { Kult, Qt, 2) dt — FAG, HOLE, w) dt + 


Pye 


toa J X(t, C)Qi(t, 2) dt— X,(t, C)Q3(t, z)dt. (10.3) 


Since 
Qi(t, 2) Xp(t, 6) = Ole"), Q3(t, 2) Xz(t, ¢) = O(e?) 


if [é—¢| =5, we have 


REO =s7tgli+ole* I], 


1 | 
X;(2, ¢) ao lato: - ) if ji—c]/=e, 
and passing to the limit «0 in the relations (10.3) we obtain 
X,(z, C)= = — Fim Cae )+ QC, 2)], 
(10.4) 
X(2, 6) = — SLO, 2) —23(¢, 2)]. 
Since X,+71X, = 2,(2, 6), X,—-1X, = 2,(2,¢) we obtain 
from (10.4) 
Q(z, ¢) — —Q(¢, 2), 2,(2, ¢) = —~22(6, 2) ’ (10.5) 
i.e. 
ile, t) = —5 (Malls # ae 


+o (X.(¢, 2) +-X,(¢, 2)) , 
Kila, ¢) = —5 (KalC, 2) FG, @)— 


— 3; (Xull, 2) — Tye, A) 


(10.5a) 
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The formulae (10.5) were established in author’s paper 
[14]. 

10.2. On the basis of the last relations the formula 
(10.2) may now be written in the form 


=i) Q(z, C)w(l)dl—2,(z, t) w(t) dt 


w(z), when zeG, 
= 5 (2), when zeI, (10.6) 
0, when zeG. 


If A = B=0, then Q, = (¢—2)"', 2, =0 and the for- 
mula (10.6) becomes the classical Cauchy formula 


¢ 


w(z), when 2G, 
1 (w()dv_ ja 
ani} fe 5(z), when zeI, (10.7) 


0, when zeG. 


Therefore the formula (10.6) will be called the generalized 
Cauchy formula. 

Making use of the relations (10.5) the generalized 
Cauchy formula for the adjoint equation C’(w’) = 0 may 
be written in the form 


w'(z), when zeG, 
= 52), when gel’, (10.8) 
(0, when zeG. 


It can easily be verified that the formulae (10.6) and 
(10.8) are valid also in the case of an unbounded domain 
the boundary of which consists of a finite number of 
rectifiable Jordan curves, if we impose the additional 
requirement that w and w’ vanish at infinity 


w(z) = Ollz|"’), w’(z) = Ollz|~") (near the point z= 00). 
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If w(z) is continuous in @+J" and satisfies the non- 
homogeneous equation 


C(w) = 6;0w+Aw+ Bw = F(z), 


we have the formula 
2 ; aoe 
ing | ies Sele) aM, Eee 


F en 
_1 J il (Q(z, 0) F (2) + Q4(e, VFO) dé dy 


w(z), when 2€G, 
= 5 (2), when el’, (10.9) 
0, when 2eGiTl. 


If now w’(z) is continuous in G+J/ and satisfies the 
adjoint non-homogeneous equation 
C'(w') = 6;w'— Aw’ — Bw’ = F'(z), 
then we have 


~ia | QC, 2) w"(o) do —2,(¢, 2) w"(o) de + 


ae | ii (Q\(6, 2)F'(o) + QC, 2) FO) dé dy 
G 


i 
w'(2), when zeG, 
= 5 w'(2); when gel’, (10.9’) 
ie when zeG+Tl'. 


The above derivation of the formulae (10.6) and (10.8) 
was indicated in the author’s paper [14a]. These formulae 
were obtained in a somewhat different way by Bers [5a]. 
In a particular case, namely for the system of equations 
of the form u,— pvy = 0, uyt+ pr, = 0 analogous formulae 
were obtained even earlier by Polozhyi [70a]. For an 
elliptic system of the form 


Uz + bu,— vy = 0 
duz+ CUy+Vlz = 0 
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the Cauchy formula was generalized by Shabat [92c] (see 
also [70e]). 


10.3. The generalized Cauchy formula implies immedi- 
ately the following 

THEOREM 3.14. If the sequence w,, of functions belonging 
to the class Up.(A, B, G) and continuous in G+, strongly 
converges on I’ to a function p(lyeLy (Ll), p’ >1, then tt 
converges untformly inside G to the function 


tle) =gez | Pile, Op lC)a— Ole, PAE, (10.10) 
r 


which, evidently, belongs to the class Up.(A, B, G). 
The above theorem can easily be proved by means of 
the Hélder inequality and Theorem 3.10. 


§11. Continuous continuations of generalized analytic func- 
tions. Generalized principle of symmetry 


Making use of the uniqueness theorem 3.5 and the 
generalized Cauchy formula (10.6) we can generalize the 
concept and many criteria of analytic continuation to 
the class of generalized analytic functions, replacing the 
term “analytic continuation” by the term ‘continuous 
continuation’? We shall confine ourselves to the conside- 
ration of the class Wp.»(@), p > 2. The functions of this 
class are continuous in the Holder, sense with the index 


: pee 

equal to — 

THEOREM 3.15. Let wie Up.(A, B, Gy), wee Up (A, B, 
G.),p > 2, G, and G, being domains the boundaries of 
which have a common rectifiable Jordan are y. If wre 
eO(G,+y7), wee C(G,+7) and wi, =w, on yy, then the 
function 


eae when zeG,, (11.41) 


w f(z), when z2eG,, 
belongs to Up (A,B, G,4+-G6G,.+y7),p > 2. 
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The proof of this theorem is carried out with the help 
of the generalized Cauchy formula (10.6). It suffices to 
reconstruct literally the well known argument concerning 
the case of analytic functions [57], (Ch. IT, §26). 

The last theorem implies immediately the following 
theorems. 

THEOREM 3.16. (Generalized Riemann—Schwarz principle 
of symmetry). Let G be a domain lying in the upper semi- 
plane and adjacent to a segment y of the real axis. Let G, 
be the mirror image of Gin y. If (1) we Up(A, B, G), p > 2, 
(2) we C(G@+y) and (3) Re(w) = 0 on y, then the function 

w(z), when zeG, 
eek —w(z), when <zeG,, ae) 
belongs to the class Wp(As, Be, F+G,+y) where A, 
and B, are defined in G+ G, by formulae of the form (11.2). 

THEOREM 3.17. Let G be a domain lying inside the 
circle |2|< 1 and adjacent to the are y of the circumference 
|e] = 1. Let G, be the mirror image of G in y. If (1) we 
6 Up(A, B, G),p > 2, (2) we C(4+y) and (3) Re(w) = 0 
on y, then the function 


w(z), when zeG, 


w,(2) = (11.3) 


-u(=); when zeG,, 


belongs to the class Up(Ao, Boy, G+Ga+y),p > 2, where 


(| A(z), Ble), when zeG, 
Ao(2), By(z) = 
o(2) , Bo() }-24 (5,220), when zeG,. 
| 22 2 eg z 


(11.4) 


PROOF. We may restrict ourselves to the proof of 
the last theorem. It can be established by a direct verifi- 
cation that 0;w,-+A),w,+B,w, =0 in G,. Moreover, 
w+ = w, on y which easily follows from the condition 


w(z)+w(z)=0 on y. 
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The last theorem can easily be stated also for an 
arbitrary circle |z—2|< R. 


§12. Compactness 

12.1. The set of functions {w(z)} belonging to the class 
U(A,B, G) is said to be compact in the domain G if from 
an arbitrary infinite subsequence of the elements of the 
set a subsequence uniformly convergent inside G can be 
extracted. 

Let us observe that the uniform convergence of a se- 
quence of generalized analytic functions inside a domain G 
is ensured by the weak convergence in a Dj(G), p >1. 
We have the following 

THEOREM 3.18. Let wjeUp(A,B,G),p>2, t= 
=1,2,.... If the sequence w; is weakly convergent in 
L(G), p >1, then it is strongly and uniformly convergent 
inside G to a function w of the class Up.(A, B, G)L,(@). 

PROOF. Let us assume that G is a Pounded domain. 
It can easily be proved that the sequence of functions 
®; = wi—Pew; holomorphic in @ is weakly convergent 
in L,(G) to the function © =w—Pgw where w is the 
weak limit of the sequence w;. But it was shown in Ch. I, 
§1.7 that @® is holomorphic in G@. Consequently, we 
« U(A, B, G). Besides, ®; is strongly convergent to ® in Ly 
and also uniformly inside G. Hence w; = @;+ Reg; is 
strongly convergent in Z, and uniformly convergent nee 
G to w. This completes the proof. 

THEOREM 3.19. The set {w} of functions of the class 
Wyo(A, B, G) is compact in the domain G if and only if 
the set {D} of the corresponding normal analytic divisors is 
compact. 

PROOF. Let us associate with the set {w} the sets {D} 
and {w} according to the formulae 


w(z) =P(z)er, De Al(G), 


ab era D+ B UWE A (£)w(t) +B (C)o(6) (12.1) 
=f ees gE aan 


14 
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The inequalities (4.15) imply that the set {w} is uni- 
formly bounded and uniformly equi-continuous on the 
entire plane H. Accordingly, we obtain immediately from 
(12.1) that the set {w} is uniformly bounded and uni- 
formly equi-continuous on every closed set on which the 
set {O} is uniformly bounded and uniformly equi-continu- 
ous, and conversely, thus completing the proof. 

The last theorem immediately implies 


THEOREM 3.20. The set {w} of functions of the class 
Wy(A,B,G) is compact in the domain G if tt is uni- 
formly bounded inside G. 

We observe that the compactness of the set {w} of 
functions of the class W.(A4,B, G@) is ensured by the 
condition of weak compactness in D,(@). In fact, if {w} is 
weakly compact in Zp, then Ly(w, G) <M, where M is 
a constant independent of the elements of the set 
fw} (Theorem 1.3). Then the set {@} of normal ana- 
lytic divisors of functions of the set {w} is also weakly 
compact in Lp, i.e. Lp(®, G) <M’. But the last inequality 
implies at once that the set {®} is uniformly bounded 
inside G, i.e. {O} is compact (Ch. I, §1.7). Thus we have 
completed the proof. 


12.2. We are in a position now to extend the criteria 
of compactness to wider classes of generalized analytic 
functions. 

The set {w} elements of Upo(G) will be said to be 
compact in G if every infinite sequence contains a sub- 
sequence uniformly convergent inside G to an element 
of Up.o(G). 

THEOREM 3.21. Let Wt be a compact set of functions 
of the class Ly.(E). Let WPL (G) be a set of generalized analytic 
functions the generating pairs (A, B) of which belong to M, 
ie. A, Be M. 

In this case the infinite set {w} of elements of Wre(G) 
is compact if and only if the set {D} of the corresponding 
normal analytic divisors 1s compact. 
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ProoF. If a set {w} is given, then we associate with 
it the sets {D} and {w} uniquely defined by the formulae 
(12.1). If the set {@} is prescribed, the set {w} is defined 
in the following way: we associate with every element 
of © a pair (A, B) belonging to the compact set Wt and 
then we construct a function w of the class W(A, B, G) 
the normal analytic divisor of which is ®. Thus, every 
set {©} can be associated with the infinite sets {w} and 
{o}. 

In view of the compactness of {4} and {B}, (4.15) 
implies that the set {w} is uniformly bounded and uni- 
formly equi-continuous on the entire plane. Consequently, 
if one of the sets {w} and {®} is uniformly bounded and 
uniformly equi-continuous in a closed domain, then the 
other set possesses this property as well. Hence, evidently, 
if {w} is compact, {D} is also compact. It remains to prove 
the converse statement. The compactness of {©} implies 
that from an arbitrary infinite sequence of elements of 
{w} a subsequence w,, w2,... uniformly convergent inside G 
can be extracted; obviously 


Wr(Z) = @,(2)eO = (n=1,2,...), 


=a (4 )+ Bale) oe 


An, Bane M . 


The sequences wn, Pn, @n are uniformly convergent on 
every closed subset of the domain G to the functions 
w,@®,w, respectively. The latter functions evidently 
satisfy the relation 


where 


dé dy 
cae? 


w(z) = B(z) er , (12.2) 


@(z) being holomorphic inside G and w(z) being continu- 
ous on the entire plane. If 6 =0 then w =0 and the 
theorem is proved, since the zero is an element of mG). 
Let us assume that ®(z) 40. Then w(z) has only isolated 
zeros inside G. 


14* 
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In view of the compactness of Mt, from the sequences 
{An} and {Bn} we can extract subsequences, denoted 
again by {dn} and {Bn}, convergent in the mean to some 
A and B belonging to M: 


Lpg(An—A)>0, LpsBa—B)>0 for noo. 


Now let 
=2 LJ (4042050) Er 


It is readily observed that the sequence gp = An + Ba 


ti) 
is strongly convergent (in the metric Ly.) to g= A+ 


w ; 
+ Be. Therefore wn) when noo, Le. w = w, and 


the formula (12.2) assumes the form 


c= (+03) 28] 


This proves that we %po(@). Thus, Theorem 3. 21 has 
been proved. 
12.3. The last theorem immediately implies 


THEOREM 38.22. The set {w} of elements of the set UF (G) 
is compact in the domain G@ if i is uniformly bounded 
inside G. 

THEOREM 3.23. Let An, Bn>A, B (in the metric Ly.). 
If the sequence {Dn} of the normal analytic divisors of the 
sequence {Wn} of functions of the class U(An, Bn, G) is 
uniformly convergent inside G to the function O(z), then the 
SEQUENCE Wn is uniformly convergent inside G to a function w 
of the class U(A, B, G) with the normal analytic divisor ®. 

In fact, since the set {w,} is bounded, then, by Theo- 
rem 3.22, it is compact. But every subsequence {wn,} of 
the sequence {wn} which is uniformly convergent inside G 
is, obviously, convergent to a function w of the class 
%(4,.B,G) whose normal divisor is ©. This means that 
Wn—->w which completes the proof of the theorem. 
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Two corollaries follow from this theorem. 

Corollary 1. If An, Bun >A, B (in the metric Ly»), then 
for every function w of the class U(A,B,G) a sequence 
of functions wn of the class U(An, Bn, G) can be found 
such that it is uniformly convergent to w inside G. 

In fact, if ® is the normal analytic divisor of the func- 
tion w then for wr a function of the class M(An, Ba, G) 
having the same normal divisor ® may be taken. 

Corollary 2. If An, Bn>A,B (in the metric Lp.) then 
for z# the sequences of the fundamental solutions 
Xjn(z, 6) and the kernels Qyn(z,C6) (7 = 1,2) of the equa- 
tions 0;0+Anw+Bnrw = 0 converge to the fundamental 
solutions X;(z,¢) and the kernels 2,(z,2) of the equation 
é,wt+Aw+ Bw=0, the convergence being uniform with 
respect to both arguments z and ¢ if z eG’ andl e G" where G’ 
and G”’ are arbitrary closed sets on the plane having no 
points in common. 

In fact, it is sufficient to note that the fundamental 
solutions Xjn and XX; have the same normal analytic 


ee 1 vw 1 -1 
divisors 9 ($—*) and 3 (6 *) : 


§13. Representation of resolvents by means of kernels 

13.1. Let us denote. by 2,(2,¢,@) and 2,(2,¢, G) the 
kernels of the class Up.(A,B,G),p>2, if A= B=0 
outside G. Such kernels will be called the normalized 
kernels with respect to the domain G. 

According to (8.4) 

0-2,(2,t,4)=0, 42,(2,t,@)=0 (outside @). 
If te G, then, obviously, 2,(2,¢,@) and 2,(z,¢, G) are 
holomorphic with respect to z outside G and vanish at 
infinity. In an analogous way we discower that 2,(¢, z, G@) 
and 2,(f, 2, G) are holomorphic with respect to z outside G 
and vanish at infinity. It should be taken into account 
here that 

2,(2,t, 4) = —Qi(t, z, @), 


sin iat Bo (13.1) 
2.(2, t, G) = — 23(¢, By G) . 
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Hence, if (z) is holomorphic outside G, continuous up 
to the boundary and vanishes at infinity, then according 
to the Cauchy theorem we have (for ze G@) 


1 ° — = ~ 
ini J Q(z, t, G)O(t)dt— Q(z, t, G)O(t)di =O. (13.2) 


Let w(z) « Up(A, B, G),p > 2, and let it be continuous 
in G. Then for ze G we have 


w(e) =. [ Ole, t,Q)w(t)dt—Q(2,t, wd. (13.3) 


Qt 
Lr 
We introduce the analytic function 


at w(t) dt 
ote) “Bai J te 


, (13.4) 


which, as it was shown in §2, is continuous in the closed 
domain G. In view of the relations (8.25), Ch. I, we have 


w(t)=@(t)—@ (tt), tel. (13.5) 


Since w(t) and O(t) = @*(t) are continuous on J’ it follows 
from (13.5) that ®7(t) is also continuous on J’. Substi- 
tuting (13.5) into the right-hand side of (13.3) and taking 
into account the relation (13.2) we obtain 
w(2) = ‘K(®, G) 
ae i Q(z, t, @)O(t)at—Q,z,t, @OOHd. (13.6) 
Lr 

The last formula containing the kernels 2,(z,¢, G) 
and 2,(z,¢, G) of the equation ©(w) = 0 normalized with 
respect to the domain G, associates with every function 
@(z) holomorphic in G and continuous in G+ I a definite 
function w(z) of the class Up .(A, B, G), p > 2, continuous 
in G+. The function ® is given in terms of w by the 
formula (13.4). Consequently, the formula (13.6) may be 
considered as a device enabling us to construct all functions 
of the class Wp.(A, B, @). 
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In view of (13.1) and (13.6) the general representation 
of solutions of the adjoint equation 
0,w’— Aw'— Bw’ = 0 (13.7) 
is given by the formula 
w'(2) = "K'(®, @) 


= sg | (5,2, @)®(Q)al—OAC, 2, HOHE. (13.8) 


13.2. Applying Green’s identity to the right-hand side 
of the relation (13.6) we may write 


wo (z) = lim{= Jf eas (2,06, G)D(e)dédyn+ 


e->0 


on 2.242, ¢, G) nee 
G, 


+ lim}—. ee Q(z, 6, G)O(C)dl—Q,(z, ¢, G)b Gab , 
e>0 Qn Oe | 
\o—-Z| =e 


where G, is the intersection of the domains G@ and |¢—2| > «. 
Taking into account the formulae (8.16) we have 


w(z) = K(@ ree (C)d&ay+ 


aff te D(=)dédyn, (13.9) 
where 
Tye, t, @) =—aO\2, 0, @), 
: (13.10) 
Pyle, 0, @) = =2,Q,(2, 6, @). 


Since by (13.1) —Q2,(é,2,@) and —2,(¢,z2,@) are the 
kernels of the adjoint equation (13.7), then, according 
to the equations (8.14), we have 

72,(2, 0, G)— A (2) Q(z, 0, G)—_B(C)2,(z,6, 4) = 0 


Bisa ” (13.11) 
2.(2,6, G)—A (2) Q,(2, 6, 4) — B(2)2,(z, 6, @) = 0 
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or, according to (13.10) 


Pye, t, @) =2A 2, , @+LBO Qe, 6, @), 


(13.12) 


Tye, @) = =AGOye, 6, @) +— Bl) A(2, ¢, @). 


It should be borne in mind that ®(z) is a function 
holomorphic in G connected with w (z) by the formula (13.4). 
Therefore, the formula (13.9) represents the solution of 
the integral equation 


2 an ee res BO 0) aed = @(z) (13.13) 


for an arbitrary right-hand side ®(z) which is holomorphic 
in G and continuous in G. Moreover, this formula holds 
for an arbitrary right-hand side belonging to L,(@), 


(see §5). In other words, the resolvent of the 


Pp 
ees 


integral equation (13.13) is given by the formula 
Bg = Jf Te,6, @)g(6)abdn+ 
die J { Tile, 6, @g@dédn, (13.14) 
geL(@), q>—.. 
Thus, all solutions of the equation 
é0+Aw+Bo=0, A,Belp AE), p>2, (13.15) 
Pp 


—1 
by the formula (13.19) where ®(z) is an arbitrary function 


belonging to the class L,(@), q> . are represented 


analytic inside @ and belonging to L,(@), q> real if 


q<2 @® can have simple poles. Thus, the formula 
(13.9) enables us to construct solutions of the equa- 
tion (13.15) possessing prescribed beforehand simple poles. 
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Tf the formulae (13.1) and (13.12) are taken into account 
we obtain the following expressions for the resolvents 
of the adjoint equation (13.7): 


nTi(e,t, @) = ADOC, 2, @)+ BO QE @, @ 
= —G2,(0,2, G), 
ee ne (13.16) 
nl3(z,6, 4) = A(0)2,(C, 2, G4) + B(C) QC, z, G) 


= —8,2,(6, 2, G). 


Consequently, the formula (13.8) may be written in 
the form 


w'(z) = K'(®, G) = B(z) aff Tule, 6, G)O@(l)dédn+ 
G 
+ff Tie,¢,@GOQdédn, (13.17) 
G 


where @(z) isan arbitrary function analytic in G belonging 


to L,(@), q= rare This formula yields all solutions of 


the class L,(G) of the adjoint equation (13.7). 
13.3. The particular solution of the non-homogeneous 
equation 
C(w) = 2w+Aw+ Bo=F (13.18) 


according to the formula (5.7) can be constructed in 
the form w,= TF+RTF. This formula can easily be 
transformed to the form 


m= 2 | J Qie,t, Qe eatan— 
1 = 
Bar JJ 22,6, G4)F(l)dEdn. (13.19) 


The particular solution of the adjoint non-homogeneous. 
equation 


C’(w') = 0,0’ — Aw'— Bw’ = F' (13.20) 
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has the form 
, i : 
a al Q)\F'(t)dédn+ 
ee 
oJ} J OME 2, OF (t)dédy. (13.21) 


The formulae and relations presented in this section . 
were established in the author’s paper [14a]. 


§14. Representation of generalized analytic functions by means 
of generalized integrals of the Cauchy type 


14.1. If J’ is a union of rectifiable Jordan curves and 
p(t) is a function summable on I, then the integral 


w(2) = 5 | Ale, tpltdt—Ql2, pd, (14.1) 
I 


where 92, and 92, are normal kernels of the class 
Wy.(A, B, H), will be called the generalized integral of 
the Cauchy type. It constitutes a solution of the equa- 
tion (13.15) regular outside T, and w= O(|z|~*) near 
infinity. These assertions can easily be verified by means 
of the relations (8.14) and (8.15). 

Let J’ contain an are y of the class Ct. If Gey and 
pe C.yv),0<a<1, then the following formulae hold: 


5 (0) 0(C) 
(14.2) 


w-(¢) = —F (0) + (0), Cey, 
where 
C= sag | 1 C, t)p(t)dt—Q,(C, thp(t)d?, (14.3) 


the first integral in the right-hand side of the last relation 
being understood as the Cauchy principal value, and 
the second integral converging in the ordinary sense. 
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It has already been indicated above that if A = B= 0 
then Q, = (¢—2z)~*, 2, = 0 and we obtain the well known 
formulae for the integral of the Cauchy type 


w(t) = + 5 ar ee 
(14-4) 

a 

wn (0) = — 5 (0) + 3a | me. 


The formulae (14.2) can be obtained by means of the 
last relations if the relations (8.16) be taken into account. 

14.2. If » represents the limiting value of a function w (z) 
continuous in G+J' and satisfying inside G the equation 
C(w) =0,w+Aw+Bo=0, then in view of (10.6) we 
have the relation 


sai | Q,(2, thp(t)dt—Q,(z, t)p (t)dt = 0, (14.5) 


which is satisfied for any point ¢ lying outside G+. 
In view of (14.2) this relation is equivalent to the following 
one (I'« €") 


PO-X [ Ql, Nplyat—Q0, Nod =0, Se. (146) 
r 

If m assumes the limiting values of a function w(z) con- 

tinuous outside G and satisfying outside G+J' the equa- 

tion C(w) = 0, and if it vanishes at ¢ = oo, then we have 

the relation (14.5) valid for any point ¢ lying inside G. 

In this case it is equivalent to the relation 


+=; | AC, Nea -Ole, NpHa=0, FeP. (14.7) 


It can easily be proved that the above conditions are 
also sufficient. For instance, if y « C.(I'),0<a< 1, and 
it satisfies the relation (14.5) or (14.6), then at every 
boundary point » assumes a value equal to the limiting 
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value of the generalized integral of the Cauchy type (14.1) 
from the inside of the domain G. Consequently, the 
fulfilling of the relation (14.5) or the equivalent relation 
(14.6) is a necessary and sufficient condition for p(t) to 
assume limiting values of a function of the class 
Wy.(A,B, G), p > 2, continuous in G+T. 

Analogously, the fulfilment of the relation (14.7) on 
the contour I° or the relation (14.5) for points belonging 
to G is a necessary and sufficient condition for p(t) 
to assume limiting values of a function of the class 
UW(A, B, G’), p > 2, continuous in G'+TI and vanishing 
at infinity, G’ being the supplement of G+TI to the entire 
plane. 

Similar statements may be made for the adjoint equa- 
tion €’(w’) = 0. In this case the conditions (14.6) and (14.7) 
have the form 


+= { Q(t, Nota Ot, Hed =0, (14.8) 
r 


p()—= | Olt, eae, HoH =0. (14.9) 
r 


We have made use here of the relations (13.1). 


14.3. THEOREM 3.24. Let A, BelIpAH), GeO. If 
g(t)e CL), O< a<1, then the generalized Cauchy type 


integral (14.1) belongs to C;(@G) where B = min(a, ? =| ; 


PROOF. The relation (14.1) can be written in the form 
w(2) = O(2) +f f Tile, 0) (0) deat 
G 


+J i T(z, 6)@(2)d&dn, (14.10) 


where 


1 (cae 
2at J C—2 


@(z) = (14.11) 
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Consequently, w satisfies the integral equation w = — 
—Tg(Aw + Bw) +@(z) and since in view of Theorem 1.10 
eC (G+), w is continuous in G+J. Hence Te(Aw+ 


+ Bu) 0,(E), v=" = and, evidently, we 0,(@G+F) 


where $f = min(a,v). This completes the proof. 

14.4. Integral representations of generalized analytic 
functions including the generalized Cauchy type integrals, 
have many applications. In particular they are used in 
the investigation of boundary value problems. These 
representations can be obtained from the formula (13.6) 
using for this purpose various integral representations of 
holomorphic functions, [14g], [60a]. Consequently, the 
forms of the representations may be varied in a wide 
range in an effort to adapt them to the concrete con- 
ditions of the problem under investigation. As an example 
we shall consider a form of the integral representation of 
generalized analytic functions suitable for the investigation 
of the boundary value problem which will be dealt with 
in the following chapter ([14a]). 

THEOREM 3.25. Let Ge 03, O<a<1. If the function 
w(2)<«Up(G),p > 2, and it is continuous in G, then 
a continuous real function u(t) of the point t of the contour I’ 
and real constant ¢ can be found, such that 


w(2) =f w(t) M(e,t)ds+ow(z), 2G, (14.12) 


where 


Me, t) ="aye,t, oye, t,@), (14.13) 


me 
w,(z) = K(4, @). 


Moreover, if G is a simply-connected domain then there 
exist a one-to-one correspondence between w(z) and the pair 
(u(t), ¢); if @ is an (m+1)-connected domain, then the 
constant c is uniquely expressed by w and the real function 
E(t) 1s determined to within an additive factor of the form 
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Cy fy +... + Ompm Where Cy, ...,Cm are arbitrary constants and 
[15 +++) lm are functions defined by the relations 


1, if tel; (gj =1,..., m) 


walt) =) 9° if tel,, KAJ (b=0,1,...,m), er) 
where I,,...,L£m are “interior” boundary contours of the 
domain G and Iy is the “exterior” contour (the positive 
direction is so chosen that the domain lies on the left- 
hand side). 

If w is continuous in the Holder sense in G+, then pu 


also satisfies the Holder condition on I’, and conversely. 


PROOF. The theorem is known for the class of holo- 
morphic functions ([14g], [60a], Ch. ITI, 2). In this case 
the formula (14.12) assumes the form 


_ 1 f ultjdt 
nid t—z 
- 


P(z) +ie. 

Substituting this expression into the right-hand side of 
the formula (13.6) we arrive at the formula (14.12). If, 
moreover, we take into account the fact that ® is related 
to w by the formula (13.14) in a unique way, then we 
obtain the full proof of the theorem. 


§15. Complete systems of generalized analytic functions. 
Generalized power series 


15.1. Let there be given a system of particular solu- 
tions wn (n = 1, 2,...) of the equation 


é;w+Aw+Bw=0, (A, BeLy,(E£)). (15.1) 


The above system will be said to be a complete system 
of solutions with respect to the domain G@ if every solu- 
tion w of this equation regular in G can be uniformly 
approximated inside G by means of linear expressions 
of the form c,w, +... + nwa with real coefficients. Complete 
systems of solutions can be constructed for example by 
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means of the formula (13.6). It can be proved that this 
formula associates with every system of analytic funce- 
tions ®, complete with respect to the domain G@ and 
continuous in G+J’, a complete system of solutions 
Wn = “K(®n, G) of the equation (15.1). Let us for instance 
consider the following system of rational functions in the 
variable 2: 


(15.2) 
(GS Asiiy Ie Lary de Dats), 


where 2, %,..-,%m are fixed points. It is known, [87], 
that this system is complete (in the class of holomorphic 
functions) with respect to an arbitrary domain G which 
is bounded by simple Jordan curves J4,/,,..., I'm, 
I) containing the curves [\,..., 7m, and the points 2; being 
situated inside I’; (j =1,...,m). The formula (13.6) 
associates with the system of functions (15.2) the following 
system of particular solutions of the equation (15.1), 
which is complete with respect to G: 


Won (2%, 2) = “K ((2—z9)", G) ’ 
Wenza(Z, %) = “K (i(2—2e)", G)(n = 0,1, ae ’ 


a 122, &jy ) Ei a” '2,(2, 5, @) 


W —on41(2, 23) = A t- eae (15.38) 
02; O02; 
gn rn—1 
Won (2, 2;) = Pea 9242, 23, G) Luge: 22,(2, &;, G) 
—2n 9 } @ n—-1 n—n~t : 
ay O24 


(n =1,2,..). 


We have taken into account here that for z « G the kernels 

Q(z,6,G) and 2,(z,¢, G) are holomorphic with respect 
to ¢ outside G+J. 

It is readily seen that wna(z, 2%) is a generalized poly- 
n 


nomial of degree | and w_,(Z, 2;) 1s a generalized rational 


n+ 


2 


function its only pole z; being of the order F this 
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function vanishes at infinity. We shall see later on that 
Wn(Z, 2%) constitute the coefficients of the expansion of 
the functions 2,(z,¢, G) with respect to ¢ in the vicinity 
of infinity. 

In fact, if ee G and ¢ lies outside G+TJ, then in view 
of the Cauchy formula 


Q(z, £, @) = — Sal Aerts Day | 
(15.4) 
1 ee G) 
2,(2, 0, G) = Dah cae ee 


Expanding now the isha sides of the last relations 
for sufficiently large ¢ with respect to the negative powers 


of (f—z) and (€—%Z) we obtain according to the for- 
mula (13.6) 


Q(z, 0, @) 


a2) heats, &o) — tWox41 (2 Zo) ](E— 2%) ~*-? , 


| 
ae | 5.5) 
Q(z, f, G) | oo 


=1Y pwn (2, 2p) + tWon+1(%, 2o)] (€—2)-#-1 . 
k=O 
Suppose now that G is the circle je—%|< 9; I the 
above series are uniformly convergent with respect to 2 
and ¢ inside and outside the circle. 
If the conditions |[z—2| > e and |f—29| < @ are satisfied 
we have the expansions 


Q,(2,¢, G) 


— 5 > Lokal, 20)—seoheas Cs ea) (@—2)-* 
k=0 
Q(z, 0, G) 


= — 5 >) BE, me) — tole Ey ee 20) 


k=0 


(15.6) 
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where w,(z, 2) are generalized polynomials of the degree 5 | 


satisfying the adjoint equation 
Ow' — Aw’ — Bw’ = 0: (15.7) 
Wan(%, 2%) = KX’ [(z—2o)*, G], 


Woes 1(2y %) = K'Li(z— eq)’, G]. (15.8) 


The expansions (15.6) are obtained from the formulae 


Ofe,ceyeo 2 (EMD De Geta), Bo) 


Qt t—z 
r 


which hold if ¢eG and z lies outside G+J". 


15.2. By means of the system of generalized rational 
functions wWn(z, 2%) (n= 0, +1, +2,...) it is possible to 
obtain expansions of arbitrary solutions of the equa- 
tion (15.1), which constitute generalizations of the Taylor 
and Laurent series for analytic functions [14a], [5a]. 

Let G@ be the circle jg—z,| < g and I’ the circumference 
lg—2 |=. In this case the corresponding generalized 
polynomials wna(z,2) will be denoted by wna(z, 2, 0). 
If w(z) satisfies inside G the equation (15.1) and if it is 
continuous in G+J, then it is representable by the 
formula 


w(2) = X(w, @) 
a i Q(z, 0, @)w(L)al—Olz,£, @yw(OdE (15.10) 


or 
w(z) = K(®, G@) 
1 ee 
7 tai | Sle £, @)D(t)dt—Ole,¢, @\OOae, (18.11) 
where 
_ (wld 
P(z) = waa | Fae (15.12) 


15 
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Expanding the right-hand side of the last relation into 
the series with respect to the powers of (z¢—2,)" we obtain 
D(2) = (Cont ican ss) (@— 20) , (15.13) 
k=0 
where c, are real constants which are to be determined 
from the relations 


, 1 ( w(¢) 
eur fees = wer® (k= 01,0). (15.14) 


Let us now consider the following system of solutions 
of the equation (15.1): 


n 
tn(2) = Y/ cxtoele, %, @) = K(Pu, @), — (15.15) 
k=O 
where 


D,(%) = BS (Con + 12x41) (2 — 20)* « 


Since w(z)— wn(z) = K(@—@D,, 4) = K(w—@Dy, G) we have 
the inequality 


|w (2) — Wn(2) | 


1 . 
= ia | (ee, G)| + |Q.(z, €, @)|) [o(S) — Gn(E) [ds . 


If z belongs to a closed subset G’ of the circle G we have 
|w (2) — tn(z) | < M(G’)L,(w— Pn, D). (15.16) 


Since on the circumference I the series (15.13) is by (15.14) 
the Fourier series of a continuous function w(¢), the 
series is convergent to won J’ in the metric of an arbitrary 
L,(I),p >1. Hence L,(w—®,, )>0 when n->oo. Con- 
sequently, (15.16) implies that the sequence wnp(z) is 
uniformly convergent to w(z) inside G. Thus, it has been 
proved that w(z) can be expanded into the series 


w(z) = D/ cone, #0) 0) » (15.17) 


k=0 
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which is uniformly convergent inside the circle G. The 
coefficients of this series are given by the formulae (15.14) 
which are identical with the well known integral formulae 
for the coefficients of the Taylor series of an analytic 
function. Therefore, the series (15.17) will be called the 
generalized Taylor series. 

Let now G be the ring 0 < @ < |jz—2 | < @, bounded by 
the circles |z—z)|= @, and |z—2%|= e, which will be 
denoted by J, and J. The generalized rational functions 
Wnl2, 2%) (v= 0, -E1, ...) corresponding to this domain will 
be denoted by wn(Z, 2, 95 01): 

If w(z) satisfies inside G the equation (15.1) and it is 
continuous in G then it can be expanded into the following 
series: 


+00 


w(2) = >? extel2, 204 Gos Os) » (15.18) 


where ¢, are real constants which are to be calculated 
by the formulae 


‘ 1 w(c)de . 
Con + en. = ase | Gis (kK =0,1,...),; 
27 C 


; (15.19) 
toe +ieees = gaz f witythde (k= —1,-2,...). 
BarCs 
The series (15.18) converges uniformly inside the ring 
0 < a < le—%|<@. This assertion can be proved by 
almost literally repeating the reasoning concerning the 
series (15.17). 
15.3. With every power series of the form 
£00 
Dy (Con + iat) (2— 2y)* (15.20) 
we can associate the series 
+00 


By CyWx(2) Zyy Oo, 01) » (15.21) 


—O 
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where 0<@< |e—%|< @, is the ring of convergence 
of the series (15.20). This series will be called the gene- 
ralized power series of the first kind. Such series have 
the following important property: 


THEOREM 3.26. The series (15.21) is uniformly con- 
vergent inside the domain (circle, ring) of convergence of 
the power series (15.20). 


PROOF. We shall restrict ourselves to the proof of 
the theorem for the case in which (15.20) contains only 
positive powers of z—2,. The extension to the general 
case offers no essential difficulties. 

Let |z—2%|< be the circle of convergence of the 
power series 


oo 
DH (Cox + Wops1) (2 a Ro)* . (15.22) 


0 


We have to prove the uniform convergence of the gener- 
alized power series of the form 


co 


D, cxtoel2s 05 @) 5 (15.23) 


0 


in any circle |z—z|< e’ < @. 
Let A, and B, be functions jie with A and B 


inside the circle Gra—|ze—2%|< e—and vanishing 


ma nm+1 
outside this circle. Let G’ be a closed set of points of the 
circle |jz—z2,.|< 9. Then an integer n) can be found such 
that for n> n, the set G’ belongs to all circles Gn. Let G’’ 
be a closed set which does not intersect G’. In this case, 
according to Corollary 2 of Theorem 3.23, the sequences 
of kernels Qjn(z, 6, G) = 2;(2,¢, Gn) of the equation d40 + 
+Anw+Bnw=0 converge uniformly to the kernels 
Q,z2,6,G@) of the equation é~o+Anw+ Baw =0 with 
respect to the both arguments z and ¢, ifzeG@’ and 6¢«G”. 
Since for z« @’ the functions Q,n(z,¢, G) and 2,,(2, ¢, G) 
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are holomorphic with respect to the argument ¢ outside G 
we have: 


Walt) = 5s J Qi(2, 6, A) Pnglt)Al— Qua, C, 4) Galak 


=lim Ja (2, £, Gm) Dy 9(C) ae— (15.24) 


Q2, 6, Gm) Pnp(6) Aa , 
: m 
where I'm is the circle [z—z)| = mii? 
n+D 
Wn,p(2) = >» CEW H(z, Zo) » 


[*3?] 
Dy p(2) = > (Cox + 2x41) (2— %p)* . 


k=n 


According to the principle of the maximum modulus 
(p. 152) there exist a positive constant M and a point z on 
the circumference J’, such that 


Max|10»,9(2)| < M|wnp(@)| - (15.25) 


Since in view of (15.24) 
ln,p(2 )| 


1 —— x * , 
<q, lim | (QE 5 £, m)| + IO 55, Fm)|)|Pnap(C)|as , 


an integer m,> % can be found such that because of 
(15.25) we have the inequality 


Max|Wn,p(2)| 
zeQ’ 


< a (|Qiing(2 5 ¢)| a | Qomo(Z 6)|) Pnw(S)| as , 


* Dae 
I'm, 


Since the series (15.22) converges uniformly inside the 
circle |z—2)| << 9, ®n,(¢)->0 uniformly on I'm,. Hence, 
Wn (2%) +9 uniformly in G’, thus completing the proof. 
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15.4. Series of generalized analytic functions analo- 
gous to the Laurent and Taylor series can be also obtained. 
in the following way. 

Let Wen(%, 29) ANd Wen41(2, %) be generalized polynomials 
of the class Wp.(A,B, EH), p > 2, corresponding to the 
normal analytic divisors (z— 2%)" and 1(z— 2%)" (§7): 


Wan(%, %) = Reo((2 — 20)") ’ 


15.26 
Wans1(2 %) = Rey (iz — 20)") . 


These functions are determined uniquely and they satisfy 
the following inequalities (§4.6): 

e202) < [nl 20)| < eMoe) , (15.27) 

|e — |" 

In view of the inequality (6.15) of Ch. I and the formula 
(7.3) we have for 2, the estimate 
p-2 
Pp 


0 <2,(z) < MpLp(|A| + |Bl)|2—29| (15.28) 


The functions @n(z, 2%) will be called the generalized 
power functions of the class Up.(A, B, KH), p > 2. 
Let us now associate with the power series 


+00 
(Con teon41) (@— 20)” (15.29) 
Q=—-0O 
the series 
+00 
Dy eniBnl2 , %) 5 (15.30) 


n=—CO 


which will be called the generalized power series of the 
second kind. 

With the help of the inequalities (15.27) it is easy to 
prove 

THEOREM 3.27. (Generalized Abel theorem). The series 
(15.29) and (15.30) have identical domains (ring, circle) of 
convergence and divergence, and inside the domain of con- 
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vergence they converge absolutely and uniformly. In particu- 
lar, if the series 


D> enion(2, 29) (15.31) 
n=0 


is convergent at a point 2’ 4%, then it is convergent ab- 
solutely and uniformly inside the circle |ze—Z| < |2’—%l. 
If the series (15.31) is divergent at the point 2’ 4 2, then 
it is divergent for |z—2z| > |z’— 29. 

Since, according to Theorem 3.10, in the domain of 
convergence of the series (15.31) its sum is a function 
of the class UM%.(A,B,G@),p> 2, this series may be 
regarded as a (linear) operator associating with every 
function analytic in this domain (or, which is equivalent, 
with the corresponding power series) a function of the 
class U,.2(A, B, G), p> 2. 

Let w(z) be the sum of the series (15.31). Then the 
coefficients of this series are calculated by the following 
recursive formulae: 

Cotte, = W(2p) , 
n—-1 


Ww (2) — =, Cop Won Z y 2) a Cons 1Weorsr(2, Zo) 
i 


Con + Von41 = lim 
Zap (2 aoa Ro)” 


(3959780 ..5. (15.32) 


Obviously, it is possible to prove the following assertion. 
Let w(z) be a function of the class Up2(A, B, G), p > 2, 
where G is the circle jz—2| < R. Let cn be real constants 
calculated by means of the recursive formulae (15.32). Then 
we have the following expansion: 
w(2) =» entbalz, 20) ; (15.33) 
n=0 
which is uniformly and absolutely convergent inside the 
cirele |zg—2| < R. ' 
Expanding Wn(z, 2%) into the generalized Taylor series 
of the form (15.17) and, consequently, calculating the 
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coefficients of expansion by means of the formulae (15.14) 
we obtain 

WnlZy %) = AngWo(%y %) +... + Ant,Wi, (2, %), (15.34) 


where ay; are real constants, In = n+1 for even n and 
L, = n for odd n. It follows that 


Wale, 26) = K[Py—ale—%), BI, (15.35) 
where : 
stn) 
Pry—i(2) = 2 (dn2¢+imarsi@®. (15.36) 
2 es 


In conclusion we observe that the theory of generalized 
power series has been constructed in a somewhat dif- 
ferent way in the papers of Bers and Agmon, [6], and 
Bers, [5a, ¢]. 


§16. Integral equations for the real part of a generalized 
analytic function 


The construction of the general solution of the equation 
E(w) =0w+Aw+Bo =F (16.1) 

can also be carried out by means of an integral equation 
with a real kernel which contains only either the real or 


the imaginary part of the unknown function w = u-+iv. 
Writing the equation (16.1) in the form 


ew +(A—B)w+2Bu = F (16.2) 


and introducing the function 


1p A(t)— Blt) 
w(2) = — = J { wa aban + Bz), (16.3) 


where ® is an arbitrary function analytic in G and 
continuous in G+J/', the relation (16.2) can be put in 
the form 


5 [ent] +2Ber%y = F(z) er , 
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Hence we have 
we 2 { [ B(s)er@u(?) 
w(z) er) = db dy + Bola), (16.4) 


where 


Fe Oe = ee ds (16.5) 


Here @ is an arbitrary function analytic with respect to z, 
which is related to w by the formula 


1 w(t) ere) 


OG) = Ce rr 


dt . (16.6) 


Multiplying both sides of the relation (16.4) by e-°@ and 
separating the real and imaginary parts we have 


wey Z J J wceyme em enter =F)» (167 


C—2) er) 


oF) J went mae — Edy =g(e), (16.8) 


where 


(5) 
f(z) = Re[e-#@(z)]— Re |= J { mite er agan) (16.9) 


2) = Im[e-#@ (z)]— Tm * i { soe “} dean] (16.10) 


Thus, we have obtained for the real part u(z) of the 
function w(z) a real integral equation of the Fredholm 
type (16.7). We shall show that this equation is soluble 
for an arbitrary continuous right-hand side. To this end 
we have to prove that the corresponding homogeneous 
equation 


u(z)— J i, Re |e = | (2)dédn = 0 
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has no non-trivial solution. This equation may be ‘put 
in the form 

u(z) = Ref{e-°@w,(z)} , 
where 


9 Bt) er 
w,(z) = at uC) ee - dEdy . (16.11) 


It is readily observed that w, satisfies the equation 
0-0, -+- Bw, + Beo-°B, = 0. 


On the other hand the relation (16.11) indicates that w, 
can be continuously continued to the entire plane, it is 
holomorphic outside G+J' and vanishes at infinity. Ac- 
cording to the generalized Liouville Theorem 3.11 w, = 0 
i.e. u = 0 which was to be proved. 

Having found from the equation (16.7) the real part « 
of the function w(z) we can find its imaginary part v by 
making use of the formula (16.8) 

We note that the kernel of the equation (16.7) contains 
one arbitrary holomorphic function ©®,(z) the choice of 
which is entirely up to us. By a suitable choice of ® we 
can satisfy additional special conditions for the func- 
tion o(z). 


§17. Properties of solutions of elliptic systems of equations 
of the general form 


Many properties of the solutions of the equation 
d-w+Aw + Bw =F can be extended to the solutions of 
elliptic systems of partial differential equations of the 
first order not reduced to the canonical form. This, 
obviously, can be carried out by the reduction of the 
system to the canonical form; such a way, however, has 
a disadvantage, namely that certain restrictions must be 
imposed on the coefficients of the system, which are some- 
what stronger than is really necessary. Generalizations in 
this respect have been obtained independently in the 
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papers of Bojarski [11d] and Bers and Nirenberg [7a]. 
Further we shall state the basic results following in 
principle the paper of Bojarski, [11d] (§§ 2, 3, 4, 6). 


17.1. The system of equations will be written in the 
form (Ch. TT, §7.1) 


— Vy + Ay Ua + Bygtty + att + bov = fF, 


(17.1) 
Vg + Ag Ua + Aggy + Cot +dyv = 9. 


We shall assume that the coefficients a,, are bounded 
measurable functions on the plane EF, satisfying the follow- 
ing conditions of ellipticity of the system: 


1 
M4, >0, A = Aydo— q (Maa + a)? >A,>0 on BF), (17.2) 


Ay = const. 


If a, are given in a bounded domain in which the 
conditions (17.2) are satisfied it is sufficient to continue 
them outside G according to the rule ay = de. = 1, a. = 
= dM, = 0. With respect to the other coefficients and the 
free terms it will be assumed that they belong to L,.(F), 
p> 2. 

Introducing the complex function w = «+ iv the system 
(17.1) can be written in the following form: 


(p +1)00 + (p—1) 8% + q (2,00 + 8-0) + 
+Aw+Bo=F, (17.3) 
where 


yy + Aap — 4 (Ay, — Gy) ~ Ay Ag + 4 (Ayg + Ap) 
9 Te ? q ° 9 eee TD ets 


p= 


Taking into account the equation complex conjugate to 
(17.3) and eliminating from these equations 8,0 we arrive 
at the equation 


Oz — 9,(2) 0,0 — 9,(z)00+Aw+Bo=F, (17.4) 
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where 


__ 44 _ fae@++5)(—p) oe 
(qe—|1+pP qo , (17.5) 


qh ~ ov 
[1+ pP— lg? 
A simple calculation shows that 


Nw ~N 1 
[1+ pP—|g?=14+4 ay + Aaa + F(a, Ma)? 21+A, 


lai(2)| + | @2(2)| 


_ VG Fan 25+ AERA any 
1 + dy + Gee + 6 ; , 


where 


1 
§= A+ q (ta G2)” . 


Taking into account the condition 4 > A) > 0 (on #) the 
relation (17.6) implies at once that 


1qx(2)| + |ga(2)| <Q <1 (q = const). — (17.7) 


Thus, we shall further deal with the complex equation 
(17.4) which, in view of (17.7), is entirely equivalent to 
the original system of equations (17.1). The coefficients q, 
and q, are measurable functions on LH satisfying the 
condition (17.7) and A,B, ¥F are functions belonging to 
the class Ly.(H), p > 2. 

The solution of the equation (17.4) will be sought for 
in a class D,,,(@), p > 2, without stating this assumption 
every time.* 

In the conformal mapping of the domain—z = »(f)— 
the equation (17.4) is transformed into the equation 


OW — G1 +0, — Gord +A,w+ B,w = Fy, ; (17.8) 
* It can be proved that if the solution w(z) of the equation (17.4). 


belongs to D,,,, 2—e < p’, we have always for a sufficiently small « 
w(z) e D,,(@) for a certain p > 2. 
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where 


78 
fie = hi rey? qe G25 


A, = Ag’, B, = Bg’, F, = Fo’. 


Thus the condition (17.7) is satisfied for the new equa- 
tion as well, the constant g, being the same. In particular, 
this enables us to reduce the investigation of the be- 
haviour of the solution of the equation (17.4) near the 
point z = co to the investigation of the behaviour of the 
solution of the equation (17.8) in the vicinity of the point 
€=0. To this end it is sufficient to take for g(¢) the 
function = 


C 


17.2. We shall now investigate the properties of solu- 
tions of the homogeneous equation of the form 


dw—gq(2)0w+Aw+Bo=0, |g(z)|<%<1. (17.9) 


Together with the solutions of the equation (17.9) we 
shall consider the solutions of the corresponding Bel- 
trami’s equation which in this paragraph will be denoted 
by the letter f: 

a-f—q(z)a,f=0. (17.10) 


These equations will be considered in a bounded domain G. 
We shall prove the following theorem which is a generali- 
zations of the basic lemma (§4.1). 

THEOREM 3.28. Let w = w(z) be a solution (which may 
possess isolated singular points) of the equation (17.9) in 
a domain G. Then w(z) is representable in the form 


w (2) = flz)eT = f(z)er , (17.11) 


where f(z) is a@ solution of the equation (17.10), we Ly(G), 
p> 2, 


_ _ it w(¢) : 
g(2) = Te = — ad) ean 
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the function y(z)e C(E#), a= P ao is holomorphic out- 


side G and vanishes at infinity. 
PROOF. Let w(z) be the solution under consideration. 
Assume that 


h(z) = — (4 +Bz] in G, where w 40,w #00, (17.12) 


h(z) = 0 at all other points of the plane. 
Consider the integral equation 


w-—-qllw =h, 


2 (17.13) 
=, w(¢) 

where we assume that ¢ = 0 and h = 0 outside G. Specify- 

ing p> 2 so that 


Qoa4p<1, where Ap=JD,(H) (A, =1), (17.14) 


the equation (17.13) will have the unique solution 
we L,(@) for an arbitrary he Lp(G) and, evidently, w = 0 
outside G. 

For the function f(z) = w(z)e-% we have 


[f,—4(2) fle? = w,— wlo—qo|—qu, 
= Wz—wh—qu,=90. 


Thus, f(z) is a solution of the equation (17.10); but w = 
= fer, which proves (17.11). The remaining statements 
of the theorem follow from the formulae given for 9(z). 
Under the conditions for the function y stated in the 
theorem the representation (17.11) is unique. 
Tn fact, assuming that w = f(z)er = f,(z)e7 we observe 
that the ratio e =e" is a function holomorphic 
1 
in the domain G, it is analytically continuable to the 
entire plane and equal to unity at infinity. According to 
Liouville’s theorem such a function is identically equal to 
unity. Thus, the uniqueness has been proved. 
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It should be observed that y(z) in the formula (17.11) 
depends on the solution being represented if B30. But 
if B = 0 then ¢ depends only on the coefficients q and A 
and the formula (17.11) yields the general solution of 
the equation 

0-w— Q(z)0 w+Aw = 0. (17.15) 
Then in the formula (17.11) f(z) is an arbitrary solution 
of Beltrami’s equation (17.10) which may possess ar- 
bitrary singularities (poles, essentially singular points, 
branch points, lines of discontinuity, etc). According to 
Theorem 2.15 of Ch. II, f(z) has the form 


f(z) = ®(W(z)). (17.16) 


where W(z) is a basic homeomorphism of the equation 
(17.10) and @® is an arbitrary function analytic in the 
domain W(@). 

We recall that W(z)« DiZ(£), p > 2, and, consequently, 


We C,(B), a= P=. 


In the formula (17.16), for W(z) we may also take ar- 
bitrary global homeomorphisms of the equation (17.10) 
with respect to the domain G. 

The representation (17.11) is not the only one possible. 
It is characterized by the fact that g(z) is continuable in 
a continuous way to the entire plane, is holomorphic out- 
side G and vanishes at infinity. If these properties be 
abandoned, other representations of the form (17.11) can 
be derived. For instance we may state the following 
theorem (in the particular case of G being the unit circle). 

THEOREM 3.29. Let G be the unit circle jz|< 1. Then 
every solution of the equation (17.9) in G can be represented 


in the form 
w(z) = f(z)er® , (17.17) 


vi) = To = —= | | ee | oO laa,, (17.18) 
G 


where 


we Ly(G),p>2, 
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and Rey(z)=0 for |z| = 1, f(z) being a solution of the 
equation (17.10). 

This representation is unique. 

The proof is the same as that for the preceding theorem, 
the only difference being that instead of the integral 
equation (17.13) we have to solve an equation of the form 


o—qilw =h, 


where the operator TT is defined by the formula 


rT ot) = — 2 (6) (2) Te: 
To =é,To = =, (ees oe aca. 


Continuing w(z) outside G according to the formula 


1 
— = = 1 ) 17.19 
o a (17.19) 


oe ears 
--1 pps 


Continuing by means of this integral ITw to the entire 
plane and setting g(z) = ITw we easily discover that 


we have 


g (2) = 4o(3) : (17.20) 


By virtue of the relations (17.20) and (17.19) we have 
(see §9.1) 


| | Hottoavay = a] Jo 9 (2) dady 
= an) wodxdy = JJ wodady . 


This implies that the norm of the operator iT in | Ly is 
equal to unity. Hence, fixing so p> 2 that dolip( Il) <1 
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we easily find that the equation w—ql/w =h has the 
unique solution we Z,(G@) for an arbitrary he L(G). 
17.3. The theorems proved above will in this section be 
generalized to the case of a more general equation 
dw — q,(2) 8,0 — q,(2)0,0+A0+BH=0. (17.21) 


Besides (17.21) we shall consider the equation 


650 — g,(2) 0,0 — g.(2)06 = 0. (17.22) 
If w = w(z) is its solution, then w(z) satisfies the equation 
0,w—q(z)e,w = 0, (17.23) 
where = 
q(z) = aul) + ao in G, and w,40, 
and 


q(z)=0, where w,=0 _ also outside G. 


Obviously, |q(z)| < |gx(z)| + |92(#)| < Go < 1, qo being a con- 
stant. Hence Theorem 2.15 of Ch. II, at once implies 

THEOREM 3.30. Any solution of the equation (17.22) 
is representable in the form 


w(2) = f(Wie)), (17.24) 


where f{(W) is a function analytic in W(@) and W(az) is 
a basic homeomorphism of the equation (17.23). 

For W(z) we may also take an arbitrary homeomor- 
phism of the equation (17.23) global with respect to the 
domain G. 

In an analogous way Theorem 3.28 implies 

THEOREM 3.31. Any solution of the equation (17.21) is 
representable in the form 


w(2) = f(W(z)) er , (17.25) 


where {(W) is a function analytic in W(G), W(z) is a basic 
homeomorphism of the equation (17.23) and 9(z)¢ Di»(E), 
p > 2, ts holomorphic outside G and vanishes at infinity. 


16 
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The conditions imposed on W and ¢ ensure the uni- 
queness of the representation (17.25). They may, however, 
be varied, i.e. y and W may be subjected to other condi- 
tions without affecting the uniqueness of the representa- 
tion (17.25). 

The representations (17.24) and (17.25) are also valid 
in the case of solutions possessing isolated singularities. 
Then all the singularities are transferred to the analytic 
function f(W). 

Theorem 3.30 and Theorem 3.31 differ from Theorem 
3.28 and Theorem 3.29; in fact, now the homeomorphism 
W(z) cannot be regarded as fixed, the same for all solu- 
tions. In fact, W(z2) satisfies the equation (17.23) in which 
the coefficient g(z) depends on the solution to be re- 
presented. Therefore the formula (17.25) cannot be re- 
garded as a device for constructing solutions of the 
equation (17.21). Nevertheless, the formula (17.25) is 
important for the investigation of the properties of the 
solutions of the equation (17.21). It enables us to transfer 
a number of properties of analytic functions to the solu- 
tions of equations of the form (17.21). Thus, for the 
system of equations of the form (17.21) the following 
principles and theorems are valid literally: the principle of 
the maximum modulus, the principle of the argument, 
the theorem on the unique continuous continuation, the 
theorem on the isolation of zeros, analogues of the theorems 
on removable singularities, behaviour of solutions near 
poles or essentially singular points, criteria of the uni- 
valency of a mapping, etc. 

The restriction q, = q, = A = B = 0 outside a bounded 
domain G@ is irrelevant for the validity of the foregoing 
results. It is easily observed that it is sufficient to assume 
for instance that A, BeL,o(H) and |¢,\+lq| <q <1, 
do = const., on the entire plane.. These restrictions imply 
only certain limitations on the order of the magnitude 
of A and B as zoo without requiring the identical 
vanishing of these functions. 
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In conncetion with this problem let us consider the 
following theorem which will be made use of further; 
the theorem is valid under the condition |g,|+]|g9.| < 
<A <1; % = const. on the entire plane H 


THEOREM 3.32. A solution of the equation 
do— G00 —9.070 =0, |u|+|a<a<1, (17.25a) 
bounded on the entire plane E and vanishing at one point 
Ze LE vanishes identically if its derivative wze Ly, Ly(E), 
p22,1l<p <2. 

In fact, representing the solution w(z) in the form 


w(z) = ~ ah Paper Oe) w = dw, (17.25b) 


where @(z) is an entire function, we have in view of 
Theorem 1.21 and the conditions of Theorem 3.32 G(z) = 
= const. Substituting (17.25b) into the equation (17.25a) 
we obtain w—qgllw = 0, \q]<q<1. Hence w=0 ie. 
w = const. = 0. 

REMARK. Theorem 3.30 and Theorem 3.31 hold also for 
the solutions of the inequalities 


[ws < lqi|: | wel , A S%< 1 ’ 
|ws—qiw,—q:i,| << Alw|, AeLyp, p>2, (17.26) 
la|+|a2]<%<1. 


17.4, Presently, we shall indicate a method of construc- 
tion of solutions of the equation (17.4). Seeking the so- 
lutions in a bounded domain G@ we assume that the coef- 
ficients and the free term of the equation vanish out- 
side G. In other words, outside G, the Cauchy—Riemann 
equation holds, i.e. do = 0. We have 

THEOREM 3.33. Under the indicated conditions the equa- 
tion (17.4) has always a solution w = w(z) continuabdle 
analytically outside G, such that 


w(z)~@(z) for %>00, 
where D(z) 18 an arbitrary given beforehand entire function. 


16* 
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This solution is unique. 


PROOF. The solutions of the equation (17.5) satisfying 
the conditions of the theorem will be sought for in the 
form 


w(z) = 0()-= | [Pasay = G(2)-+To , (17.27) 
# 


We assume that w= 0 outside G. Substituting (17.27) 
into (17.5) we obtain the equation for w: 


o—q,llo—9q,Jlo+ATo+Blo =F,, (17.28) 
where 
F, = A®+BO+F44,0'+4,6', 2G, (17.282) 


and F, = 0 if z lies outside G. 

We may apply Fredholm’s theory to the equation 
(17.28). In fact, denoting by & the operator inverse to 
the operator I—q,/7—4,/T which exists in a Ly(E), p > 2, 
we observe that the equation (17.28) is equivalent to 
the equation wo = ~RATowo—RBTo+ RF, = Rio + RF,. 
Since T is completely continuous R, is also completely 
continuous. Therefore the Fredholm theorems may be 
applied to the equation (17.28). Let us consider the homo- 
geneous equation 


o—gqJlo—q.lw+ATo+BTwo=0. (17.29) 
Let weLy, p >2, be a solution of this equation. Then 


in(2) = Toe O0)) 0 = a, is a solution of the homo- 


geneous equation (17.28), it is holomorphic outside G 
and vanishes at infinity. By virtue of (17.25) w,(z) = 
= D,(W(z))e where W(z) is a basic homeomorphism 
of the equation (17.23), ® is a function holomorphic in 
the domain W(@); 9(z)« Di,(L), p > 2, is holomorphic 
outside Gand vanishes at infinity. Changing the variable z 
on the variable W and taking into account that W(z) is 
holomorphic outside G with respect to z, we observe that 
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®,(W) is analytically continuable to the entire plane 
and ®,W) = 0 for W = oo. Thus, D(W) = 0 ie. w,(z) = 0 
whence w(z) = 00, = 0. 

Thus, we have proved that the homogeneous equation 
(17.29) has only a trivial solution. We infer, therefore, 
that the non-homogeneous equation (17.28) has always 
the unique solution w. Then the formula (17.27) yields 
the required solution of the equation (17.4). The uni- 
queness follows from the fact that according to Theorem 
1.16 every solution satisfying the conditions of Theorem 
3.33 is representable in the form (17.27). If ®(z) is not 
an entire function but satisfies the condition ®'(z) e Ly(G@), 
p> 2, then the above method yields also solutions of 
the equation (17.5); these solutions, however, in general 
are not analytically continuable to the entire plane. It 
is readily seen that the equations (17.28) can be solved by 
the method of successive approximations, according to 
the scheme 


Ongi— engi — dellong, = —AT@n—BTon+F,. (17.30) 


Thus, the integral equation (17.28) makes possible the 
construction of all solutions of the equation (17.4) belong- 
ing to the class D,», p >2—e (where ¢ is a sufficiently 
small positive number). Hence, an arbitrary function 
@(z) analytic in G and belonging to the class D,,,(@), 
p >2—e, is associated with a definite solution of the 
equation (17.4); evidently, in this way we can obtain 
all solutions of the class Di, in the domain @ under 
consideration. It should, however, be borne in mind 
that the above is not the only method of constructing 
solutions of the equation (17.4). Varying the form of 
the representation of the solution (17.27) we can obtain 
various integral equations which make it possible to 
construct solutions satisfying some prescribed conditions. 


17.5. We shall consider, for instance, a method of 
construction of solutions acquiring at given points 2,, ..., 2n 
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some prescribed values. Let us introduce, similarly to 
§5.4, the polynomial of the (n —1)-th degree with respect 
to 2: 


Pl, 05 ey vey Mn) 


=) (@— 24) ...(2— 24-1) (2—Apeq1)e(2—2n) I 
( 


ye — 2) oe (Se — Sy—1) (Se— Sep) 0 (Ve— Sn) O— A 


and let us seek the solution of the equation (17.4) in 
the form 


me ae eee 


ie Ae P (2,03 Sy, vy @n)dédyn, (17.31) 


where @ is a function analytic with respect to z in G; 
we assume that we L,(G), p> 2, and w» =0 outside G. 
We recall that, according to the assumption made above, 
the coefficients and the free term of the equation (17.4) 
also vanish outside G. It is readily observed that the 
functions w(z) and @(z) have the same values at the 
points z;. Inserting the expression (17.31) into the equa- 
tion (17.4) we obtain for w the integral equation 


o—qllo—gqllo+Tyw =F, , (17.32) 


where T, is a completely continuous operator which can 
easily be written explicitly. Let us note the important fact 
that for any function w « Z,(G@), p > 2, = 0 outside G, 


Tw e OC, (#), a= 


is of the order (n—1) near infinity. The right-hand side F, 
has the form (17.28a) and vanishes identically outside G. 
By a reasoning similar to that used above for the proof 
of solubility of the equation (17.28) we can establish that 
the equation (17.32) has a solution for an arbitrary right- 
hand side Fie Ly, p>2,F,=0 outside G. In fact, 


= it is holomorphic outside @ and 
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considering the solution w) of the corresponding homo- 
geneous equation (® = F = 0) and making use as before 
of the formula (17.25), w) = ®,(W(z))e, we discover 
that ®, is analytically continuable to the entire plane and 
at infinity has a pole of the order (n—1). Therefore ®, 
is a@ polynomial of the (n—1)-th degree. Since ®, and wy, 
vanish at the points 2,,...,2n., obviously ® =0. This 
completes the proof of our assertion. 

Consequently, besides (17.28) we may also make use 
of the integral equation (17.32) for the construction of 
solutions of the equation (17.4). The latter integral equa- 
tion makes it possible to construct solutions assuming 
prescribed values at fixed points; this is a great advantage 
over the equation (17.28). In order to construct such 
a solution it suffices to take in the formula (17.31) for ®(z) 
an analytic function assuming at the points z, the values 
equal to those of the required solution. In particular, 
by applying this procedure we can construct solutions 
having prescribed zeros. 

We now note a corollary following from this result. 

Every solution w(z) of the equation (17.5) can be 
represented as the sum 


(%) = Wo(z) + W,(2) ; (17.33) 


where w, is a solution assuming at the fixed points z,, ..., Zn 
the values of the function w(z), i.e. wo(z~) = w(e) (k= 
=1,..,n), and w, is a solution vanishing at these 
points. 

In fact, taking w(z) in the form (17.31) the analytic 
function ® can be represented as a sum of two analytic 
functions 

D(z) = Dz) + ,(z) , (17.34) 


where ®,(z,) = w(z,) and ®,(z,) = 0 (k = 1,..., n). Since @ 
constitutes an additive term in the right-hand side of the 
integral equation (17.32) its solution has the form w = 
= Wot Wy. 
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Inserting this result into the right-hand side of (17.31) 
we obtain the representation of w in the form of the 
sum (17.33). 


17.6. There are some other theorems for the equation 
(17.4), enabling us to construct solutions with specified 
properties. We state without proof the following theorem 
similar to Theorem 3.31. 


THEOREM 3.34. Let G be the unit circle {|< 1 and 
@(C),C eG, an arbitrary function analytic in G, which may 
possess arbitrary isolated singularities inside and on the 
boundary of G. Then there exist two functions W,(z) and (z) 
of the class D,y(@), p > 2, continuous in the Holder sense 
in the closed circle, such that the formula 


w(z) = ©(W,(z)) er 


yields a solution of the equation (17.21). The function 
= W,(z) establishes a homeomorphic mapping of the 
circle G onto itself; this mapping may be normalized by 
specifying three points of the boundary of G and their images, 
or one interior point and one boundary point and their 
images. It is required that p be analytically continuable 
to the entire plane as a continuous, holomorphic outside G 
and vanishing at infinity function of the variable z. If 
A=B=0 the function is chosen as the identical zero. 

All statements of Theorem 3.34 remain valid if instead 
of the restrictions imposed upon gy it is required that 
Rep = 0, y(1) = 0 on the boundary of the unit circle G. 
In Theorem 3.34 the circle may be replaced by an arbitrary 
simply-connected domain; in particular the domain may 
coincide with the entire plane of the variable z. 

The proof of Theorem 3.34 is given in the paper of 
Bojarski [11d]. It is based on the Schauder principle 
of the fixed point. 

Theorem 3.34 makes possible the construction of so- 
lutions of the equation (17.21) in simply-connected do- 
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mains of the plane z, having many prescribed properties. 
For instance, there exists a solution of the equation (17.21) 
in an arbitrary simply-connected domain having (in the 
qualitative sense) a prescribed distribution of zeros, poles 
and essentially singular points. Any simply-connected 
domain turns out to be a domain of existence of a regular 
generalized solution of the equation (17.21) which cannot 
be continued to any wider domain. Theorem 3.34 can be 
used for the construction of solutions of the equation (17.21) 
of the type of powers 2"(n = +1, +2,...); in particular 
in this way we can obtain the global “formal powers”’ 
introduced by Bers, [5a, bj, [6]. Theorem 3.34 can also be 
employed for the construction of Green’s function, funda- 
mental solution of the equation (17.21) and of an equation 
of the second order, on the plane. 

In the particular case when A = B =0 Theorem 3.34 
contains the basic theorems of existence of quasi-con- 
formal mappings with two pairs of characteristics, under 
very general assumptions in respect of the characteristics 
of the mapping ([11c)]). 

If we abandon the assumption of simple-connectedness 
of the domain of definition of the analytic function ©(¢), 
then in order that Theorem 3.34 be valid its statement 
must be changed. In the case g, = 0 it is easy to obtain 
the appropriate formulation. In the general case this 
problem has not so far been explored in detail. 


Remarks. Constructions aimed at various generalizations of 
analytic functions of one complex argument are encountered in the 
works of many authors (see for example [67]). Most significant 
constructions are naturally connected with some of the main prob- 
lems of analysis, geometry and mechanics. Important results in 
this topic were first obtained by Lavrentyev, [45a, b, c], in his 
investigations on quasi-conformal mappings which are also connected 
with problems of the gas dynamics. In these papers many geome- 
tric and analytic properties of solutions of the Cauchy-Riemann 
equations were generalized to a very large class of linear and non- 
linear equations of elliptic type. The papers [46a], [93a, b], [94], 
[19] also belong to this group of problems. 
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Papers by Polozhyi [70a, b, c] are devoted to the investigation 
of properties of solutions of some classes of linear systems of the 
form (17.1). 

Recently Bojarski generalized many results treated in this chap- 
ter to elliptic systems of equations with 2n(n>1) unknown functions 
[11i, j). 

We also mention generalizations to the case of eliptic equations 
of the second and higher orders. The papers of Bergman, Vekua, 
Bitsadse, Lopatinski, Khalilov and others are devoted to these 
problems (bibliographic references may be found in the papers [4*], 
[14b], [49], [90*]). 


CHAPTER IV 
BOUNDARY VALUE PROBLEMS 


IN THIS chapter we shall investigate some boundary value 
problems for an elliptic system of equations of the first 
order and for an elliptic equation of the second order, 
in a two-dimensional domain. In view of their nature 
the problems under consideration cannot be regarded as 
classical problems; we have in mind the fact that the 
celebrated Fredholm alternatives are in general not valid 
in this case. A very typical example of such a problem 
is the so-called generalized Riemann—Hilbert problem 
which will be investigated extensively in the present 
chapter. It is of a particular interest also because it has 
a great number of applications in various problems of 
analysis, geometry and mechanics. Comparatively weak 
restrictions are imposed on the coefficients and other 
data of the problems under investigation; therefore the 
solutions are to be considered in a generalized sense. We 
shall also examine the differential properties of the 
solutions in terms of the differential properties of the 
data. It should be observed that the problems investi- 
gated in this chapter constitute particular cases of general 
boundary value problems considered in the paper [14b], 
for elliptic equations with analytic coefficients. 


§1. Formulation of the generalized Riemann-Hilbert problem. 
Continuity properties of the solution of the problem 
1.1. To begin with let us consider the following boundary 
value problem. 
PROBLEM A. It is required to find in the domain G 
the solution w(z) = u+iv of the equation 


C(w) = 8+A(z)w+Ble)G=F(z) (in @), (1.1) 
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satisfying the boundary condition 


au+ pv = Re[A(z)w] = y(z) (orl), aA=a+ip. (1.2) 


Ti A=B=F = 0 we have the familiar Riemann—Hilbert 
problem for analytic functions.* Therefore the above 
problem (1.1)-(1.2) will be called the generalized Riemann-— 
Hilbert problem or, briefly, Problem A. If F=0, y=0 
we have the homogeneous Problem A. 

In what follows A and B will as usually be called the 
coefficients of the equation (1.1), a, 8B and 4 = a+7f$—the 
coefficients of the boundary condition (1.2), and F and y— 
the free terms or the right-hand sides of the equation (1.1) 
and the boundary condition (1.2) or, briefly, of Problem A. 

We shall see later, in Chapter V and Chapter VI, that 
the boundary condition of the form (1.2) appears in 
numerous problems of the theory of infinitesimal bendings 
of surfaces of a positive curvature, and also in statical 
problems of the membrane theory of shells. 

1.2.In respect of the data of the Problem A we shall 
make the following assumptions, the set of which will be 
hereafter called the conditions I. 

Conditions I. 

(1) A,B and FeLy(F), p> 2. 

(2) Fe Chyuuney 9<B<1,0<j <2. 

(3) A=a+if and ye C(I), 0<» <1 where |A(z)| = 1. 

We shall seek the solution of the Problem A in the 
class of functions continuous in the closed domain G+T. t 
Theorem 3.1 implies that inside the domain G@ the solution 
to be determined (if it exists) belongs to the class Cp—2(@). 


p 
In the closed domain the solution in general does not 
belong to this class. It is evident that the continuity 


* We make use of the terminology of N. I. Muskhelishvili’s 
monograph [60a]. 

+ Sometimes we shall also consider solutions in the class of 
discontinuous functions. These cases will always be distinguished 
by a special remark. 
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properties in the closed domain depend also on the 
smoothness properties of the boundary of the domain and 
on the functions a, f, y entering the boundary condition. 
Below we shall prove that if the conditions I are satisfied 
the solution of Problem A may be sought in the class of 
of functions continuous in the Hélder sense in the closed 
domain. This result follows from the theorem, the proof 
of which will now be given. 

THEOREM 4.1. If the conditions I are satisfied and the 
Problem A has a solution w(z) continuous in the closed 
domain G+, then w(z)¢«C,(G@+I) where 


t=ovyv’, O<t eh. (1.3) 
and . 
o=min(», =), y’ = min(1, oe ‘ 45) 
y’’ = min(1, %,...,%%). (1.4) 


PROOF. The solution of Problem A is representable in 
the form w = w)+% where w, is to solution of the homo- 
geneous equation ©(w) = 0 and consequently it is given 
by the relation (Ch. ITI, §4) 


we(2) = D(z) er , a=Z) 1 (4 +B 2) Gan, 


w is a particular solution of the non-homogeneous equa- 
tion C(w) = F, which may be taken in the form (Ch. ITI, 
$13.4) 


Ble) == | Qe, OP (C)dedn— 
G 


a | Que, OF Gagan. (1.5) 


The functions wo and ® € Cp-(G+J) and the function & 


Dp 
is holomorphic in G, continuous in G+J and satisfies the 
boundary condition 


Re[A(z)P(z)] = yo(z) (on I), (1.6) 
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Ag(2) = A(z)er , oz) = y(2) — Re[A(z) ww] . 


Obviously, 24) and yo € C(I’), o = min @ P="). The theo- 


rem will be proved if we now prove that the solution O(z) 
of the Riemann-Hilbert problem (1.6) belongs to the 
class C(G-+TD). 

We consider first the case of the circle |z|< 1. Then A(z) 
can be represented on J’ in the form 


Ag(2) = |Ag(z)|2-"ex® e—) , (1.7) 


where y(z) = p+tq is a function holomorphic in the 
circle |z| << 1, the imaginary part of which on the circum- 
ference |z|=1 is given by gq = —arg/,(z)+nargz; the 
integer 7 is so chosen that every branch of q(z) is a single- 
valued function on the circumference (and, consequently 
inside it as well). The function ~ may be constructed by 
means of the Schwarz integral 
ls oi t+z dt 
J wear 


x2) =< | ay = (1.8) 


r 


Since ge O,(I’), x(2) € C.(G4+J) (Theorem 1.10). Moreover, 
it follows from (1.8) that (see Ch. I, §3) — 


C(%,G4+L) < M.C.(¢,l), M,=const. 


Introducing the expression (1.7) into the boundary con- 
dition (1.6) we obtain 


Yer” 
|Ag(z)| ° 


Evidently, y, ¢ C(I’). If »< 0 (1.9) implies that 


gnre—x2) ttedt.. 
(2) = [pty ES tegene 
r 


Re[e"e™D(z)\J=y(2), w= 


(1.9) 
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where ¢, is a real constant. Hence, in view of the con- 
tinuity of O(z) we have 


2n 
co=0, | yle%ede=0 (k=0,...,—n+41). 

0 
These relations ensure the continuity of ®(z) at the point 
z= 0. Therefore ®(z) has the form 

eT) i(t)t" dt 
NS eg 
Lr 

It follows immediately from the above result that ®(z) « 
« 0,(G@+TJ/°). Moreover, 


C(®,G+l)< MoCAy, 1). 


If n > 0 the solution of the problem (1.9) is given by the 
formula 


2n 


gree) t-+-2 dt 
D(x) = | (ty =F tex Sogzt, (1.10) 
r 


a 
k=0 


where c, are complex constants which satisfy the con- 
ditions 
Con—k = — Cx (K=O, 1 ag) 

It follows from (1.10) that ®(z) « C,(@+J°'). Thus, in the 
case of the circle |z|< 1 our theorem has been proved. 

If @ is a simply-connected domain, by means of the 
holomorphic function z = p(¢) we can map G@ conformally 
onto the circle |¢|<1; then the boundary condition 
(1.6) takes the form 


Re[a(2)O(0)] = yi(S) (|| = 1), (1.11) 


where 4,(¢) = Adp(2)], (5) = S[y(2)], ri(S) = vol v(C)]. 
Since according to the assumption Ie Chws.%.)09<uw< 
<1,0<»,<2, we have meCy in the circle |¢|] <1 
where v’’ = min(1, », ..., »%). It is therefore evident that 
A(f) and y,(¢)¢«C,-(1”) where J” igs the circumference 
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{| =1. In view of the proposition proved above the 
holomorphic function ®,(¢) satisfying the boundary con- 
dition (1.11) and continuous in |] <1 belongs to the 
class C,,- in the circle |¢| <1. Since the function ¢ = p(z) 
inverse to g(¢) belongs to the class C,(@+J') where 


y’ = min (1, = ver - (Theorem 1.9), O(z) = D,[y(z)] be- 
1 
longs to the class C,,,.(@+J/). Hence, w(z) « 0,(44+T) 


where t = ov'y’’, This completes the proof of the theorem 
in the case of a simply-connected domain. 

Let us now consider the case of a multiply-connected 
domain. Let Iy, I, ...,I'm be curves of the class Chy:,... 
bounding the domain G, I, being the exterior contour 
containing inside the curves J}, ..., 1m. The function ®(z) 
continuous in G-+J’ and holomorphic in G@ may be repre- 
sented by the Cauchy formula, namely 


1 @B(o)d 
@ (2) ~ Dat sts = ®,(z) + ee + Pn(z) } (1.12) 
where 
1 rede 
Phe Ie) ere (7 = 0,1,...,m), 


@,(z) is holomorphic in the simply-connected domain G, 
bounded by the curve J; ®,(¢), 7 21, is holomorphic in 
the infinite simply-connected domain G; bounded by the 
curve I;, and ®,( co) = 0 According to (1.12) the boundary 
condition (1.6) can be written in the form 


Re[Ao(z) Oj(2)] = A(z) (on I’), (1.13) 
where 


m 
Az) = yol2)— D, Re[Ag(e)Pxl2)] . 
ft 
Since ®,(z), ..., Dj-1(2), Pj41(Z), «..) Om(Z) are holomorphic 
along Ij, y;¢C.(L;). Therefore, in view of the result 
proved above, the solution ®; of the boundary value 
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problem (1.13) belongs to the class C,y,(G;+J;). Con- 
sequently, © = G4 0,+...40mne Cwyw(G+TL), ie. the 
solution w(z) of Problem A belongs to the class C,(@+TJ) 


aoe 


where t = ov’r’’, This completes the proof of our theorem. 


1.3. In the following considerations we shall assume 
that the conditions I are satisfied. Therefore, according 
to Theorem 4.1, we shall seek the solutions of Problem A 
in the class of functions 0,(@),0<a<41. Besides, we 
shall now prove that Problem A can be reduced to the 
case of a canonical domain bounded by the circles 
Io, L3,...; lm where I, is the unit circle whose centre 
lies at the point z = 0, belonging to the domain G, and 
I, --, Lm lie inside I. This reduction can be performed 
by means of the conformal mapping 2 = ¢(¢) (Ch. I, §2) 
which results in the following transformation of the equa- 
tion (1.1) and the boundary condition (1.2): _ 


00, + Ay(C)w, + By (6) B = F,(2) , 


Re[A,(Z)wy(6)] = yi(C) (on LT), 
where ao a 
A(t) =@p'(C)A(y), Bylo) = o'(2) B(g) , 


By) = p(y), Ald) = Ale], a(S) = vlp(é))- 


Since g(¢) is Hélder continuous in the closed domain 
(Theorem 1.8 and Theorem 1.9) 4,(¢) and y,(2) are also 
Hélder continuous on the boundary of the new (canonical) 
domain. It was proved in Ch. ITI, §1 that the functions 
A,, B,, F, belong to a L(G), p > p, > 2. 

Thus, we have obtained a new problem which is com- 
pletely equivalent to the original problem but has the 
merit of having the boundary consisting of circles, the 
remaining conditions I being valid in the previous form. 

We shall later observe that this circumstance con- 
siderably simplifies the investigation of Problem A. There- 
fore, hereafter—whenever it turns out to be expedient—we 
shall take for G the canonical domain of the form indicated 
above, without stating this fact every time. 
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The investigation of Problem A may always be reduced 
to the case in which Ff = 0, i.e. we may confine ourselves 
to the determination of the solution of the homogeneous 
equation 

C(w) = 0w+Aw+ Bw=0, (1.14) 


satisfying the boundary condition of the form (1.2). To 
this end it is sufficient to represent the solution of the 
problem in form of the sum 


w= Wy +B 9 (1.15) 


where @ is a particular solution of the equation (1.1). 
Such a particular solution can be obtained for instance 
by means of the formula (1.5). Then we have for wy the 
boundary value problem for the homogeneous equation 
(1.14) with the boundary condition 


Re[A(z) w9(z)] = y(2)— Re[A(z)w(z)] (on I). 

The investigation of Problem A may also be reduced 
to the problem of the determination of the solution of 
the non-homogeneous equation (1.1), satisfying the homo- 
geneous boundary condition (y = 0). This reduction can 
be obtained again by means of the substitution of the 
form (1.15) if for # we take a continuously differentiable 
function satisfying the boundary condition (1.2). 


§2. The adjoint boundary value Problem A’. Necessary and 
sufficient conditions of solubility of Problem A 


2.1. It is important for future considerations to intro- 
duce the so-called adjoint boundary value problem A’. 
For this purpose let us examine the formula (9.3) of 
Ch. I. If in this formula we take for w’ a solution of the 
homogeneous equation adjoint to (1.14) 

C'(w’) = dw'— Aw'— Bw’ = 0, (2.1) 
we obtain 


Re E | ww’ de — ff w'C(w) dandy] =0. (2.2) 
P a 
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Let us moreover assume that w’ satisfies the boundary 
condition 


Ref[A(z)e"(s)w’(z)] =0,  2"(s) =20) (on T), (2.3) 
i.e. 
w'(2z) = id(z)e’(s)x(z) (on T’), (2.4) 


where 7(z) is a real function of the point 2 of the boundary I. 
In view of Theorem 4.1 this function satisfies the Hélder 
condition. 

Substituting (2.4) in (2.2) we have 


Re[t f A) x(t)#(s) w(t) at] = 4 f x(t) Re(A(t)w(t)]ds 
r r 
= Re | { w’€(w)dady . 
G 


The last relation implies that if w is the solution of 
Problem A, i.e. it satisfies the equation (1.1) and the 
boundary condition (1.2), then the following relation 
holds: 


4 | x(t)y(é)ds—Re { [ w'(z) F(2)dady = 0 
r G 
or, according to (2.4) 


al 
= | A(t)w'(t)y(t)dt —Re | | w'F(z)dady =0. (2.5) 
wi | JJ 


Thus, the fulfilment of the last relation is a necessary 
condition of the solubility of Problem A. Here w’ igs an 
arbitrary solution of the equation (2.1) satisfying the 
boundary condition (2.3). 

Below we shall prove the sufficiency of this condition. 
Therefore the problem of the determination of the solu- 
tion w’ of the equation (2.1) satisfying the boundary con- 
dition (2.3) will hereafter be called the homogeneous 
boundary value problem adjoint to Problem A, or briefly 
Problem A’. 
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In order to simplify the treatment we shall assume in 
this section that F=0. We have already indicated 
that this fact does not affect the generality of the con- 
siderations. Under this assumption the relation (2.5) takes 
the form 


f a(t)w'(t)y (that =0. (2.6) 


Besides, we shall assume in this paragraph that Ie C%,, 
0<y<1. This assumption also does not influence the 
generality of the results (see §1.3). 

2.2. According to the formula (10.8) of Ch. III, the 
generalized Cauchy formula for the adjoint equation (2.1) 
has the form . 


w'(z) = a = f ax¢, z, G)w'(l)do— 20, 2, G)w’(2)dc , 
r 


If w’ is a solution of Problem A’ we have in view of (2.4) 


1 SW See 
w' (2) = — 5 (Q,(t, 2, G)A+Q,(t, 2, G)A) yds. (2.7) 
r 
Passing to the limit in the last relation (the point z«@G 
tends to a boundary point ¢) and making use of the for- 
mula (14.2) of Ch. III, we obtain 


w(t) =E MOC) ae) + [ Ket ude, Cel, (28) 
r 


where o is the length of the are corresponding to the 
point ¢ of the contour J’, and 


Kt, 6) =— gL lb, 6, @)AH+ QUE E, Hay). (2.9) 


Since x is a real function, inserting the expression (2.8) 
into the boundary condition (2.3) we have 


f Kt, Oz (t)ds =0, 
Tr 


K,(t, 6) = Re[A(0)¢'(e) Ky(t, 0]. (2.10) 
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Thus, the solution of the homogeneous Problem A’ is 
representable in the form (2.7) where (f) is a real function 
of the point ¢ of the boundary J’, satisfying the homo- 
geneous integral equation (2.10). 

2.3. The equation (2.10) contains an integral in the 
sense of the Cauchy principal value. Therefore it belongs 
to the class of so-called singular integral equations. At 
the present time the theory of these equations is well 
developed. Instead of the Fredholm theorems the so- 
called Noether theorems generalizing the former ones, are 
valid for this class of equations. 

We shall now quote without proof some results of the 
theory of singular integral equations ([60a], Ch. II). 

Equation (2.10) is a particular case of a more general 
equation of the form 


Ko aldol) += [AS O8O" 4), cer, (2.11) 
r 

where a(¢), K(¢,t), f(£) « C(L), O0<»<1, and the func- 
tions a(¢)+K(f,¢) and a(f)—K(¢,¢) vanish nowhere 
on J’. In the theory of singular integral equations an im- 
portant role is played by the concept of the index. 

By the index of the equation (2.11) we understand an 
integer x equal to the increment of the function 


1 als) K(E, 6) 


Qn a(t) + K(C, 6)’ 


as the point ¢ describes once the boundary I' of the do- 
main @ in the direction leaving the domain on the left, 
i.e. we have 


1 a(?)—K(¢, 2) 
= 95 Ar Oe CT KE, 6) 
For the equation (2.10) x = 0, since in this case a(f) = 0 
K (0,6) #0. 
We now consider the adjoint homogeneous equation 
_1 (KE, ytd _ 
mh t—¢ 


(2.12) 


K’y = a(f) (6) 0. (2.13) 
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Let & and k’ be the numbers of the linearly independent 
solutions of the homogeneous equations Kg =0 and 
K’y = 0, respectively. 

These numbers are finite and satisfy the relation 


k—k! =x. (2.14) 


The equation (2.11) is soluble if and only if the following 
relations are satisfied 


fiyQde=0 (j=1,...,%), (2.15) 


r 


WHEE Wy, «65 Wey» 18 the complete system of linearly in- 
dependent solutions of the adjoint homogeneous equa- 
tion (2.18). 

If Te CG, O< p<, a(t), K(l,t€ OL), 0<7<1, 
a number o,f O0<ao<1, can be found such that all solu- 
tions of the homogeneous equations Kp = 0 and K’y = 0 
belong to the class C,(I); o« depends only on uw and ». 

If je C(l), O0<14+<1, the solutions of the equation 
Ko =f(K’p=f) if they ewist, belong to a class C(I), 
0<o0<1, where @ depends on u,v,t and is independent 
of the form of the functions a(f), K(¢,t) and f(¢). More- 
over, if the equation Ky =f has solutions, a solution can 
be indicated which has the form g = Hf where H is a linear 
operator acting from CI) into C,(I). 

In particular, the equation (2.11) is soluble for an arbi- 
trary right-hand side if and only if the adjoint homo- 
genous equation (2.13) has no non-trivial solutions. In 
this case the equation (2.11) always has a solution which 
satisfies the condition of the form 


CH9,T)< M,Clf,l), 0<» <v¥<1, M,= const. (2.16) 


To prove the last assertion it is sufficient to observe 
that Ko is a linear operator in a space 0,(I’) ((60a], Ch. IT, 
§49) and consequently the inverse operator K- is also 
linear, if it exists. 
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Let us observe that Kg is a linear operator also in 
L,(f'),p > 1. Regarding (2.11) as a linear equation in Lp 
we can prove the validity of the preceding results also 
for fe L,(I'), p > 1, preserving the remaining assumptions 
in the former form (see the paper of Khvedelidse, [91}). 
The inequality (2.16) has in this case the form 


Llp, LP) < MpLy(f,T), p>. (2.17) 


2.4, Let 71, ...) 7% be the complete system of linearly 
independent solutions of the equation (2.10). Substituting 
these functions into the right-hand side of the equation 
(2.7) we obtain solutions of Problem A’. However, some 
of these solutions may turn out to be trivial solutions. 
We have seen above (Ch. ITI, §14) that this fact takes 
place when the function A(t)z(t)é’(s) takes on every 
boundary contour I;(j = 0,1, ..., m) the values of a func- 
tion @,(z) holomorphic in G;, and @®(co)=0. Let 
X15 ---» 4v, be the solutions of the equation (2.10) to which 
the linearly independent solutions wj,..., wy of Pro- 
blem A’ correspond. In this case the remaining solutions 
of the equation (2.10) satisfy the boundary condition of 
the form 


y(t) = 4(t)t'(s)O-(t) (on TL), (2.18) 


where ©(z) is a function holomorphic outside G, and 
®,(0oo) = 0. It follows from (2.18) that ®- satisfies the 
boundary condition 


Re[A(t)t’(s)®-(t)] = 0 (on I). (2.19) 


This problem will be termed the concomitant problem 
to Problem A’, or briefly Problem A’,. Let, be the 
number of linearly independent solutions of this problem. 
Obviously, 

V+i=k, (2.20) 


where k& is the number of solutions of the homogeneous 
equation (2.10). 
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2.5. Let us now return to the investigation of Prob- 
lem A. If w be its solution the boundary values have 
the form 


w(t) = A(t)y(t) + 4A(t)u(t), tel, (2.21) 


where u(t) is a real function of the point ¢ of the con- 
tour J’, for the time being unknown. In view of Theorem 
4,1 it ig continuous in the Hélder sense. Making use of 
the generalized Cauchy formula (10.6), Ch. ITI, we have 


wz) = w,(z) + w(z) , (2.22) 
where 


1o\(2) = go> [ Que, t, @)A(t) y(t)dt— 
r 


1 — —_— 
~ ai J Mert G)A(t)y(t)dt, (2.23) 


wox(2) = 5~ { Qlz, t, @) A(t) ult) att 
rT 
Ree! f 2x0 t, QA) w(t)di. (2.24) 
27 + ite 


If we pass to the limit in the relation (2.22) (the point z 
tends to a boundary point ¢, from the domain G@) we 
obtain 

= $A(C)[y (2) + im (C)] + (2) + 0,(2) « 


Inserting the last result into the boundary condition (1.2) 
and taking into account that y and ware real functions 
we obtain 


f Eyl, t)u(t)ds = yal) , (2.25) 
rT 
where 
yl) = y(C)—Re[A(2) wi (£)] = — Re[A() wy (2)]. (2.26) 


Thus, all solutions of Problem A are represented by 
the formula (2.22) where yw satisfies the equation (2.25). 
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In particular, the solution of the homogeneous Problem A 
is given by the formula (2.24) where uw is a solution of 
the homogeneous integral equation 


J Kale, t)w(t)as = 0, (2.27) 
r 


which is adjoint to the equation (2.10). Since the indices 
of the equations (2.10) and (2.7) are equal to zero, in 
view of the formula (2.14) the numbers of the linearly 
independent solutions of these equations are 


k=k'. (2.28) 


2.6. For Problem A, concomitant to Problem A we 
have the boundary condition 


Re[A(t)O-(t)] = 0, (2.29) 
where ®-(¢) is the boundary value of a function holo- 
morphic outside G+I, and @(co)=0. Denoting the 
numbers of the linearly independent solutions of the 
homogeneous problems A and A, by J and 1,, respectively, 
and taking into account the relations (2.20) and (2.28) 
we have 

It+l, =k. . (2.30) 

2.7. Let us now return to the non-homogeneous equa- 

tion (2.25). According to (2.15) the necessary and suf- 

ficient condition of the solubility of (2.25) is given by 
the relations 


J rolt)xj(t)ds=0 (GJ =1,..,%), (2.802) 
r 


where 71,..., %~ i8 the complete system of solutions of 
the adjoint homogeneous singular integral equation which 
in this case is identical with the equation (2.10). We have 
already seen that these solutions constitute two groups, 
namely %,..., 7 and yr41,..-; %x3 according to (2.4) and 
(2.18) we have 

git) = iA(t)t(s)wi(t)  (J=1,...,U, tel), (2.81) 


g(t) = GA(H)t(8) Bt) (G=U41,..,k,teD), (2.32) 
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where w} and 9; are the solutions of Problems A’ and Aj, 
respectively. 
Now, in accordance with (2.26) and (2.31) for j <1’ 


J vlt t)yj(t)ds = 4 Jrws t) w(t) dé— Re |i wit t) wj(t) aa . 
Hence, by virtue of (2.2) and (2.6) 
J reltdast)as =0 (j=1,..,1). 
Further, for 7 >’, according to (2.32) and (2.26) 
J vt) t) xq(t p= Refi far (1) D; (t) dt ‘]=0, 


since w, and @; are holomorphic outside G, and w,(0o) = 
= ®;(0o) = 0. 

Thus, all relations (2.30a) are satisfied if the relations 
(2.6) hold. Consequently, we have proved that the rela- 
tion (2.6) is sufficient for the solubility of Problem A. 
If we consider Problem A for the non-homogeneous equa- 
tion (1.1), it is evident that the sufficient condition of its 
solubility is given by the relation (2.5). We have therefore 
proved * 

THEOREM 4.2. The non-homogeneous boundary value 
Problem A is soluble if and only tf the condition (2.5) is 
satisfied, w' being an arbitrary solution of the adjoint homo- 
geneous boundary value Problem A’. 

This theorem immediately implies 

THEOREM 4.3. The non-homogeneous boundary value 
Problem A is soluble for an arbitrary right-hand side if and 
only if the adjoint homogeneous Problem A’ has no solution. 


* This theorem was proved in the author’s paper [14a] by a some- 
what different method. The formula (14.12) of Ch. III was there 
employed; with the help of this formula Problem A is reduced to 
a singular integral equation distinct from (2.25). 
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2.8. If the non-homogeneous Problem A is soluble, 
ie. if the conditions (2.5) are satisfied, the solution is 
given by the formula 


1 
w(2) = woz) + >’ cp0e(2) , (2.33) 
k=1 


where w,,..., is the complete system of linearly inde- 
pendent solutions of the homogeneous Problem A, ¢,, ..., ¢ 
are arbitrary real constants and w, is a particular solution 
of the non-homogeneous Problem A. This particular solu- 
tion may always be represented in the form 


wol2) = f y(t) Mole, t)ds , (2.34) 
r 


where M,(z, t) is a given function which can be constructed 
by means of the equation (1.1) and the boundary condi- 
tion (1.2), but is independent of y. Let us observe that 
if ye O,(I') then according to Theorem 4.1 w,e O,(@) and 
it can be proved that 


C(w, G) < MO,y, T), = min (», P=). (2.35) 


2.9. The preceding results can be generalized to the 
case of the general linear elliptic system of partial differ- 
ential equations of the first order. It was found in §7 
of Ch. II, that such a system can always be reduced 
to the form 


— Dy + Ay Uz + Aygtly + au + by = f, , (2.36) 
Vz + AgyUsz + Aggty + a, + bv = fy, 
ay > 0; A= 41 Qn — } (Ayg— Ay)” => Ay > 0, Ay = const. 


Let us consider in connection with this system the 
boundary condition 


au+ po = y (2.37) 
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It was proved in §7 of Ch. II, that by means of a suitable 
transformation of the independent variables and by 
a substitution of the form 


U=\du, V=o— SB “ay (2.88) 


the system of equations (2.36) is reduced to the canonical 
form and the boundary condition (2.37) takes the form 


a,U+BV=y, (on I), (2.39) 
where I’, is the image of the contour J’ and 


1 O43 — Ae, 
Oy = = [a+ ———> 2.40 
5 Al ; i (2.40) 
Tf a-+f?>0 on J’, then a2+f2>0 on I,. 

In respect of the coefficients and the free terms of 
the system (2.36) it is sufficient to make the following 
restrictions: 


1) ane Dip(G), p>2; 2) a, bifreDo(G), p>2. 


Then the coefficients and the free terms of the trans- 
formed canonical system belong to the class Lp(G,), p > 2. 
If furthermore, the domain belongs to 0%,0<<1, 
a,B,ye C(I), then it is readily seen that the theorems 
proved for Problem A remain valid also for the problem 


(2.36)-(2.37) (see also §3.2 and §9.4). 


§3. Index of Problem A. Reduction of the boundary condition 
of Problem A to the canonical form 


3.1. We shall find below that in the investigation of 
Problem A an important item is the introduction of the 
so-called index which we shall now define. 

Let us denote by 4,/(t) the increment of the function 
f(t) as the point ¢ describes once the curve J’ mM the di- 
rection leaving the domain G on the left. Let us introduce 
the integer 


1 
N= Ng tM +. + Mm = g- Ararga(t), (3.1) 
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where 
1 


On Ay,arga(t) (7 =0,...,m). (3.2) 


y= 

Let us represent the complex function A(t) by the unit 
vector A(t) with components a(é) and £(t) assuming that the 
origin of the vector is fixed. As the point ¢ describes once 
the boundary I of the domain @ in the direction leaving 
this domain on the left the vector A returns to its original 
position having performed about its origin n+ complete 
revolutions clockwise and »~ complete revolutions in the 
opposite direction. 

It is readily observed that the number » given by the 
relation (3.1) is equal to the difference »*—n- which 
will hereafter be called the index of the function A(t) 
with respect to the boundary I of the domain @ or else 
the index of the boundary value problem A. We observe 
that the index of Problem A is invariant with respect 
to comformal mappings of the domain and substitutions 
of the form 

W = Wl” , 


where w is a function belonging to the class D,,(@), 
p> 2. 

We can now by making use of the formula (3.2) caleulate 
the index of the adjoint problem A’. We have 


, 1 A Tay ar 1 * 1 , 
n’ = = Ararg (A(t)#’(s)) = — 9 Arare a(t) — 5 Arargt’(s) . 


Since on describing the outer boundary contour J), 
argt’(s) acquires an increment 2x and on describing the 
inner boundary contour J; an increment — 22, we have 


n’ =—n+m—1. (3.3) 


3.2. We also note that the transformation reducing the 
system of equations of general form (2.36) to the canonical 
form leaves the index of the boundary condition (2.37) 
invariant. This result follows form the fact that the 
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imaginary parts of A=a+if and A,=a,+if, are 
identical and therefore the absolute value of the difference 
of their arguments does not exceed x. Hence, in view of 
the continuity of A(z) and 4A,(z), it can easily be found 
that the increments of argd(z) and argd,(z) along I' 
and I,, respectively, are identical. 

3.3. Let 2,,...,2m be some fixed points situated out- 
side G but inside the contours J}, ..., [m, respectively. 
Moreover, let us specify inside the domain G@ entirely 


arbitrary points 4,,...,@,, where k=n a8 n>0O and 
k=—n as n< 0. Let us introduce the notation 
n 
al (2— 4a), n>0, 
t=1 
Qy(z) = i n=0, (3.4) 
—n 
[]e-a>, Nn<O. 
t=1 
In particular, if a,=...=a,=0 (we assume that the 


point z = 0 belongs to the domain @), then it is evident 
that 


Q(z) = 2. (3.5) 
Considering now the function 
™ 

A(z) = A(z) Qalz) [ | E-ay eo" ™, (3.6) 
k=1 


tas 2) {epee 


we easily find that 
A(z)|>0, ee, Aparga(z)=0 (7 =0,...,m). 


Hence 
Az) = | A(z) | e*), zel', (3.7) 
where 


o(2) = arga(z)—arg22n(z) + 


+ D) n,arg(2—2)+Im(TA); (3.8) 


kel 
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Since Ae O,(I) and TAe 0,(I'),a =" = , o(2) is a single- 


valued real function on every contour J and belongs to 
C{L),0 <1 = min(», a). 

It will be shown below (§5.3) that the function o(t) 
can be represented in the form 


a(t) = p(t)—to,(t) + aa(t) , 


where p(z) is a function holomorphic in G and continuous 
in the Hélder sense in G+J°, o, is the imaginary part 
of p(t) and a(t)—a piecewise constant continuous function 
on I’; a = 0 on J and a = a; = const. on I(j =1, ..., m). 
Under these conditions p and a are uniquely expressible 
by o(t). Such being the case, according to (3.7) and (3.8) 
the boundary condition (1.2) can be written in the form 


Re[Q,(t) e-*#w(t)] = yolt) (on I’), (3.9) 
where 


woz) = w(zye "4 FF (2—zy)™, (3.10) 
k=1 


yo(t) = y(t) errs) On) I] |¢—2,|"*. (3.11) 
k=1 


It is readily seen that the function wy, satisfies the 
equation 
Ay + Bow, = 0, (3.12) 
where 


By = Bexp |—2i(Rep(z)—ImTA— >’ mo)}. (3.13) 
k=1 
Here #; = arg(z—2;)(j =1,..., m). Evidently, B,e L,(@), 
p > 2, since |By| = |B. 

Thus, Problem A can always be reduced to an equi- 
valent problem for an equation of the form (3.12) with 
the boundary condition of a simpler form (3.9). This 
form of Problem A will be called canonical (see also 
[39a]). 
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The homogeneous problem A is, obviously, equivalent 
to the homogeneous problem for the equation (3.12) with 
the boundary condition 


Re[Qr(t)e-Ow}] =0 (on LI), (3.14) 


and the adjoint homogeneous boundary value problem A’ 
is reduced to the equivalent problem for the adjoint 
equation 


a0’ — Bw’ = 0 (3.15) 
with the boundary condition of the form 


Re[Qa(z)2" ex™@w'(z)] = 0, = GH) (on I’). (3.16) 


§4. Properties of the zeros of the solutions of the homogeneous 
Problem A. Criteria of solubility of the Problems A and A 


In this paragraph we shall investigate some properties 
of the zeros of generalized analytic functions satisfying 
the boundary condition 


Re[A(z)w(z)] = 0 (on L). (4.1) 


A relation will be derived which connects the numbers 
of the interior and boundary zeros with the index of 
the problem. We shall obtain a fundamental relation 
between the numbers of solutions of the homogeneous 
Problems A and A’. Moreover, criteria of solubility 
of the non-homogeneous Problem A will be established. 

In this section, if not otherwise stated, we shall 
always assume that Ie 01,0<p<1, and A(z)e CT), 
OD <o at e 1, 


4.1. We know already that a function w(z) of the class 
W,(G), p > 2, continuous in the domain G@ can be re- 
presented in the form (Ch. ITT, §4.2) 


w(z) = B(z)er , (4.2) 
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where ®(z) is holomorphic in @ and w(z) is continuous 
on the entire plane in the Hélder sense, we Cyp—2(F); 


besides, w(z) is holomorphic outside G+J' and vanishes 
at infinity. It follows from the last formula that if w(z) 
does not identically vanish its zeros in the domain @ are 
isolated and every such zero has a multiplicity which 
is an integer, i.e. if at the point 2,« G the function w(z) 
vanishes, then an integer k exists such that in the vicinity 
of 2 we have the relation 
w(2) = (2—ao)Aog(2) (4.3) 

where w,(z) is a continuous function and w,(2,) 4 0. It is 
evident now that on every closed set belonging to @ 
there may be only a finite number of the zeros of the 
function w(z). In respect of the zeros of the function 
w(z) which are situated on the boundary of the domain G 
these propositions are not valid even in the case when 
w(z) is continuous in the closed domain G+J. Never- 
theless, it turns out that these properties are preserved 
for the solutions of the homogeneous problem A in the 
whole closed domain G+J' (obviously under the assump- 
tions already made with respect to the data of the pro- 
blem). 

THEOREM 4.4. Let De O,,0<u <1. If w(z) is a non- 
trivial solution of Problem A we have. 


w(z) = P(2)w(z) , (4.4) 


where P(z) is a polynomial all roots of which belong to 
G+I" and w(z) is continuous and vanishes nowhere in 
G+T. 

PrRooF. By the conformal mapping z = g(f) the do- 
main G can be transformed into a domain @’ bounded 
by circles the union of which will be denoted by I”. It is 
evident that the function w,(¢) = w[p(Z)] is continuous 
in G’+TI”, belongs to the class Up(@’), p > 2, and satisfies 
the boundary condition 


Re[A(f)wi(2)] =0 (on I”), 4, =Alp(e)]. (4.5) 
18 
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It should be taken into account here that, by Theorem 
1.8, »(¢) satisfies the Lipschitz condition in G’+J”. There- 
fore, obviously, 4,(¢)« OI”). By means of a transforma- 
tion of the form (3.10) the boundary condition (4.5) is 
reduced to the form 


Re[o-re rw (e)] =0 (on I”), (4.6) 
where 
wold) = w,(cye%™ Ff (c—cyy"*, (4.7) 
k=1 


w= —p(t)+TA. 


Outside an arbitrarily small neighbourhood of the point 
¢=0 the function w,(¢) = ¢~"w,(¢) belongs to the class 
Wp, p > 2, and is continuous up to J”. Hence, according 
to the generalized principle of symmetry it is continu- 
ously continuable outside G’ the class being preserved in 
a wider domain G’’ which contains inside the closed 
domain G’+J”. Consequently, the function w,(¢) equal 
to ¢"w,(€) may have in @’+J” only a finite number of 
zeros. In view of (4.7) this assertion holds also with 
respect to the function w,(¢). Therefore there exists a po- 
lynomial P,(¢) such that 


(2) = Py(¢)w,(¢) , (4.7a) 


where w,(¢) is continuous and vanishes nowhere in G+”. 
Returning to the function w(z) we have 

w(z) = P,[yp(2))w.Lp(z)] , (4.7b) 
where y(z) is the function inverse to (¢). It follows form 
this relation that w(z) can have in G+J° only a finite 
number of zeros. Denoting them by 2,...,2, we have 
Py [y(z;)] = 047 =1,..., &). We can therefore set w(z) = 
= P(z)w(z) where 


k 
P(z) = [| (e—2)™, 
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Since J’e O},, y(2) has the derivative y'(z) which is continu- 
ous and does not vanish in G@+J/ (Ch. I, §2). This fact 
and (4.8) imply immediately that w(z) is continuous and 
does not vanish in G+T/. 


Remark. If Ie Chy,,..0, and w(z) = 0 at a boundary 
point 2) which is not a corner point, it again follows from 
(4.7b) that near z the function w(z) = (z—%)w,(z) 
where m i8 a positive integer, wy is continuous in the 
vicinity of 2, and wo(z) 40. If 2 is a corner point it 
follows from (4.7b) in view of the formula (2.3), Ch. I, 
that 


no 
w(z) = (e—2)"w(z) (near Zp) ; (4.8a) 
where n, is a positive integer, voz is equal to the interior 
angle at 2, W) is continuous in the vicinity of the point 
2% and w,(2) ~ 0. 

4.2. If w(z) is a non-trivial solution of Problem A, 
then according to the last theorem we can represent 
w(z) in the form (4.4) where P(z) is a polynomial, w(z) is 
continuous and does not vanish in G+T. 

Assume that 
O(z) =argd(z), (2) =argP(z), 6(2) =argw(z). (4.9) 

Let a,, ..., a@ be the roots of the polynomial P(z) which 
are situated inside the domain G@ and ay, ..., a; the roots 
of P(z) which belong to the boundary curve I(j = 0,1, 
..., m). Let us denote by k and kh, the multiplicities of 
the roots a; and a;, respectively. 

In view of (4.4) and (4.9) the boundary condition (4.1) 
may be written in the form 


ef0+6-9) — j(-1)* (k—an integer). (4.10) 


Specifying the values of 6, 6 and @ at a point 2; of the 
curve J;, which is not a root of the polynomial P(e), 
and describing once this curve in the positive direction 
we have in view of (4.10) 


2an; = Ap = ApjO+Arj0 (§ =0,1,..,m). (4.11) 


18* 
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It is readily observed that for the exterior contour /4 
we have 


m 


Ano x Situ +22 Sh +2 > Ye 


j=1 i= 


= tNyr+22(Nrt+...+Nr,) + 2aN@, (4.12) 
For the interior contours 
Uy] 
Arnp=—a Sky=—aNr, (J =1,..,m), (413) 


i=1 
where 


Ng=hkh+..+h, Nr, = ky +... +ka, (j = 0,..., m) 


denote the numbers of zeros of the function w(z) which 
lie in the domain G and on the contour J;, respectively. 
It should be taken into account that a zero is counted 
the number of times equal to its multiplicity. 

In view of (4.12) and (4.13) the pelauon (4.11) may be 
written thus: 


Qing = Nry+2(Nry +. +Nrq) +2N G+ 2ito, 


rf . (4.14) 
2nj=—Ny,+2n; (fg =1,...,m), 


where “i; = x A 1,9. Adding these relations and taking 
into account (3.2) we obtain 
2n = Np,+Nr+...+Nr, +2Ne+ 20, (4.15) 
A= fottiten tin. (4.16) 
But, according to the principle of the argument (Ch. ITI, 
§4.10) n= z- A rargw = 0 since # is a generalized ana- 
lytic function continuous in G+ J and vanishing nowhere. 
Thus, we have the following relationship: 
2n =2Ng+Nr, (4.17) 
Np = N;7,+Nr,+...+Nr,, - 
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The last results are easily generalized to the case in 
which the solution of Problem A is sought for in a more 
general class of single-valued functions having a finite 
number of singular points which are situated in the 
domain or on its boundary. In what follows we shall 
confine ourselves to the consideration of the case when 
in the vicinity of every singular point 2 the solution w(z) 
of Problem A has the form 


w(z) = O(|z—z,|-") , (4.17a) 


where » is a positive number. It follows immediately 
from the formula (4.2) that the number » is an integer 
if z lies inside the domain G. Under our conditions ) is 
an integer also when the singular point 2 belongs to the 
boundary of the domain. 

Let I” be a boundary arc containing one singular point z, 
of the solution w of Problem A. Without affecting the 
generality of the results we may assume that 2) = 0 and I” 
is the interval [— 9’, e’] of the real axis. The general case 
is reduced to the present one by means of a conformal 
mapping. Representing w in the form (4.2) we can achieve 
the fact that w(z) takes on I” values equal to argA(z). 
Such being the case, the function ®(z) is holomorphic 
inside a semi-circle K,—|z| < e < e’, Im(z) > 0, continu- 
ous on its closure K, with the exception of the point 
z= 0 near which it has the form ® = 0(|z|""). Moreover, 
this function satisfies the boundary condition 


Re(P(z)]=0, if ze[—e,e], 20. 


Continuing the function ® according to the principle 
of symmetry into the lower semi-circle Kj—|z|< @, 
Im(z) < 0—we easily find that ® has a pole at the point 
2=0, ie. v is an integer, thus completing the proof (see 
also [60a], Ch. I, §15). 

Thus, we have established that every solution w(z) of 
the homogeneous problem A having inside the domain @ 
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and on its boundary J’ a finite set of singular points of 
the type (4.17a), is representable in the form 


w(z) = R(z)(z) , (4.17b) 


where R&(z) is a rational function the zeros and poles of 
which are situated in @+J and w is a function of the 
class %,(G), p > 2, continuous in the Hélder sense and 
vanishing nowhere in G+J/. 

It follows immediately from the formula (4.17b) that 
the following relation is valid 

2NetNr—2Pq—Pr= 2n } (4.17¢) 

where Ng, Pg, Nr and Pp are the numbers of the zeros 
and poles of the function w(z) inside G and on I’, respec- 
tively. 

The formula (4.17b) implies the following theorem. 

If for n<0 the numbers of the interior and boundary 
poles of a solution w(z) of the homogeneous problem A 
satisfy the inequality 


2Pg@tPr<—2n, (4.17d) 

then w(z) = 0. 

4.3. Let us now expose a number of theorems which 
follow easily from the formulae (4.4),° (4.14) and (4.17). 

THEOREM 4.5. If the index n of Problem A is a negative 
number the homogeneous Problem A has no non-trivial 
solutions. 

A different proof of this theorem will be given below 
($5.4). 

THEOREM 4.6. If for n =0 Problem A has non-trivial 
solutions they are given by the formula 


W(z) = CpW,(2) , (4.18) 
where Cy 1s an arbitrary real constant and w)(z) is a particular 
solution of Problem A which vanishes nowhere in G+T. 


PrRoor. For »=0 it follows from (4.17) that Np= 
= Ng = 0. Therefore the polynomial P(z) in the formula 
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(4.4) reduces to a constant ¢. Thus, every non-trivial 
solution of Problem A has the form (4.18) and, conse- 
quently, it vanishes nowhere in G+J". 

We shall now prove that for n = 0 two. solutions of 
Problem A are always linearly independent. In fact, if w, 
and w, are non-trivial solutions of Problem A their linear 
combination w = ¢,w,+¢, with real coefficients is also 
a solution of this problem. But in view of the boundary 
condition w, = tly, and w, = tidy, on I’, where yx, and x, 
are real functions which vanish nowhere on J’. Therefore 
the constants c, and ¢, can always be so chosen that at 
a fixed point 2 belonging to J’, w(%) = ©€,0,(2) + ¢2%.(%) = 
= 0. But this is possible only if ¢,w,(z)+¢,w,(2) = 0. 
Hence, all non-trivial solutions of Problem A have the 
form (4.18) where ¢ is an arbitrary real constant. This 
completes the proof. 

THEOREM 4.7. If for n> 0 the homogeneous Problem A 
has a non-trivial solution w(z) then this solution has zeros 
in the closed domain G+I; the number Ng of the zeros 
inside G and the number Ny of the zeros on I’ are connected 
by the relation 

Nr+2Ngq = 2n. (4.19) 


Moreover, on every boundary contour I; there may exist 
only an even number of the zeros (their multiplicity being 
taken into account). 

PROOF. The theorem follows from the relations (4.14); 
they also imply that N;, are even numbers. 

It follows from (4.19) that the number of the interior 
zeros of a non-trivial solution of the homogeneous prob- 
lem A does not exceed n, and the number of the boundary 
zeros <2n. The extreme cases are also possible: 


Nr=0, Ng=n, Nr = 2n, Ng=0. (4.194) 


The degree of the polynomial P(z) appearing in the 
relation (4.4) is 


p = Nr+Ng= 2n—Ne (4.20) 
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Consequently, 
NiIp<c2an. (4.21) 


We also have the following 


THEOREM 4.8. If n>0 the homogeneous Problem A 
cannot have more than 2n+1 linearly independent solu- 
tions. 

PROOF. If w, is a solution of Problem A the function 
w = 2-"w, satisfies the equation dv -+Aw-+ Be-nrG = 0 
(y = argz) everywhere in G except for the point z= 0 at 
which it may have a pole of the order <n. Therefore it 
is representable in the form (Ch. ITI, §15.4) 


w(%) = w,(2) + C0 —1(2) + ... + Con —2n(2) (4.22) 
(c, is a real constant) 


where w,(z) satisfies the equation 2s +Aw-+ Be-2iy = 
=0, it is continuous in G+J' and satisfies the boundary 
condition 


an 
Re[w,(z)] =— >) c,Re[®_2(2)] (on I’). (4.23) 
k=1 
Since the corresponding homogeneous problem—Re[w,(z)] = 
= 0—according to Theorem 4.6 cannot have more than one 
(linearly independent) solution, the boundary value pro- 
blem (4.23) does not have more than 2n+1 linearly 
independent solutions. Returning to the relation (4.22) we 
find that the original Problem A has at most 2n+1 s0- 
lutions. 
44, THEOREM 4.9. The difference between the numbers 
of solutions of the homogeneous Problems A and A is equal 
to the difference between the corresponding indices, i.e. 


I—U = n—n = 2n+1—m.* (4.24) 
PROOF. It follows from (2.20) and (2.30) that 
I-V =1l,-l,, (4.25) 


* This formula was proved by the author in the paper [1]4a] in 
a somewhat different way (see also §6.4.). 
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where 1, and 1, are the numbers of solutions of the con- 
comitant homogeneous boundary value Problems A, 
and A‘, with the boundary conditions (2.29) and (2.19). 
These numbers can easily be calculated; to this end we 
may assume that the boundary value problems have 
been reduced to the canonical form. Moreover, without 
affecting the generality we may assume that the exterior 
boundary contour I is the circle |z|=1; the origin of 
the coordinate system lies as before in the domain @ 
under consideration. 

Since the boundary conditions of the problems A 
and A’ may be taken in the form Re[e-"w(z)] = 0 and 
Re[zz’w'(z)] = 0 the boundary conditions of the con- 
comitant problems A, and A‘, have the form 


Re[t-"O-(t)) =0, tel, (4.26) 
Re[t"t'(s)¥~(t)] =0, tel, (4.27) 


where © and WY are the unknown functions which are 
holomorphic in the domains G), G,,...,@m. We have 
also ®(0co) = ¥(0o) = 0. 

From the boundary condition (4.26) on the interior 
boundary curves we obtain at once 


D(z) =iee™, if w2€G;, (j=1,...,m), (4.28) 


where c; are arbitrary real constants. The conditions (4.27) 
may also be written in the form 


4 pe [rv a—o, eh Geisacay, 
Since the integral appearing in this relation is a function 
holomorphic in the domain G; we have 

M(z)=0, if eeG, (fj =1,...,m). (4.29) 


Let us now proceed to the consideration of the boundary 
conditions on the exterior contour [,. We shall begin 
with the case n > 0. Here, under the condition ©(co) = 0 
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it follows immediately from (4.26) that (2) =0 for 

zeG,. Consequently, in view of (4.28) the number of 

solutions of the concomitant homogeneous problem A, 
is equal to m, i.e. 

L,=m™. (4.30) 

Since according to the assumption I) is the circle 

lt] = 1, ¢’(s) = it and the condition (4.27) takes the form 


Re[t"’'Y(t)] = 0. 


Taking into account that Y-(co) = 0 we easily find that 
this problem has 2n+1 linearly independent solutions 


Geena, (Ge PSE gE). Ugg sig 
t(2-1 42-1), grt —gr-ennl , (4.31) 


Therefore, according to (4.29) the number of solutions 
of the concomitant homogeneous problem A, is equal 
to 2n+1, i.e. 

= 2n+1. (4.32) 

From (4.30), (4.32) and according to (4.25) the for- 
mula (4.24) follows at once. 

Assume now that »<0. Then the boundary value 
problem (4.26) for the exterior domain G, has —(2n +1) 
solutions (the condition ®(co) = 0 being taken into ac- 
count) 

de, i(am@—1gmt1), gari_gntl, 


easy (272 244), gob gett, ee 


Thus, according to the formula (4.28) we have in the 
case under consideration 


lL, = —2n4+m—1. (4.34) 
Tt follows from (4.27) that W(z)= 0 if ee @, ie. 
w=0. (4.35) 


According to (4.25) from (4.34) and (4.35) we again 
obtain the formula (4.24). This completes the proof of 
the theorem. 
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Theorem 4.8 establishes the upper bound for the number 
of solutions of Problem A. Theorem 4.9 enables us to 
find also the lower bound of this number. Since l’ > 0, 
it is evident that 1 > 2n+1—~m. In general, the following 
inequality is valid 

max(0,2n+1—m) <1 <2n+1. (4.36) 


But for n<0 and » > m-—1 even more precise results 
may be obtained. | 
Theorem 4.5 and the formula (4.9) imply immediately 


THEOREM 4.10. If n< 0, 


t=0, V=m—2n—-1. (4.37) 
If n> m—1, then 
T=2n+1l—-m, V=0. (4.38) 


In particular, in the case of a simply-connected domain 
(m =0) we have 

THEOREM 4.11. If m=0, then: (1) for n<0 the 
homogeneous Problem A has no non-trivial solutions (1 = 0) 
and the adjoint homogeneous Problem A' has eaactly Vv = 
= —2n—1 solutions; (2) for n>0 the homogeneous Prob- 
lem A has exactly 1=2n+1 solutions and the adjoint 
Problem A’ has no non-trivial solutions. 

In particular, for n =0 Problem A has one (linearly 
independent) solution; this solution does not vanish any- 
where in GLI. 

A different proof of the last theorem will be given in §7. 

Theorem 4.3 and Theorem 4.10 imply at once the 
following 

THEOREM 4.12. If n>m—1 the non-homogeneous 
Problem A is always soluble and tts general solution is 
given by the formula 


2n+1-m 
w(z) = woz) + >)  ¢jw;(2) (4.39) 
j=l 
(e¢;—real constant) , 
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where W,, ...5 Wenti—m 18 the complete system of solutions of 
the homogeneous Problem A and w, ts a particular solution 
of the non-homogeneous Problem A. If n<0 the non- 
homogeneous Problem A has a solution (a unique solution) 
if and only if the following relations are satisfied 


f y(thw%(t)a(tydt=0 (Gj =1,...,m—2n—1), (4.40) 
r 


WHEE Wy, ..., Wm—2n-1 78 the complete system of solutions 
of the adjoint homogeneous Problem A’. 

4.5. The theorems proved above are important also 
because they make possible the identification of various 
properties of Problem A by means of fairly simple criteria, 
without constructing the solutions, which in general is 
very difficult to perform. From this point of view we have 
obtained the most complete result in the case of the 
index satisfying the conditions 


n<0, n>m—l. (4.41) 


Under these conditions Theorem 4.10 and Theorem 4.12 
make it possible to establish facts concerning the sol- 
ubility and insolubility of Problem A and to determine 
the numbers of solutions of the homogeneous Problems A 
and A’. We have not yet such a complete result when 
the index of the problem satisfies the condition 


0<n<m-1. (4.42) 


In these special cases the theorems given above do not 
enable us to determine the numbers / and 1’ separately. 
Obviously, it is sufficient to find one of them, then the 
other is given by the formula (4.24). Therefore we may 
confine ourselves to the case of the index of the problem 
satisfying the condition 

0<n<itm, (4.43) 


since for » > $m this condition is satisfied for the index 
of the adjoint Problem A’, which is equal to m—n—1. 
In order to calculate the number of solutions of the 
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homogeneous Problem A it is evidently sufficient to take 
the boundary condition in the form (see §3.3) 


n 


Re[Qn(z)w(2)}=0, Qnlz)= | [(e—an), aee@. (4.44) 
k=1 
Then the boundary condition of the adjoint problem is 
given by 
Re[Q,(z)2’(s)w’(z)] = 0 (on I) (4.45) 


or, introducing a new function 


w' (2) = Qr(z) 0'(z) , (4.46) 
we have 
Re[z'(s)w’(z)] = 0 (on I). (4.47) 


, 


Evidently, w’ is a generalized analytic function, con- 
tinuous in @+J°. In order to calculate the number of 
solutions of the problem (4.47) let us consider the adjoint 
problem 


Re[w(z)]}=0 (on I). (4.48) 


Since the index of the latter problem is equal to zero, 
according to Theorem 4.8 the number of its solutions J 
does not exceed the unity, i.e. 


i=0 or t=1. (4.49) 


We shall later give examples which show that both these 
cases can occur (§5.1). The index of the boundary value 
problem (4.47) is equal to m—1 and hence the number 
of its solutions, according to the formulae (4.24) is given 
by the relation 


C= 2(m—1)+1+i-m _ m—1+1 : 
Consequently, by (4.49), 
?=m—-1 or =m. (4.50) 
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Thus, the general solution of the boundary value prob- 
lem (4.47) has the form 


w'(2) = Cyy(%) + ... + €7,04(2) (4.51) 
(Cc, iS a@ real constant) . 
The solution of the problem (4.45) follows from the for- 
mula (4.46) if w’(z) be subjected to the following con- 
ditions 
w'(a,) = 0,..., &'(an) = 0. (4.52) 
These relations yield 2n linear equations for the determi- 
nation od lU’ real constants ¢,,..,¢;. By virtue of (4.50) 
and (4.43) 1 > 2n. Therefore the rank of the system of 
equations (4.52) satisfies the condition 
0O<r<2n. (4.53) 


It is now easily observed that the number of solutions 
of the problem (4.45) is given by the formula 
U=—r, (4.54) 
ie. according to (4.50) 
vY=m—-r—-1 or V=m—r. (4.55) 


The number of solutions of Problem A in view of (4.24) 
and (4.54) is determined by the relation 


1=22n+1+l—r—m, (4.56) 


t=2n+1—r or l=2n-r. (4.57) 


The following question naturally arises. Can the number 7 
take all the values satisfying the condition (4.53) or are 
some of them excluded? 

It is evident that Problem A has the minimum number 
of solutions (J = 0 or |! = 1) when r = 2n. We shall prove 
below that exactly these cases are most frequently en- 
countered. It will also be established that if the conditions 
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(4.43) are satisfied the following inequality holds (§6.4; 
Appendix to Ch. IV) 


0<l<n+1. (4.58) 


The condition 1= +1 can take place. It occurs, however, 
for a special form of boundary value problems (§ 5.8). 


§5. Investigation of special classes of boundary value prob- 
lems of the type A in the case 0<n<m—1 


5.1. To begin with we consider two simple but typical 
problems corresponding to the case n=0 and m>1. 

For n = 0 according to (4.53) and (4.56) 1=1+f—m. 
Consequently, in view of (4.50) 


t=0 or lJ=1. (5.1) 

We prove that both these cases can occur. Let us 
consider for instance the following problem. 

It is required to find a function ©(z) holomorphic in G, 
continuous in G-+-I’, which satisfies the boundary con- 
dition 

Re[e*@@O(z)]=0 (onl), (5.2) 
where a(z) is a real piecewise constant function, 
a=0 on I), a=a,=const on [Ty (5.3) 
(kK =1,2,...,m). 


It is evident that the index of this problem is equal to 
zero. 

If all a, = 0(mod1) the problem (5.2) has the solution 
® = ie (c is a real constant) and consequently the case 
l= 1 occurs. 

Let us now assume that at least one constant a, can 
be found, which satisfies the condition 


a, ~ O(mod1). (5.4) 
It will be proved below that in this case the problem (5.2) 


has no non-trivial solutions. Therefore this case corre- 
sponds to the case | = 0. 
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By means of the principle of symmetry we find that 
the solution of the problem is analytically continuable 
through the circles J4,/\,...,[m. We may therefore 
differentiate both sides of the relation (5.2) with respect 
to the are of the appropriate circle. Thus, we obtain 


Refer) ’(z)2’(s)] = 0 (on I). (5.5) 
But in view of (5.2) the function te-O(z) takes real 
values on J. Multiplying both sides of the relation (5.5) 
by this function we have 


Re[i®(z)O'(z)z’(s)] = 0 (on I). 


Integrating the above relation over J’ and applying 
Green’s identity we obtain 


Re[i [ B@)@(2)de] = —2 [ [|e Pdady = 0, 
r G 


i.e. O'(z) = 0. Consequently, © =c¢ = const. Now, the 
boundary condition (5.2) and the inequality (5.4) imply 
that ¢ = 0. 

The problem (5.2) was investigated by a somewhat 
different method by Kveselava, [39a]. 

5.2. It is of interest for many reasons to investigate the 
following special boundary value problems 


Re[z'(s)p(z)] =0 (on L), (5.6) 
Re[e@z'(s)y(z)] =0 (on I), (5.7) 


where y(z) is the unknown function which is holomorphic 
in G, and a(z) is as before a piecewise constant function 
of the form (5.3) satisfying the condition (5.4). The indices 
of these problems are equal to m—1 but the numbers 
of their solutions are distinct. They are given respec- 
tively by 


V=m, V=m-—i. (5.8) 
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The above relations follow at once from the formula (4.24) 
if it is taken into account that the adjoint boundary 
conditions have the form 


Re[PM(z)]=0 and Refle-*(z)]}=0. (5.9) 


We have seen in the previous subsection that in the first 
case 1 = 1 and in the second J = 0 (of course if the con- 
dition (5.4) is satisfied). We shall now prove that there 
is no difficulty in constructing all solutions of the prob- 
lem (5.6). 

Let u,(z, y) be a function harmonic in & and satisfying 
the boundary condition 


uy, =0 on In, uy = dy on Ly, 7=1,...,m (5.10) 
(K=1,..., m; On =1, On = 0 for 4k). 


The funetion u,z is the harmonic measure of the contour J, 
with respect to the domain @. Obviously, these functions 
depend only on the domain. They can be constructed by 
means of the formulae 


Uy,(2,Y) = [as (K=1,...,m), (5.11) 
ry 


where g(z,¢) is the Green function for the domain @ 
of the Dirichlet problem. It is known that this function 
has the form 
1 
g(z,¢) = s-In|z—¢|+- gle, 6), (5.12) 


where g)(z,¢) is a function harmonic in @ with respect 
to z, and it satisfies the boundary condition (¢ is a fixed 
point) 


ui 
Jo = — 5 In |z—¢| for gel. (5.13) 
Let us consider the function g,(z,¢) conjugate to g(z, ¢) 
with respect to the point z; it is given by the curvilinear 
integral 


9x(2, 6) = [2 as, + const ‘ (5.14) 


19 
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This function is, obviously, multi-valued in G. If the 
point z describes a closed curve homological to [, which 
does not contain the point ¢, g,(z, ¢) acquires an increment 
equal to u,(¢). If this curve bounds a domain belonging 
to.G and containing the point ¢, g, acquires an increment 
equal to 1. 
The relations (5.10) imply at once that 
duy, Ou, dz Ou, dz 


Re |e's) =) | =0 (onl). 


These relations are valid along every line wu, = const. 
Hence, the problem (5.6) has m solutions 


Gz) =2—= (kh =1,...,m). (5.16) 


These functions depend only on the domain. They are 
linearly independent. This fact follows at once from the 
linear independence of the harmonic functions 1%, ..., Um. 
Since the problem (5.6), as we have seen before, has m 
linearly independent -solutions its general solution is 
given by the formula 


D(z) = ¢,B,(2) +... + CmPm(2) , (5.17) 


where ¢,,...,¢m are arbitrary real constants. 
According to (5.15) we have 


Our, _1 Ou, dz 1 OU dz 2 du, dz 1 


1.e. 


Dele) = Wee) (on Pr) (k=1,...,m), (5.18) 


where 7 is the outer normal of J. Let us prove that the 
function @,(z) does not vanish anywhere on J. It follows 
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from the boundary condition (5.10) that inside G@ the 
following inequalities hold 

O<u(e,y)<1 (in G) (kK=1,...,m), (5.19) 
Hence, we have 
OK 
on 


OUK 
én 
We shall now prove that the equality sign does not occur 
in the last inequalities. If it did occur the function ®,(z) 
would have a zero on J’ and the corresponding point 
would be a critical point for the harmonic function u,. 
In other words, through this point there passes besides I" 
at least one more line u; = const. = 6,; which evidently 
is partly situated also inside the domain G. The last 
result, however, contradicts the inequalities (5.19). It has 
therefore been established that 


Bh <0 on I; for j Ak, oe 9 on ly (5.20) 
(j,k =1,...,m). 

Hence, the functions ®,(z) do not vanish anywhere on 
the boundary I" of the domain G. 

If we now turn to the relation (4.17) we find that every 
function ©, has exactly m—1 zeros (their multiplicity 
being taken into account) inside the domain G. In fact, 
Since the index of the problem (5.6) is equal to m—1 
we have according to the formula (4.17) 

Nyp+2Ng = 2m—-2, (5.21) 
where N; and Ng are the numbers of the boundary and 
interior zeros of the solution of the problem (5.6). Since 
it was proved that for ®, N;=0 it follows from (5.21) 
that Ng = m—1. 

5.3. We now consider the following particular case of 
Problem A. 

Problem D. Ii is required to find a function G(z) holo- 
morphic in G, continuous in G and satisfying the condition 


Re[®(z)]= y(z) (on F). (5.22) 


<0 on L; for PAR, >0 on Ty, . 


19* 
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Since the adjoint homogeneous problem (5.6) has m 
linearly independent solutions (5.16), according to the 
general Theorem 4.2, for the solubility of the boundary 
value Problem D it is necessary and sufficient that the 
following conditions be satisfied: 


al y (2) D,(z)dz = Jreageas =0 (5.23) 


(k =1,...,m). 
Let us now take for y a function of the form 
y(z) =yol2) +e; on Ly (fj =0,1,...,m), (5.24) 


where c; are real constants, co = 0 and yp is a function 
continuous on J. We shall prove that it is always possible 
to choose (in a unique way) such values for the constants ¢; 
that all the conditions (5.23) are satisfied.* To this end 
it is necessary and sufficient that the constants c; satisfy 
the relations 


ou 
>) Anes = — fro Geas (k= 1,.., 1) (5.25) 
r 


where 
0 , 
Anj= | Sede (j,k=1,...,m). (5.26) 
ry 
Making use of the conditions (5.10) and applying Green’s 
identity we obtain 


* In this modified formulation the Dirichlet problem was in- 
vestigated by Muskhelishvili, [60a] (Ch. IT1, §60). Below, a some- 
what different method of solution of this problem will be indicated. 
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In other words the determinant of the system (5.25) 
is the Gramm determinant for the linearly independent 
system of functions @,,...,®n. Hence, the system (5.25) 
has a unique solution which can be written in the form 


uz : 
= — | regtas (j=1,...,™), (5.28) 
r 


where 
UF = AjUy +... + AjmUn - (5.29) 


Let us call the functions u7 depending only on the domain, 
the canonical harmonic functions of the domain. 
It follow at once from (5.27) that 


ee eee Lime bale i ous as (8.30) 
Ik 


Therefore aj, = ay; and, moreover, 


m m 
» Apiai; = > Aj ijn3 » (5.31) 
i=1 i=1 


Hence, taking into account the relations (5.29) and (5.26) 
we obtain 


ou* 
J Oui ds = Ops. (5.32) 
Ir 


The constants a; depend only on the domain under 
consideration. The harmonic functions uf also depend 
only on the domain, since they are uniquely determined 
by their boundary values 


uz =0 on ae uz = Aj; on Ty (j,4=1,...,m). (5.33) 


Since uf are linearly independent, for the system of 
linearly independent solutions of the problem (5.6) also 
the functions 


@E(e) = 2 MF — ig (9) Sa (k=1,...,m). (5.34) 
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may be taken. Here the derivative z’(s) is taken along 
the are of the line u% = const., and the derivative of this 
function is taken along the normal to this are. 

Making use of the relations (5.32), (5.10) and Green’s 
identity we obtain 


Our, Our 1 
Ij r 


Pr 


—||GOxdndy. (5.35) 
G 


Thus, the systems of functions ®, and OF are biorthogonal 
with respect to the domain G. It follows from (5.35) that 
the following relations are valid 


m m 


Qik = > 5570 5% = ff GP} DS ai;D;dxdy 
G 


j=1 j=l 


= || Of@Fdady. (5.36) 
Gg 
Now, the relations (5.28) may be written in the form 


cy =i | yPR(e)de (kb =1,.., m). (5.37) 
r 


Hence, Problem D for the right-hand side of the form (5.24) 
has always a solution—moreover, a unique solution—if 
the constants ¢, are determined according to the for- 
mulae (5.28) or, which is equivalent, by (5.37) ¢ = 0). 
We now write the boundary condition (5.22) in the 

form 
Re[P(z)] = yo(z)+e(z) (on L), (5.38) 

where 

yol2) = y(%)—e(2) , (5.39) 


o(2) =0 on Ib, ¢(2) = te =; if y@x(2)dz (on I's) (5.40) 


ed 5 wsk5 I) 
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The function y, satisfies the conditions (5.23) and con- 
sequently there exists a function »(z) holomorphic in G 
which satisfies the boundary condition 


Re[y(z)] = v0 (on I). (5.41) 
This relation implies that 
(2) = Yo(%)—tyx(2)+e(z) (on L), (5.42) 


where y, is the imaginary part of the function y. 

Thus, every function y of the class C(I), 0<»< 1, ws 
representable in the form (5.42) whwre y,(z) is a function 
holomorphic in G and satisfying the boundary condi- 
tion (5.41), and e(z) is a piecewise constant function given 
by the formula (5.40). 


5.4, On the basis of the last result we can now give 
a new proof of Theorem 4.5. We have seen above (§3.3) 
that the boundary condition of the homogeneous Prob- 
lem A can be written in the form 


Re[z-"e@)w(z)] =0 (on I’). 


Making now use of the representation of w in the form (4.2) 
the last boundary condition may be written thus: 


Re[z-"e'@O(z)} =0 (on I), (5.43) 


where @ is a function holomorphic in @ and o,(z) is a real 
function continuous in the Holder sense on J. Let us 
now represent o, according to the formula (5.42), and 
assume that <0. Then the boundary condition (5.43) 
takes the form 


Rele™@D,(z)] =0, Gy=2z-remD(z), (5.44) 


where a is @ piecewise constant function, a =0 on Jy, 
a= a, = const. on ,(k =1,..., m), and ®, is a function 
holomorphic in G and continuous in G+J. Besides, 
®,(0) = 0, since according to the assumption » < 0. But 
we have seen above (§5.1) that under these conditions 
the boundary value problem (5.44) has no non-trivial 
solutions; this completes the proof of Theorem 4.5. 
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5.5. It is useful to introduce the following multi-valued 
analytic functions 


wiz) = UK(2)+tve(z2), k=1,...,m, (5.45) 


where v%(z) are harmonic functions conjugate to wf(z). 
They are determined by the formulae 


z 
Ps) * 
of(z) = if Suk ds + On (5.46) 
% 


where c, are real constants and n is the normal to the 
integration line connecting a fixed point 2 with the 
variable point 2 of the domain G. These functions may 
be called the conjugate canonical harmonic functions of 
the domain. 

If, in the domain G, the point 2 describes a closed 
curve homological to the boundary contour J; (j = 
—1,..., m), according to (5.46) and (5.32) wi acquires an 
increment 76,,. We shall find that these functions enable 
us to construct a function which conformally maps the 
domain under consideration onto one of the canonical 
(multiply-connected) domains. 

Let us consider the following bilinear form 


hz, 6) = Uy(C) wi(2) +... + Um()wn(zZ). — (5.46a) 


This function is analytic in z and when z describes, in the 
domain G, a closed curve homological to I; (j = 1, ..., m) 
it acquires an increment equal to 7u,(¢). Let us now consider 
the analytic function 


so h(e,t) = gle, C)+igale, )—hale,0), (5-47) 
where g,(z, ¢) is a harmonic function conjugate to g(z, ¢) 
with respect to the point, z. If z describes, in the domain G, 
a closed curve homological to [,(k =1,...,m) then g,, 
as it was indicated above, acquires an increment equal to 
u,(¢). Therefore the function 


h,(z, 0) = h(z, ¢)—In(z—¢) 
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is a single-valued analytic function of z in the domain G. 
Hence, the function 


p(z,o) = ert) = (2—C) eha@0) (5.48) 


is single-valued and analytic in G. It vanishes for z= ¢ 
and satisfies the boundary conditions 


g=eP@®) for zely, 
p= ePEDe-2mUk(®) top ze Ir, (k=1,...,m), 
where 
p(z, 6) = 2a[g,(2, 0)—Uy(2) 07(2)—... — Um(l) Vm(2)]- (5.50) 
By means of these relations it is readily observed that 
the function w = ¢(z, ¢) (¢ is a fixed point of the domain G) 
establishes a conformal mapping of the domain @ onto 
the canonical domain G, which is bounded by the unit 
circle I with centre at the origin, and by concentric arcs 
of circles J}, the radii of which are equal respectively to 
* 

ek ( —1,...,m). It is also evident that the origin 
of coordinates w = 0 corresponds to the point z = ¢, [96]. 

It is also possible to obtain from the formula (5.49) 


a number of other conformal mappings of the domain G 
onto canonical domains of various types, [96]. 


(5.49) 


5.6. It is of interest to consider especially the following 
non-homogeneous boundary value problem: 

Problem D’. It is requisite to find a funetion ®(z) holo- 
morphic in G, continuous in G and satisfying the boundary 
condition 


Re[e-7"@@(z)] = y(z) (on Ll), (5.51) 
where a(z) is a piecewise constant function, a = 0 on Ih, 
a = a, = const. on J,(k =1,...,m), and we assume that 
the condition (5.4) is satisfied. For instance, the following 
problem leads to Problem D’: 


It is required to find in @ a solution w, we C(G), of 
the equation 


d-w+A(z)w=F(z) (A, Fe L(G), p>2), (5.52) 
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satisfying the boundary condition 
Re[w(z)] = y(z) (on I). (5.53) 


In fact, the general solution of the equation (5.52) can 
be represented in the form (see Ch. ITI, §4.4) 


w(z) = woz) + B(z)e% , (5.54) 
where 
zi ies ) aed , (5.53) 
(2) —w(2) 
z) = eet, (5.56) 
G 


Let wy and ow, be the real and imaginary parts of w(t). 
Inserting the expression (5.54) into (5.53) we obtain 


Re[P(z) eo] = y,, yy = ye™m—e- Re (wp). (5.57) 


=P, this function may be re- 


Since o,¢€ C,H 
presented according to the formula (5.42) in the form 
(2) = p(z)—to,(z)—ma(z) (on I), (5.58) 


where p(z) is a function holomorphic in G, a, is its imagi- 
nary part and a(z) is a piecewise constant function on I 
which, according to the formula (5.40), is uniquely expres- 
sible by w,, namely 


a=0on I, a= ay = —> | oPt(2)de on 1, (5.59) 
r 


hi == bs assy MO) 4 


Bearing in mind that , = Im[(z)] and Re[®j(z)z’] = 0 
(on J’) we have 


= = Im cal co (2) @(2) de\ = im JJ 0;wP}(z) da dy 
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or, taking into account that é;o = —A(z) we obtain 
2 
a, ==Im {| A(C)@EC)dedy  (k=0,...5m). (5.60) 
G 


Substituting now (5.58) into (5.57) we have 


Re[e@,(z)] = yx, (5.61) 
where 
P,(2) = POD(z), yy = EW, (5.62) 
If a(z) = MN; on J}, where NW; are integers, then the bound- 
ary condition (5.61) reduces to the boundary condition 
(5.22) which was already considered in §5.3. It is of inter- 
est to notice that this case occurs in problems of infini- 
tesimal bending of surfaces of the second order, of posi- 
tive curvature. We shall see in Ch. V (§3.5, §4, §6.6) that 
in this case the fundamental equations of the problem 
are reduced to the form (5.52) where 


A(z) =—aInVayK, F=0. (5.63) 
Here K is the principal curvature of the surface and a 
is the determinant of the first fundamental quadratic 
form with respect to the isometric—conjugate coordinate 


system (Ch. II, §6.3). Hence, in view of the formulae 
(5.60), (5.34) 


— a, = 2 tn 1 ain AVE ae) dwady 
Gg 
Im > i In VayK D(z) dz 
r 


= uj 
= —Im | nVa/K—ds =0. 
on 
r 
We now return to the general case, when the condition 
(5.4) is satisfied. Then, according to Theorem 4.2, the 


problem (5.51) has a solution if and only if the following 
relations hold: 


fyvle)dz =0 (kb =1,...,m—1). (5.64) 
L 
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where ¥,, ..., Ym-1 18 the complete system of solutions of 
the adjoint homogeneous problem (5.7). We have already 
seen that this problem has m—1 solutions. It is important 
to note that Problem D’ has a unique solution, since 
we found in §5.1 that the corresponding homogeneous 
problem has no solution. 

In particular, for m = 1 the conditions (5.64) are absent 
Hence, Problem D’ in the case of a double-connected 
domain is always soluble. This is a significant result which 
does not occur in the case of Problem D. 

Thus, in the case of a double-connected domain “the prob- 
lem of the determination of a solution of the equation (5.52), 
according to the boundary condition of the form (5.53), 
has always a solution and the solution is unique if the 
coefficient A satisfies the condition 


Im i. il A(t) @4(£) dé dy #5N (N—an integer). (5.65) 
Gg 


We observe that the equation (5.52) is the complex form 
of the elliptic system 


ou ov ou ov 
a ay Pee la 


5.7. We now consider the general homogeneous boun- 
dary value problem of Riemann—Hilbert, in the class of 
analytic functions 


Re[A(z)G(z)] = 0 (on SF). (5.66) 
In view of the formulae (3.6) and (3.7) this boundary 
condition may be written in the form 


Re[2Q,(z)e-#@G,(z)] = 0 (on L), (5.67) 
where 


o(z) = argd(z)— arg 2Qn(z) 4). Nparg (2— ex) , | 
k= 


(5.68) 


(z — 2)" * 


A 

S 

I 

S 

S 
rs 
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Representing now the function o(z) according to the rela- 
tion (5.42) in the form 
o(z) = q(2)—to,(z) + 2a(z) , 


where g(z) is a function holomorphic in G and a(z) 
@ piecewise constant function of the form 


a=Oonl, a=a =—{ o(2)Di(z)dz on Ty, (5.69) 
r 


(kK =1,..., m) 
the boundary condition (5.66) takes the form 


Re[Q,(z)e-*“@@O,(z)] =0 (on ©), (5.70) 
where 
®,(z) = e-2@@D,(z) . 


The piecewise constant function a(z) depends not only 
on the function A(z) but also on the choice of the points 
@,...,4, of the domain G. Considering these points for 
the time being as variable we have (in view of (5.69) 
and (5.68)) 


Oa; _ 1 ‘0a * te | ene” = 16s 
da; mh Ba) 8? aoe Z— za z Pia) » 
or according to (5.34) 
OUR 4 Cay oe 
2a, iy Bap (j=1,...,”). (5.71) 


The last result indicates that uf and 4a; are conjugate 
harmonic functions with respect to every point a;. Conse- 
quently, 


nr 
a, = a4 +2 Pa 4(4;) (K =1,...,™), (5.72) 

j=l 
where v% is the harmonic function conjugate to uf and. a; 
are fixed real constants. Therefore when the points a; 
describe a closed curve situated in the domain G, in 
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view of the relations (5.72) a, acquires an increment equal 
to an even number or to zero. Hence e* is a single- 
valued function of the points a, ..., an. 

By a similar device it can be proved that the con- 
stants a, are independent of the choice of the points 
21, +++, 2m lying outside G and appearing in the expression 
(5.68). 

If a, =... = @, = a the relations (5.72) take the form 


a,(a) = of+2nvj(a) (kh =4,...,m). (5.73) 


We can now indicate conditions under which the bound- 
ary value problem (5.66) is reduced to the simpler form 


Re[Q,(z)G,(2)] = 0. (5.74) 
It is evident that this fact takes place if and only if a(z) 
is an integer on every contour [;,(k =1,...,m). In order 
that this result holds it is necessary and sufficient that 
there exist such points a,,...,@, in the domain G@ for 
which the following relations are valid: 


n 
a+2 DS) veaj)=Ny (k=1,-.,m), — (5.75) 
j=l 
where W;, are integers. Since the numbers a; depend on 
the arbitrarily chosen function A, for the given points a; 
a function A(z) can always be indicated such that the 
relations (5.75) hold. 
In particular, if there exists a fixed point a of the 
domain G such that 


a, +2nv,(a)= N, (k=1,...,m), (5.76) 


then the boundary condition (5.66) reduces to the equiva- 
lent form 


Re[(z—a)~-"O(z)] =0 (on I). (5.77) 


5.8. We shall now give one more simple example show- 
ing that Problem A can have »+1 linearly independent 
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solutions if 0<n<m-—1, [141]. Below, in §6 we shall 
find that this number is the maximum number. Let us 
assume that there exists a function ¢ = y(z) which maps 
conformally the domain G@ onto the ¢-plane with cuts 
Apdo, 4,b,, ..., Ambm along the real axis, and mapping the 
point z= a onto the point ¢ = oo. In other words, near 
the point a the function y(z) has the expansion 


1 
Z—-a 


p(z) = (bo +b(2—a)+...), by 40. (5.78) 


Besides, on the contours J’; the function y(z) takes real 
values, since according to the assumption these contours 
are mapped onto the segments of the real axis. Therefore 
y(z) satisfies the boundary condition 
Re[ipy(z)] = 0 (on I). (5.79) 

It should also be borne in mind that y(z) is continuous 
in the closed domain G. 

It is readily seen that under these assumptions the 
functions 

i(z—a)", = t(z—a)"p(2), 
1(z—a)ryP(2z), ..., 1(2— a)™yr(z) 

are linearly independent solutions of the problem (5.77). 
Let us denote this problem by A,(a@) and the number of 
its solutions by In. Evidently, In >n-+1. Let us now 
observe that if ®, is a solution of the problem A,(a), 
then (z—a)®, is a solution of the problem Ayj4,(a). But 
the problem Any;,(a@) has also a solution given by the 
function 7%(z—a)"+1y"+1(z) which does not vanish at the 
point z= a, and consequently cannot be represented in 
the form (z—a)®,. Hence, In <Iny,. Since  =1 and 
ln = m-+1 (the last result follows from Theorem 4.10) 
we have 


Ll<nt+l<l<lng<m4+1 9 (n=0,1,...,m—1). 
This at once implies that 
n=n+1, 0<n<m-l1.: (5.81) 


(5.80) 
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Accordingly, the number of solutions of the adjoint homo- 
geneous problem A‘(a) the boundary condition of which 
has the form 


d 
Re jean 002] =0 (on I), (5.82) 
is equal to 
“= m—n. (5.83) 


5.9. We now consider the boundary value problem of 
the form (5.77), for the case of an arbitrary (multiply- 
connected) domain G. The solution of this problem may 
be sought in the form 


P(z) = —Cn—Cn_,(@— 4) —... —0,(2— a) + 
+(2—a)"@lz), (5.84) 


where ¢,,...,¢n are unknown complex constants and ®, 
is a new unknown holomorphic function. Then for ® we 
have the boundary condition 


Re[G,(z)] = Re ) e(e—a)-*. (5.85) 
k=1 


According to the relations (5.23) the condition of solu- 
bility of this problem has the form 


we Seazts | Beason. Sg ier (4 )=0 


(j =1,...,m). 
Thus, we have the following system of equations: 
(a) +UBj(a) +... + ce OP-(a) +H, O(a) = 0 
(j =1,...,m™), (5.86) 


where 
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We have seen before (§5.3) that the functions ®,(z) depend 
only on the domain. Therefore, the matrices of the coef- 
ficients of the system (5.86) depend only on the domain G 
and on the choice of the point a. Consequently, the rank r 
of this matrix depends on the domain Gand on the point a, 
le.r = r(a, G). 

Since we assume that 2% < _m we have evidently 


Oo<7r<2n. (5.87) 


The boundary value problem (5.85) has 2n—r-+1 linearly 
independent solutions. Consequently, in view of the for- 
mula (5.84), the number of solutions of the boundary 
value problem (5.77) is given by the formula 


l= 2n—r+1. (5.87a) 


Let » be a number satisfying the inequality (5.87). 
We shall denote by M,(a, G) the set of points ae @ for 
which the rank of the matrix of the coefficients of the 
system (5.86) is equal to ». 

We found in the previous subsection that there exist do- 
mains G@ for which M,(a, G) is non-empty. Now we shall 
prove that for every domain @Mon(a, G)(2n< m) is an 
open set everywhere dense in G. 

Let us first prove the following lemma: 

LEMMA 1. Let f,(2),..., fn(z) be functions holomorphic 
in G. Let A,(z) be a determinant of the n-th degree the k-th 
row of which has the elements 


tres tes fey Fes cee ce (5.88) 
if n is an even number, and 
m—8)  (n—8) (n=l 
Tics fey caf! ae (5 ) =| (5.89) 


if n ts odd. In order that the system of functions f,, ..., fx 
holomorphic in the domain G@ be linearly independent 
over the field of real numbers it is necessary and sufficient 


20 
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that there exists at least one point 2) of the domain G, such 
that 
Anl%) #9. (5.90) 


Proor. The sufficiency can be proved very simply. 
If f,,..-,fn are linearly independent, then 


Cyfi(2) +... + Cnfn(z) = 0, (5.91) 
where ¢;,...,¢€n are some real constants, and ¢{--...+- 
+¢n > 0. Differentiating successively 2 times the 


relation (5.91) and taking into consideration the complex 
conjugate relations we obtain a linear homogeneous 
system of equations for ¢,,...,¢n, its determinant being 
A,(z), and if An(z) 4 0 at at least one point, then obviously 
all ¢; vanish. Thus the sufficiency of the condition (5.90) 
is proved. 

Proceding to the proof of the necessity of this condi- 
tion we first examine the case n = 2. If 


A(z) = f(z) fol2) — fa2) fal) =0 (in G), 
the system of equations 
:fi(2) + Cafa(z) = 0, ¢,f,(2) + eafa(z) = 0 
has a non-trivial real solution ¢,,¢, and in the vicinity 
of points at which f,(2) 40 ¢, obviously cannot vanish 
identically. Therefore, we have 
c 
af,(z)+f.(z)=0, a= 5 . (5.92) 
Differentiating both sides of the above relation with 
respect to Z we obtain 


azf,(z)=0, le. af =O. 


Since a is a real quantity it follows that a = const. Conse- 
quently, in view of (5.92) the functions f, and f, are linearly 
independent, which contradicts our assumption. 

In order to prove the lemma for an arbitrary n it is 
sufficient to show that if the lemma holds for & functions 
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his ste, kh <n, then it also holds for 4+1 functions 

fry --+> tes fei. Let us assume that this is not the case, 

ie. there exists a neighbourhod G, of the point z, in which 
Ax{z) AO, GApyi(2) = 90 (in G). 


Let us first assume that & is even. Then, according to the 
last relation the system of equations 


k+1 k+1 
» ef2) =0, >» cfP(z) =0 (5.93) 
t=1 t=1 
k—2 
(i a i; ? 9 3 

k+1 

> eif#(2) = 0 (5.94) 

i=l 


has a non-trivial solution ¢,, ..., x, x41, and ¢,4, cannot 
vanish anywhere in G,. The last fact follows immediately 
from the condition A;(z) 4 0 in Gy. 

Dividing all relations (5.93) and (5.94) by ¢,.1 we 
obtain 


si if?) = —feul2), Salle =- fP.x(2) (5.95) 


i=1 k=1 


: k—2 
- | ae eeng >) 


k 
2 C; 
D>, aif (2) +7822) =0, a = —~. (5.96) 
t=1 K+1 


Since 4,{z) 4 0 the system (5.95) has a unique non-trivial 
real solution a,,..., a, satisfying the relation (5.96). Dif- 
ferentaiting the relations (5.95) with respect to Z and 
taking into account the same relations and also (5.96), 
we obtain 


k 
7 aay O) 87H (2) ) 
De 12) =0, DS' SP @ =0 


t=1 t=1 
: k—2 
eee 


20* 
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But the determinant of this system is equal to A,(z) 
which according to the asumption does not vanish in G. 
Hence, 


ie. ag;=const. (¢=1,...,k). 


This means in view of the relation (5.95) that the func- 
tions fi, fo, ---) fe, fez. are linearly independent, which 
contradicts the assumption of the lemma. It is easy to 
carry out a similar proof for an odd k. Thus, the lemma 
will be proved in the most general case. 

Let us now return to the boundary value Problem A,(a): 


Re[(z—a)"®(z)] =0 (on I) (5.77) 


and let us assume that the point a is so chosen that the 
determinant A,,(a) of the system of functions @,(z), ..., 
®.,(z) does not vanish. Such being the case, the system 
(5.86) has evidently only the trivial solution ¢,=0,..., 
Cn = 0(2n < _m). Consequently, the problem (5.85) has 
@ unique solution ® = ie (¢ is a real constant) and ac- 
cording to the formula (5.84) the boundary value prob- 
lem (5.77) has the unique solution 


@D = ic(z—a)”. 


Thus, in the case under consideration the problem A,(a) 
has the minimum number of solutions, ie. 7=1 and 
(5.87a) implies that r = 2n. The set of points a for which 
this takes place is open and everywhere dense in G. Hence, 
the Problem An(a) may have more than one solution only 
in exceptional cases—when the point @ and perhaps the 
domain G@ are chosen in a special way. These cases are 
possible; it follows from the example of the previous 
subsection. 

5.10. We now consider the boundary condition (5.74) 
which can be written in the following form (Problem 
A(ay, ..+5 Gn)): F 

Re Fal =0, Q(z) = I! (e—a,), (5.97) 


k=1 
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where ® is the unknown function, holomorphic in G. 
This function is representable in the form (we assume 
that a; ~ a, for 1 4k) 


O(z) » —Sk_ 4 (2) . (5.98) 
k 


Qn(2) =f oR 


Then we have the following boundary condition for 9,: 


n 


Re[@,(z)] = Re >. 


Ck 
Z—aAkK : 


(5.99) 


According to the relations (5.23) the condition of solubility 
of this problems has the form 


n 
Re >) c.Gj(az) =0 (j =1,..,m). (5.100) 
k=1 


Let r be the rank of the matrix of the coefficients of this 
system. It is evident that this rank depends only on the 
choice of the points a, ..., @, and the domain G, i.e. r = 
= 1(A,, ..-) Gn, G), and 


0 <r(a,,..., dn, G) <2n. (5.101) 


The number of solutions of the homogeneous problem 
(5.97) is evidently equal to 2n+1—r. Let us denote by 
M,(a,, ...5 n, @) the set of points a,,..., @, of the do- 
main G for which the condition (5.101) is satisfied. It 
is now important to find out whether there exists for 
every fixed 7,0 <7 < 2n, a domain @ for which the set 
M,(a,,..., 4, G) is non-empty. We shall later find that 
Mon(@,, .--, Gn, G) is non-empty for any domain G. More- 
over, this set is open and everywhere dense in G. 
We shall now prove the following lemma: 


LEMMA 2. Let f,(2),...,fn(z) be funetions holomorphic 


in G. Let An(2,,..-5 2n,), 0 = ea be a determinant 
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whose kth row has the elements 


fel@h, fe(#1) rae) fil2n’), ee) ? 
if n ts an even number and 
fades)» —Fal@1)y oe) ful@n—a), Fal@na), —fael2n’) , 


if n is odd. The functions f,, ..., fn are linearly independent 
over the field of real numbers if and only if there exists 
at least one system of points 2,,..., 2%, of the domain G 
for which 

Anl2y5 «6.5 207) FO. (5.102) 


PRoOoF. The sufficiency of this condition can be proved 
exactly as for the condition (5.90), we shall therefore 
omit the reasoning. The necessity of the condition (5.102) 
for n = 2 is obvious, since in this case the lemmas 1 and 2 
are identical. Consequently, in order to prove the lemma 
for an arbitrary » > 2 it is sufficient to show that if the 
lemma holds for the functions f,, ..., f, it is also valid for 
the functions f,, ..., fx, frri(k <m—1). Let us assume that 
this is not the case, i.e. that there exists a system of 
points 2,,..., 2%, for which 


k+1 
Axl21, 0) %¢) #0, k= ae (5.103) 


while for any point z we have the relation 
Ajs(215 song Sh’ 2) ==0. 


In view of the last relation the system of equations 


k+1 k+1 

edd) =0, efile) =0 G=1,-.,%), 

> my (5.104) 
K+1 


2, cxfi(2;) = 0 
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has a non-trivial solution ¢, ..., Cx, C41, and it is readily 
observed that c;., vanishes nowhere in the domain G. 
Hence, dividing all relations (5.104) by e+: we obtain 


k k 
D, %bdei) =—fersles), — S) afl) = —Fasale) (5-105) 
G=1,...,%), 
k a 
Dy able) +ferlt)=0, a= =. (5.108) 


In view of (5.103) the system (5.105) has a unique solu- 
tion a ,...,@,%, a; being real and depending only on 
1, +, 23 they are independent of 2 and satisfy the re- 
lation (5.106) for an arbitrary value of z. Thus, fy, ..., 
fey fn41 are linearly independent, which contradicts our 
assumption. 

Obviously, the set of points for which the condition 
{5.102) is satisfied is everywhere dense and open in the 
set of all possible systems (2, ..., 2n),2:¢ @, ie. in the 
product GxGx...xG@. In other words, there does not 
exist an open subset Gx@x...x@ all points of which 
satisfy the condition 


An(21, eoey en/) = 0 . 


Let us now return to the problem (5.97) and let us 
assume that the points a,,...,@, are so chosen that the 
determinant Ap(a,,...,@n) for the functions D,, ..., Dyn 
does not vanish. Since according to the assumption, 
2n—1<m the functions ©,,..., Sn, are linearly inde- 
pendent; this result is possible in view of Lemma 2. 
Such being the case, the system of equations (5.100) has 
only the trivial solution ¢=...=¢n=0 and, conse- 
quently, the problem (5.97) has only solutions of the 
form 


® = icQ,(z) (e—real constant) . 
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Thus, in the case under consideration Problem A(a,, ..., 
dn) has the minimum number of solutions, ie. 1=1 
and, consequently, r = 2n. Moreover, it is evident that 
the set Mon(a,,..., an, @) for which this result holds is 
open and everywhere dense in GxG@x...xG. This fact 
proves that the homogeneous boundary value problem 
(10.97) can have more than one solution only in special 
cases, namely when the system of points a@,,..., a, and 
perhaps the domain G@ are chosen in a special way. It is 
evident, however, that such cases are possible. * 


§6. On the conditions of correctness of Problem A 


6.1. It is usually said that a boundary value problem 
4s correct with respect to a group of parameters entering 
the statement of the problem if its solution always exists, 
is unique and varies continuously as the parameters are 
continuously varied. It should be observed that the term 
‘parameter’ is used in a very wide sense. A parameter 
can be a quantity of any nature on which the solution 
of the problem depends (e.g. constant parameters, coef- 
ficients and right-hand sides of the equation and the 
boundary condition, the boundary of the domain, etc.). 
Moreover, the continuous change and continuous de- 
pendence can be understood in many ways. It can be 
considered in the sense of the ordinary Euclidean metric 
or the metric of the space C; in other cases—in the sense 
of metrics of various Banach spaces or in the sense of 
convergence in various topological spaces. 

In particular, for Problem A it is sensible to investigate 
problems of correctness both with respect to the coef- 
ficients and the right-hand sides of the equation and the 
boundary condition, and with respect to some continuous 
(small) deformations of the boundary J' of the domain G. 


* During the preparation of this paragraph B. Bojarski became 
interested in these problems and obtained a number of further 
results on the topic, [llg]; they are presented in an Appendix to 
the present Chapter. 
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In this section we shall consider some criteria of cor- 
rectness of Problem A with respect to the right-hand 
sides of the equation and the boundary condition. We shall 
return to the problem of correctness of Problem A with 
respect to other data in §7.4, Ch. V, §10.5, and in the 
Appendix to Ch. IV. 

In the following subsection of this section we shall 
indicate conditions the addition of which to the boundary 
value problem 

C(w) =0w+Awv+Bo=F(z) (inG), (6.1) 


Re[A(z)w(z)] = y(z) (on I’) (6.2) 
ensures the existence and uniqueness of the solution of 
the modified problem, and the continuous dependence 
on the data of the problem. 


6.2. It is evident that Problem A can be correct with 
respect to the functions F and y only if the homogeneous 
Problem A has no solution and the non-homogeneous 
Problem A is always soluble. The last fact occurs only 
if the adjoint Problem A’ has no non-trivial solutions). 
In this case, however, according to Theorem 4.3 Pro- 
blem A has the unique solution w which is representable 
by the formula 


w(z) = f M(z, ¢)y(0)ds+ 
r 


+ ff Mile, OF ()+Male, VF O)dedn, (6.3) 
Ga 


where M, M, and M, are functions uniquely determined 
by means of the coefficients of the equation (6.1) and the 
boundary condition (6.2), but are entirely independent 
of the right-hand sides # and y. The right-hand side of 
the relation (6.3) is a linear operator associating with 
every pair of functions F and y(FeL,(G), p> 2, ye OL), 
0<¥»< 1) a solution of Problem A belonging to the class 


O{G+2), ¢ = min(y, 2—2 


tion l=l=0 is satisfied Problem A is correct with 


) Consequently, if the condi- 
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respect to the functions F and y in the classes [,(@), 
p> 2, and 0,I),0<»<1, respectively. 
It follows from (4.24) that in this case we have 


m= 2n+1, (6.4) 


le. Problem A may be correct with respect to y and F 
only for domains of an even connectedness (m =1,3,...). 
The last condition was first indicated to me by Bojarski, 
[1la, a’]. 

Theorems 4.10 and 4.12 imply that Problem A is 
certainly incorrect if n < 0 or » > m—1. In the first case 
(1 <0) Problem A is not always soluble but when a solu- 
tion exists, it is unique. In the second case (» > m—1) 
Problem A 1s always soluble but the solution is not unique. 
Thus, in general, Problem A is not correctly formulated. 
It is therefore important to examine the necessary modi- 
fications of the statement of Problem A which would 
ensure the existence and uniqueness of the solution and 
in a certain sense the continuous dependence of the solu- 
tion on the data of the problem. These problems are of 
a great interest, since many problems of geometry and 
mechanics reduce to Problem A (see Ch. V and VI). 

The modifications of the formulation of Problem A in 
the sense indicated above can be carried out in various 
ways. For instance, for »>m—1, by adding to the 
boundary condition (6.2) the relations 


L(w) =e; (J=1,..,k), (6.5) 

where I; are some homogeneous additive functionals in w 

and ¢; are constants, it may be shown that the modified 

problem is soluble and the solution is unique. It is, for 

instance, sufficient to take functionals which satisfy the 
conditions 

L(w;) = dj (6% = 1, 64 = 0,7 #24), (6.6) 


where w,(t = 1, 2,...,2n+1—m) is the complete system 
of solutions of the homogeneous Problem A. Such func- 
tionals, however, are inconvenient in parctice because 
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their structure depends on the solutions of the homo- 
geneous problem. Of a greater interest from the practical 
point of view are functionals 1; which are entirely inde- 
pendent of the data of the problem and hence of the 
solutions of the corresponding homogeneous problem. 
Such functionals in the case of simply-connected domains 
were indicated by Joachim Nitsche [64a] and in the case 
of multiply-connected domains by Schmidt, [97a]. The 
conditions given by Nitsche, however, are of a very special 
nature and are hardly subject to a geometric or mecha- 
nical interpretation. 

Below we shall indicate some other ways of modifying 
the formulation of Problem A, which suit the geome- 
tric and mechanical nature of the problem better. 

6.3. We shall prove in this subsection that we may take 
for the additional conditions (6.5) relations specifying the 
values of the unknown solution on a certain finite set of 
points of the domain and its boundary. 

Let %,...,2% and 2},...,2,. be arbitrarily fixed points 
of the domain G and its boundary J’, respectively, while 
the following conditions are satisfied. (1) the numbers k 
and k’ satisfy the relation 


2k+-k’ =2n+1-—m (n>m—1); (6.7) 


(2) there are m curves, e.g. I'J\,...,£, among (m-+1) 
boundary curves J5,J/\,..-,;/m, on every of which an 
odd number of fixed points z; are situated. 

The system of fixed points of the domain G and its 
boundary J satisfying these conditions will be called the 
normally distributed (k,k',@+I°) set. In the choice of 
k and k’ the following extreme cases are possible: (1) k = 
= 0,k’ = 2n+1—m and (2) k=n—m, k’ = m+1. Con- 
sequently, 0<k<n—m,m4+1<k’ <2n4+1—m. 

Let us now specify on this set the values of the unknown 
solution of Problem A: 

w (253) = a; + tb; (G=1,..,k), 


: . i : (6.8) 
W (23) = Ay( yj + te;) (j a 1, oe) k ) ’ 
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where 4@;, 6; and ¢; are arbitrarily specified real constants, 
Ay = A(2;) and y; = y(z2;). The relations (6.8) concerning 
the boundary points 2; are of course in accordance with 
the boundary condition of Problem A: 


Re[Ajw(2))] = 77 (J =1,..., #’). 
We shall now prove that Problem A with the additional 
conditions (6.8) has always a unique solution. 
According to Theorem 4.12 the general solution of the 
problem (when m<n-+1) has the form 


2n+1—m 
w(z) = wlz)+ >, diz), (6.9) 
j=1 

where w, is a particular solution of the non-homogeneous 
Problem A, d; are real arbitrary constants, w; is the complete 
system of solutions of the homogeneous Problem A. If 
this solution is subjected to the additional conditions (6.8) 
we obtain the following linear system of equations for 
the determination of the constants d; 


2n+1—m 
A;w,(2j) = a; + 1b; — Wo(2}) (j=1,...,k), 
as (6.10) 


2n+1—m 


Dy) dywwe}) = Alyy +ie;)— wl) GJ = 1, H’). 


t=1 


We prove that this system has a solution for an arbitrary 
right-hand side. Let dj; be a non-trivial solution of the 
corresponding homogeneous system. Then the function 


2n+1—m 


w,(2) = >) dio,(2) (6.11) 


t=1 


is a solution of the homogeneous Problem A and, more- 
over, it satisfies the homogeneous point conditions 


(23) =90 (j= 1,...,%), 


; (6.12) 
Wx(29)= 0 (J =1,..,k'). 
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This means that the interior points 2,,...,2, and the 
boundary points 21,...,2, are zeros of w,(z). According 
to the assumption, there are on every of m boundary 
contours J,,...,£m odd numbers of points of the set 
21) «+2. Now, according to Theorem 4.7 on every 
boundary contour there may be situated only an even 
number of zeros of the solution of the homogeneous Prob- 
lem A. Therefore, on every one of these contours there 
will be at least one more zero of the function w,(z). Conse- 
quently, w,(z) has at least N,;=k'+m boundary and 
Nag = k interior zeros. But these numbers in view of (6.7) 
satisfy the relation 


2NetNr=2n+1, 


which contradicts Theorem 4.7. It follows that w,(z) = 0 
and, consequently, d;=0 (j=1,...,2n+1—m). Thus, 
the system (6.10) has a solution for an arbitrary right- 
hand side. We have therefore proved 

THEOREM 4.13. If on a normally distributed (k, k’, @+ 
+I") point set the conditions of the form (6.8) are given, 
then for n> m—1 Problem A has always a solution satis- 
fying these conditions, this solution is uniquely determined 
and depends continously on F and y. It also depends 
continuously on the points z; and z; and is a linear function 
of the constants a;, b,j =1,...,%) and cj =1,..., k’). 

In subsequent chapters the geometric and mechanical 
nature of the conditions (6.8) will be elucidated. 

6.4. We now consider the case n <m—1. Then Prob- 
lem A in general has not always a solution in the class 
of continuous functions. Therefore, the following natural 
question arises: in these cases can the existence and uni- 
queness of the solution of Problem A be ensured by an 
extension of the class of the unknown solution? We shall 
prove below that this can be done if the solution of the 
problem is sought in the class of functions possessing 
a number of prescribed poles inside the domain G. In 
Chapters V and VI the mechanical and geometrical 
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interpretation of such a formulation of the problem will 
be shown. 

Let 2, ..., 2 be some fixed points inside the domain G, 
where k = m—n. We shall seek the solution of Problem A 
in the class of functions of the form 


k 
w(2) =Q(a)@(e), Q(e)= [J (e-2), (6.13) 
j=1 
where (2) is a function continuous in @+T/, which is 
a solution of the following boundary value problem 
00+AK+BG=F (in G), 
—s (6.14) 
Re[A (z)w(z)] =y (on L), 


where 


oO) op PR) 5 gaa 
B=BoA Fagg 7=4HOH.- 


The index of this boundary value problem is given by 
m=nt+tk=m. 
Completing the problem (6.14) by the point conditions 
Tyo (24) = TB (2!) = yj, +e, (7 =0,1,..., m), 


where z; is an arbitrarily fixed point on [(j = 0,1, ..., m) 
and ¢; are arbitrary real constants, we arrive at a problem 
which in view of Theorem 4.13 is always soluble and has 
a unique solution representable by the formula 


Ble) = Ble) + D, Bile) , 


where %, is the solution of the above indicated problem 
corresponding to the case ¢; = 0(¢=0,1,...,m) and W; 


are solutions of the homogeneous problem (fF = 0, y = 0) 
satisfying the relations 


we) = 4 (i,4=0,1,..,m). (6.15) 
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Hence, in view of the formula (6.13) we infer that the 
following theorem is valid: 

THEOREM 4.14. If n<m Problem A has a unique 
solution of the form (6.13) satisfying the following additional 
conditions 


Ayw(24) = yptice; (7 =0,1,...,m), (6.16) 


where 2; is an arbitrarily fixed point of the contour I; and 
Cos Cry «+9 Cm are arbitrarily fixed real constants. 

We can now formulate the necessary and sufficient 
conditions of the solubility of Problem A in the class 
of regular functions. It is evident that these conditions 
consist in satisfying the relations 


m 

7 ~, w~ . 
> exibife;) = —%,(2;) (J =1,..,m—m). (6.17) 
i=0 


Thus, we have 2(m—~%) real equations for the determi- 
nation of m+1 real constants. 

Let 7 be the rank of the matrix of the system (6.17), 
r<min(m+1, 2m—2n). Obviously, Problem A has 1 = 
= m-+1—r solutions and the non-homogeneous Problem A 
will be soluble if and only if the following relations are 
satisfied : 

m—-n 

» XiyjWs(2;))=0 (¢=1,...,U =2m—-2n—7), 

j=1 
where X;; are the minors of the matrix of the system (6.17). 
Evidently, these relations should be identical with the 
necessary and sufficient conditions (2.5) of the solubility 
of Problem A (§2.1). 

Since l= m+1—r,l = 2m—2n—r, we again obtain 
the formula 

I—l’ = 2n+1—m, 


yielding the difference between the numbers of solutions 
of the adjoint homogeneous Problems A and A’ (84.4). 
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If n <0, in view of the inequality (4.17d) we obtain 
at once that the homogeneous Problem A has no solution 
possessing poles inside G@ if the number of the latter is 
smaller that —n. Accordingly, forn<0l=m+1—r=0, 
i.e. the rank of the matrix of the system (6.17) is m+1. 
It is therefore easy to prove 


THEOREM 4.15. If n< 0, Problem A is always soluble 
in the class of functions having inside G arbitrarily spe- 
cified poles the number of which is given by the relation 


p =4(m—2n—1) if m is odd, 


p = %4(m—2n) if m even. 


Moreover, if m ts an odd number the solution of the 
problem is uniquely determined, and if m is an even number 
the set of solutions of the problem contains linearly one 
arbitrary real constant. 

In the case of a simply-connected domain this theorem 
wag obtained in a somewhat different way by Schmidt, 
[97b]. 

The last results reveal to a certain extent the degree 
of incorrectness of Problem A. Adding to the conditions 
of Problem A some new conditions restricting in a certain 
way the class of the unknown solutions of the equation, 
or, conversely, extending this class by taking into account 
solutions having poles, or, finally, according to a definite 
rule restricting and at the same time extending the class 
of solutions, we arrive at a modified statement of the 
problem, which is already correct. In particular, for 
n> m-—1 we have to narrow in a certain way (e.g. by 
adding point conditions of the form (6.8)) the class of 
continuous solutions, in order to ensure the correctness 
of Problem A. Therefore, in this case (n > m—1) Prob- 
lem A will be called the quasi-correct problem. 

In other cases, when—on the contrary—we have to 
extend the class of solutions by taking into account 
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functions possessing poles we shall say that Problem A 
is pseudo-correct. 

We finally observe that in the case of pseudo-correct 
problems we can obtain a correct formulation in the 
class of continuous solutions by an incomplete specification 
of the right-hand sides of the equation and the boundary 
condition. In the class of analytic functions, such a modi- 
fied formulation of the Dirichlet problem was investigated 
by Muskhelishvili, [60a] (Ch. III, §1). For Problem A 
a similar investigation was carried out by Nitsche, [64a], 
in the case of a simply-connected domain. 

6.5. We now consider separately the case 0< n < m—1. 
If r< m+1 Problem A has a continuous solution which 
has at least one zero on each of m—r distinct boundary 
contours. In fact, with no loss of generality we may 
assume that the principal minor of the order r of the 
matrix of the system (6.17) does not vanish. Thefi the 
solution of the corresponding homogeneous system has 
the form 


Cy = Apt... tAimem (t= 0,...,7-—1). 


Accordingly, the homogeneous Problem A has continuous 
solutions of the form 


w(2) =Q(2) >” ejt64(2) , 
jar 


r—1 
Bi(2) = Ble) + SY Ag@le) (jf =r, 7 +1, ..,m). 
t=0 


But in view of (6.15) w;(2;) = 0 if i >r and 1 #47. Thus, 
the homogeneous Problem A has a continuous solution 
w = Q(z) which has m—r zeros 241,...,%m situated, 
according to the assumption, on distinct contours con- 
stituting the boundary. Consequently, according to Theo- 
rem 4.7 the solution has at least 2(m—r) zeros on I, 
and by virtue of (4.19) we have the inequality 


r>m—nN, 


21 
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yielding the lower bound for r. We therefore have the 
inequality 
l=mt+1—r<n+li, 


yielding the upper bound for the number of solutions 
of the homogeneous Problem A; we have seen already 
($5.8) that this upper bound is really achieved. 

It has thus been established that for 0<n<m—1 the 
number of solutions of the homogeneous Problem A satisfies 
the inequality 


0<Il<n+l1, (6.18) 


which was already indicated above (§4.5). This inequality 
is rigorous in the sense that the extreme values of J, 1 = 0 
and 1 = n+41, are possible. But the considerations of the 
previous section proved that the cases 1=0 take 
place most often if n<im. The remaining cases are 
encountered only if the boundary condition is chosen 
in a special way (i.e. the functions A), as well as the coef- 
ficients of the equation C(w) = 0, and the domain. 

We have indicated in §5 examples corresponding to 
the cases 1 = 0,1 and »+1. It is of interest to indicate 
examples corresponding to the other cases—1 <1<n-+1. 

In order to become acquainted with other results 
concerning the special cases 0 <n <m—1 of Problem A 
the reader is referred to the Appendix to Chapter 4, 
where incidentally the proof of the inequality (6.18) is 
given, first announced in the paper [11f]. 


§7. Solution of Problem A by means of two-dimensional 
integral equations. Application of the generalized principle 
of symmetry. Generalized Schwarz integral 


7.1. In this section we shall derive new integral 
equations of Fredholm type which will enable us to solve 
Problem A without reference to the formulae giving 
general representations of the solutions by means of 
contour integrals. As distinct from the previous consi- 
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derations, we shall deal here with equations containing 
integrals over the domain ([14a], §8.9). 

We shall restrict ourselves to the case of a simply- 
connected domain, the remaining assumptions concerning 
the data of the problem being preserved. Then, with no 
loss of generality we may consider the domain G to be 
the circle |z|< 1. Besides, we shall assume that the 
boundary condition of Problem A is reduced to the 
canonical form (§3) 


é0w+Bo=F (in @), 


Re[z-"0(z)] = y(z) (or I), a 


where n is an integer. It is obvious that the unknown 
solution of Problem A satisfies the integral equation 


1 ( ( Bio)w(2) 
Z| [Oe aay =@(z)+TgF, (7.2) 


where @(z) is a function analytic in G and 


1 F (6) dédy 
=//-eS*. 


TF = — (7.3) 


The integral equation (7.2) will be equivalent to Problem A 
if we succeed in finding such a representation of the 
analytic function ® that the solution of the equation (7.2) 
satisfies the boundary condition (7.1). 


7.2. We first consider the case » > 0 and represent the 
function ® in the form 


@(z) = D, + pos BACT w(s) — 
(z) (z) : [J (si dédy 
eal gee (6) eet (7.4) 


where ®, is a new unknown function, analytic in G. Sub- 
stituting the expression (7.4) in the right-hand side of 


21* 
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the relation (7.2) we obtain the following integral equation 
of Fredholm type for the unknown function w: 


w(z) + Pr Bw) = G(2)+ Prk , (7.5) 


IBY. 


Denoting by G’ the exterior of the circle |z| <1 we can 
represent P,f in the form 


where 


Paf =Tef +2" Teh, , (7.7) 
where 


i 
ee 4 pate ae woke) (7.8) 


In view of Theorems 1.24, 1.25 and 1.29 it follows from (7.7) 
that the operator 

Qnf = Pn( BY) (7.9) 
is linear (over the field of real numbers), completely 
continuous in the spaces C(G@) and L,(@), q Pett it 
maps 0(G) onto C ‘p—AG) and L(G) (when q P| onto 


D 


0,(G), where y= 1-a(- +7). If Eee i! a then 


p—1 p—2’ 
Quf belongs to the class [j,(@) where 
pos 1 
ae ek tke 
— Sas coer ee + a 
p'q 2 


Here a is a sufficiently small fixed positive number. 
Moreover, there exists an integer m such that Q; f belongs 


to a Op(@),0<B<1, if feLg(@),4>5°5- 
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Tt is readily observed that for an arbitrary function f 
of the class L,(@),p>2, the following condition is 
satisfied 

Re[z-"Paf] =0 (on I). (7.10) 


Therefore, if the analytic function ®, satisfies the boundary 
condition 
Re[ze-"@,(z)]=y (on I), (7.11) 


then the solution of the integral equation (7.5) will be the 
solution of the Problem A under consideration. Con- 
versely, if w is the solution of Problem A, then a function 9, 
analytic in G can be found, such that it satisfies the 
boundary condition (7.11) and w satisfies the integral 
equation (7.5). 

We have already seen above (§1) that the general 
solution of the problem (7.11) is given by the formula 


®,(2) =i J 7 pee Yaw, (7.12) 


Qa =e t 


where ¢, are complex constants satisfying the relations 


Con-k =—C (k=0,1,...,0), (7.13) 
i.e. 
n—1 


> ck = — 2, a (2k&— oen— k) 4. 4By,(2* + gin—k) + 12” , 


k=0 
Co, 4, and f£, being arbitrary real constants. 


Thus, for n >0 Problem A is reduced to the following 
equivalent integral equation of Fredholm type: 


= a reiaited dt > ke 
w+ Quo = Pa + 3 | 70 Fr + Cpe (7.14) 
No matter what are the complex constants ¢ satisfying 
the conditions (7.13), the solution of the equation (7.14) 
is the solution of Problem A. 
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We shall now prove that the equation (7.14) has a so- 
lution for an arbitrary right-hand side belonging to 


LD(G+T), eae It was proved above that Qn is 


1 
Therefore, our assertion will be proved if we establish 
that the homogeneous equation w-+-Q,w = 0 has no non- 


a completely continuous operator in any L, for q > rear : 


trivial solution of the class Ly, q > ae But by means 


of Theorem 1.29 it is readily found that solutions of the 


class Lg (c ae i) of this equation are continuous in 


G+. Therefore, the problem is reduced to the proof 
of the fact that the equation w+Q,w = 0 has no non- 
trivial continuous solution. This equation may be written 
in the form 


== [fas pe ) dean (7.15) 


Its right-hand side is holomorphic in G and continuous in 
G+, and the integral appearing in the left-hand side is 
a function continuous on the entire plane, holomorphic 
outside G+J° and vanishing at infinity. Assume that 
gel’. Let us multiply both sides of the relation (7.15) by 


1 dz 
ont 2e—t’ 


teG, 


and let us integrate the result over J. Then, making use 
of the Cauchy theorem and Cauchy formula, we obtain 


1 (wle)de | BOW azay, 


2, — 
Ini) 2—t 1G 


BOUNDARY VALUE PROBLEMS 297 


If the left- and right-hand sides of the last relation be 
expanded into the powers of ¢t, |t} <1, we obtain 


f{ w(z)e°d6=0 (kh =0,1,..., 20,2 = 6). (7.16) 
P a 


Besides, the solution of the equation (7.15) satisfies the 
homogeneous equation C(w) = 0 and the homogeneous 
boundary condition 


Re[z-"w(z)] = 0 (on Tl). (7.17) 
Therefore, w may be represented in the form (Ch. ITT, §4) 
w(z) = D(z) er® , (7.18) 


where ® is a function analytic in G with respect to z, and 


= oe ae) and , PHBE. 


Since Re[7p(z)] = 0 on I, the boundary condition (7.17) 
according to (7.18) has now the form 
Re[e-"@(z)] = 0. (7.19) 


Now, according to the formula (7.12) the general solution 
of this problem has the form 


an 
= s Cre , 
k=0 


where ¢, are complex constants satisfying the con- 
dition (7.13). Therefore, in view of (7.18) the solution 
of the equation (7.15) should have the form 


2n 


w(z) = ( > ee’) er) , 


k=0 


Inserting the last result into the relations (7.16) we obtain 


2n 
Dey f ke-ler@de =0 (L=0,1,..,2n). (7.20) 


k=0 r 
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This implies that ¢,=—0 (k=0,1,...,2n), since the 
determinant of the system (7.20) does not vanish; this 
fact follows from the identity of this determinant with 
the Gramm determinant for the system of linearly inde- 
pendent functions 


1 
3P 


ake (k =0,...,2n; ple) = plz), ze). 


Therefore, the homogeneous equation (7.15) has no non- 
trivial solution. Consequently, the non-homogeneous equa- 
tion (7.14) has a unique solution for an arbitrary right- 
hand side belonging to L,(G+TJ), for q 5a 

Thus, it has been proved that for n > 0 the non-homo- 
geneous Problem A has always a solution and the homo- 
geneous Problem A (F =0,y=0) has exactly 2n+1 
linearly independent solutions, for it is equivalent to the 
integral equation 


n-1 


W+Q nw = 192" + = ay(2— 22m-k) 4+ 7 Bi (ak + g2m—k) (7.21) 


k=0 


the right-hand side of which is a linear combination with 
arbitrary real coefficients of linearly independent functions 


iam, gk pink | i (gk 4. 22m—-k) (7.22) 
(k= 05 1, 5 W—= 1) 


7.3. We now proceed to the case n<0. Now, the 
integral equation (7.14) used above is, evidently, not 
valid since it contains terms with the powers 2?"+! pos- 
sessing therefore discontinuities of a high order at the 
point z= 0. We shall introduce, therefore, the function 
W,) — z*w where k = —n. Since k>0, wy is continuous 
in @& and satisfies the equation 


ke 
Betty + Boy = 2#F (2), By = BE (7.23) 
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and the boundary condition 
Re[z*w) = Re(w)=y (on I). (7.24) 
But this problem corresponds to the problem examined 


in the previous subsection for the case n = 0. Consequen- 
tly, the function w) = z*w satisfies the integral equation 


zkw (z) + Pol2*( Bow)] 


— P%\2kF) +e if? () a 4 ity. (7.25) 
It is easy to derive the identities 
A fits at 
2nt vO) t 
1 fy ue oe y(tde z (iat 
(Dai » mi x fh *(t— 2) 


Py(otf) =—* f f ck-1y (¢) dé dn — 
G 
= J J (10) 4 PFO) agan + 
fin ff (fC) FO) adn + APH), 
G 


f sed oe =e agar (7.26) 


The operator Pf can also be represented thus: 


where 


Pi? = Taf, = a or asa (727) 
where 
f(¢) for |e{<i, 
fe(S) = (3 (7.28) 
é for |¢[>1 
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Therefore, the general properties of the operator Qaf 
indicated on page 294 are also literally valid for the 
operator 
Qif = Pi( Bf) , (7.29) 
i.e. this operator is completely continuous in any L,(G+TJ), 
P 


for q Gal 


The equation (7.25) can now be written in the form 


1 (t) dt 
w(z) + Qiw = Pr + — i | time ) b+ Saw 


where 

A; = a,(w 

= =I fie (Bo —F) Ci 4 Bt-i-1( Bo — Fy dé dn + 

i A 
— j=1,2,..,k—-1, (7.30) 
ay = (Ww) 
1 dt 1 o 
ay) eee Dr aU =a) [@ @-+-F)Ck1dEdy . 


The function w(z) should be continuous inside G. To this 
end it is necessary and sufficient that the following relations 
hold: 

a,(w) = 0, a,(w) = 0,..., a(w) = 0. (7.31) 
Thus, for »<0 Problem A is reduced to the integral 
equation 


10(2) +-Qtw = PEP + = aid Rasy oe (7.32) 


and the solution of the latter equation will satisfy the 
boundary condition (7.24) if and only if the relations (7.31) 
are satisfied. 

We shall now prove that the homogeneous equation 


w + P*(Bw) = 0 (7.33) 
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has no non-trivial solution. It can easily be verified that 
for two arbitrary functions f and g, continuous in G+TJ, 
the relation 


m {Jf tai + Pe) —Hg— Pag) de dy| =0. 


holds. Let now f be a non-trivial solution of the equa- 
tion (7.33). Then we have the relation 


Im J f f(g—Pxg)dedy = 0, 


which should be valid for any continuous function g. We 
have, however, proved in the preceding section that the 
equation g—P,g =h has a solution for an arbitrary 


function hf of the class L,(G), q > wait Equating h to if 


we arrive at the relation 
JJ \tPaedy =o, 
G 


which contradicts the assumption f 4 0. 

Thus, we have established that the non-homogeneous 
equation (7.32) has a unique solution which, obviously, 
can be expressed uniquely by F and y in the form 


w(z) = J xte, b) y(t) ds-+ 
+ Jf Ot, \E(C)aEdy + J J Qe, 6) F(f)dédn. (7.34) 


The determined solution of the equation (7.32) should 
be subjected to the conditions (7.31) in order to obtain 
the required solution of Problem A. But the conditions 
(7.31) contain 2k real relations. The fulfilment of one of 
them, namely the condition Ima, = 0, can be ensured 
by means of a suitable choice of the constant c,. Con- 
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sequently, there still remain 2k—1 conditions which lead 
to the relations of the form (for the original Problem A) 


Re {Jf xP C)dedn} + fxiey@)ds=0 (7.88) 
G 
(Fr iain 9 veer : 


where y; and 7’; are linearly independent functions which 
are independent of the functions F and y. The relations 
(7.35) are the necessary and sufficient conditions of 
solubility of Problem A (for <0). Therefore, they 
contain the necessary condition (2.5) (we assume that 
its sufficiency is not proved) 


Re{| J we w’( F(2)deay\— = J Hoe “t)y(t)dt =0, (7.36) 


where w’ is an arbitrary solution of the adjoint homo- 
geneous Problem A’ 


C'(w') = 60’— Bu’ =0 (in G), (7.37) 
Re[A(z)2’(s)w'(z)]} =90 (on I). (7.38) 
The index of this problem n’ = —n+1=+1>0 and 
according to the results of the preceding subsection the 


problem has exactly 2k—1 linearly independent sclutions 
Wj) +) Woe-1. Now it is easy to prove that we may set 


ila) = wie), fle) =— 5, A2)2"(s)wjl2) (7.39) 
es ey ees 


Thus, the conditions (7.35) and (7.36) are identical. We 
have obtained here a new proof of the sufficiency of the 
condition (7.36). 

The results of this and the preceding subsections fully 
coincide with Theorem 4.11 proved above (§4) in a dif- 
ferent way. 

7.4. We shall now make a remark which will be used 
in the next section. The integral equations (7.14) 
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and (7.32) enable us to solve Problem A under weaker 
restrictions on the right-hand side of the equation C(w) = F. 

We assume that Pe L,(G+T/),q >1, preserving the 
remaining assumptions of the condition I. Then it is 
reasonable to seek the solution of Problem A in the class 
D,(G+L), bearing in mind that the equation and the 
boundary condition will be satisfied in the generalized 
sense, since the unknown solution is not necessarily 
continuous in G+J. It can casily be proved that also 
in this case the solution of Problem A is reduced to the 
integral equations (7.14) (for > 0) and (7.32) (for n < 0). 
Since in view of Theorem 1.29 P,zF and PtF(k = —n) 
belong to any class L,(G@4+-Ir) where r is an arbitrary 
number smaller than two, we may set 7 2ST But it 
was indicated above that the operators Q, and Q* are 


completely continuous in an arbitrary LZ, if r 25 


Therefore the Fredholm theorems may be applied to the 
equations (7.14) and (7.32) and consequently Theorem 4.11 
remains valid also in the present case, when Ff « L,(G+T), 
q21. 

Apparently, the same may be said with respect to 
other theorems of §4 as well, which concern multiply- 
connected domains. 

It is also easy to verify that the integral equations (7.14) 
and (7.32) allow a considerable relaxation of the require- 
ments also with respect to the right-hand side y of the 
boundary condition of Problem A. It is for instance 
sufficient to demand that y¢«Z,(I’),r > 2. Obviously, at 
the same time the demands concerning the solution of 
the problem should be relaxed in a suitable way. The 
mathematical apparatus which will here be required may 
be found in the paper of Khvedelidse, [91a]. 

7.5. The integral equations constructed in the preceding 
subsections contain the unknown complex function w and 
have complex kernels. They in fact represent systems 
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of two real equations containing the real and imaginary 
parts of the required solution of Problem A. In many 
cases, however, the explicit determination of w is not 
required, and it is sufficient to know only its real or 
imaginary part. In these cases it is expedient to have 
equations making possible the determination only of 
either the real or the imaginary part of the required 
solution of Problem A. We shall prove in this article 
that such equations can be derived by making use of 
the results of §16, Ch. ITE ({14a], §8.10). 

It was ‘established in §16, Ch. ITI, that the real part 
u(e,y) of the solution of the equation E(w) =ew+ 
+Aw+ Bw =F satisfies the integral equation 


=e) Jue Re | ees) tan = He) (7.40) 


w(e) = (2) 2 f [ASH agan, (7.41) 
G 


where 


f(z) = Re[e-°@®@(z)|— Re | een 2) déd il, (7.42) 


where ®, and @ are arbitrary functions holomorphic in G. 
We shall hereafter assume that G@ is the circle [z| < 1. 
In addition, we shall consider only the case when the 
index of the boundary value Problem A is a non-negative 
integer, ie. n > 0. 
Taking for ®, the analytic function 


=), {= A(g)— B(é) 
—S 
we obtain 


== PRE — A(¢) ee as 43) 
1-2 Nn. : 
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It is evident that this function is continuous in G+J/ 
and has real values on I’. 

The second analytic function ® can always be represented 
in the form 


on-+-1 o@) (F(£)—2B(C) 
®(2) = B{2)—— ice sales O) aean, (7.44) 


where @®, is a new function holomorphic in G. 
Introducing this result into the right-hand side of (7.42) 
we obtain the following (real) integral equation: 


— ff Ke, Qulé, n)dédn 
G 
= Re[e~°@,(z)] +Fy(z), (7.45) 


where 
K(z,¢) = 2 Re aan p= 4+ —— aie AS see » (7.46) 
I C—z 1—26 
(7.47) 
_ oo(2) eer (Z)eo@ 
Pa ~R a2) ae ll ais 
” : \ Gers Tae Jazan} 


Let u(x, y) be the solution of the equation (7.45). Let 
us consider the function 


ve = ule, y) +iv(e, 2) 
eee ele ev) gent 1B (c) e(2) 
=¢ ON pce 4 ules masa 


E70) 
+e, (z) — x 


«ff oe errs Bees dédn; (7.48) 
1—2¢ 


It is readily observed that it is continuous in G+TJ, 
satisfies the equation ©(w) = F and the boundary con- 
dition 

Re[z-"w] = e~*@) Re[ze-"@,(z)] (on I’). (7.49) 
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It should be here taken into account that w(z) = o(z) 
on I. If the function ®, is subjected to the boundary 
condition 

Re[z-"@,(z)] = y(z)ee@®, ze DT; (7.50) 


the function w(z) given by the formula (7.48) will, by (7.49), 
be the solution of the boundary value Problem A, i.e. 
C(w) = F (in G) and Re[z-"w(z)] = y(z) (on I’). We have 
seen already (p. 295) that a function holomorphic in G 
and satisfying the condition (7.50) has the form 


(2) = 2, [y(t £2 F + tegen + 


~ Oni t 
Lr 
n—-1 
\ 7 : 
+S" apleh—a2-#) + iBeleh +2"), (7.51) 
k=0 
where ¢), a, and fp, (k = 0,1,...,—1) are arbitrary real 


constants. 

Thus, the solution of Problem A is equivalent to the 
solution of the integral equation (7.45) with a real kernel 
and real right-hand side, which determines the real part 
of the unknown function. By a nearly literal recon- 
struction of the argument of §7.2 concerning the solubility 
of the integral equation (7.15) we find that the equation 
(7.45) has a solution for an arbitrary continuous right- 
hand side. Setting y=0,f =0 we obtain the non- 
homogeneous integral equation 


u(x, y)— {f Kz, ug, n) 
G 
= Re je-2) [icgan-+ y ay (2t—2?9-*)-+ ip, (ak--a2n-®) |), (7.52) 


k=0 
yielding the real parts of the solutions of the homogeneous 
Problem A. 


Following the method indicated in the present sec- 
tion, §7.3, we can construct an integral equation for 
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the real part of the unknown solutidn of Problem A also 
in the case of a negative index, n < 0. Since there are no 
important difficulties we shall not consider this case in 
detail. 


7.6. The solution of Problem A can be represented 
by the resolvents of the integral equations derived in 
the present section. This will lead us to integral for- 
mulae representing the solution of the problem by the 
functions F and y. Thus, we shall obtain formulae con- 
stituting generalizations of the celebrated integral formulae 
of Poisson and Schwarz. 

Below we shall confine ourselves to the case n> 0. 

Assume that n> 0, and let us consider the integral 
equations 


1 et gent jet 
w(z)+Qnw =sc( + 1} (7.53) 
1/1 gent 
5 Be | g2nt1 
10(2)-+Quo = — > [2 - = (7.55) 


where ¢ is an arbitrary fixed point of the plane. Since the 
right-hand sides of these equations belong to an arbitrary 
L(G+lI),q<2, as it was already established in §7.2 
they have solutions which we shall denote by X,(z, ¢), 
X,(2, t) and Xz(z, t), respectively. 


Let 
Q,(2,t) = (Kn+tXn) , 
Q(z, t) = $(KXn—tXy) . 
Let us call the functions X,, 2;, and 2; the resolvents 


of Problem A in the case of a circle. We shall now prove 
that the formula 


(7.56) 


2 
wale) = J Kale, o¥)y(y)de+ 
oy, f One, C)F(C)dkan + JJ Que, )FC)dedn (7.57) 


22 
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provides us with the solution of Problem A, i.e. ©(w,) = F 
in @ and 
Re[e-"w,(2)] =y (on I). (7.58) 


Since for te IZ’ in view of (7.53) 


1 nti +. g@n+1 


Xnl(z, t) = —QnXn + 5 “ze? 


we have 


2n 
lim le-" f Xnle, o'r) y(y) dy| 


z-ter 


= y(tyt f f*XalC, of) p(y) dy. 


Taking into account that Re[{-"Xn(¢, e”)] = 0 as Cel, 
we find that 


2Qx 


wi (2) = [ Xale, e) (yp) ay (7.59) 


0 


satisfies the boundary condition (7.58). Moreover, it is 
evident that C(w‘,) = 0 since €(Xn(z, e¥)) =0 for ce @. 

Denoting by f and —g the real and imaginary parts 
of the function # we have 


wi(2) = ff (Qn¥ + QRF) dé dn 
G 


= ff (Xxe, DF) +KMe, g(t) dédn. (7.60) 
Since for zelI', 6 € G, 
Re[e~"X,(z,6)]=0,  Refz-"X,X(z,6)] =0, 


the function wy satisfies the homogeneous boundary 
condition Re[z-"w/] = 0 on I. Furthermore, since 


; 1 gent+t 
Xin(2, t) = —QnXn— Rig) ea 
1 ont 


Xn(2z, t) = —QnXn— wilt—2) ot nmi(1—el)’ 
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we have 
wy(e) = — f { 1QeXn+9QxXx) dean 
G 
1 f Benatar t)dédn ee FO)aan 


% 1—e2 


Applying to both sides of the above relation the opera- 
tion 0;, we obtain 


azo, = — J J (f2sQn Xn + 92sQnX%) dé dy + F (2) 


= F(2)— J J BLK, OF + Kae, Og lO dean 


= F(C)— B(z)wy(z) . 

Therefore, the function w, = w,+wy given by the re- 
lation (7.57) is the particular solution of Problem A. 
In order to obtain the general solution of this problem 
we have to add to w, the solution of the integral equa- 
tion (7.21). 

For n = 0 and F = 0 the general solution of Problem A 
has the form 


= J X (2, e¥) y(p) dy + ew (2) « (7.61) 


Here ¢) is an arbitrary real constant and w is a solution 
of the homogeneous Problem A; w satisfies the integral 
equation 
w+Qow = 1. 

The formula (7.61) will be called the generalized Schwarz 
integral. It gives the expression of a generalized analytic 
function in the circle |z|< 1 by the boundary values of 
its real part. The imaginary part of the function w on 
the circumference |z| = 1 is given by the formula 


Qn 
vat) = —i f Xo(e, ef) y(y)dp—tego(z), zeT". (7.62) 


292* 
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7.7. The formula (7.61) can also be derived with the 
aid of the generalized principle of symmetry (the Riemann- 
Schwarz principle). 

Continuing outside the circle @ (|z| <1) the coefficient 
of the equation C(w) = 00+ Bw=0 according to the 
rule (Ch. III, §11) 


Biz) = -4a(2) (Jz] > 1), 


we shall consider this equation on the entire plane; 
evidently, Be Lp2(H), p> 2. Let 2,(2,¢) and 2,(2, 2) be 
the normal kernels of the equation thus obtained. If w(z) 
satisfies the equation ©(w) = 0 inside G and is continuous 


in G, then the function 


est) ~of 


is continuous outside G and satisfies the equation ©(w) = 0 
outside @+I’. Therefore, according to the generalized 
Cauchy formula (10.6), Ch. III, we have 


wo(e) = sr, [ Ole, L)w(C)dt—Oyfz, Ewa, ve, (7.63) 
r 


= ae Qe, C)w(E) de — Az, Cw (aE — 


oa if Quz, 6), (2)dl—O,(2, CywaEdE, 2eG@, (7.64) 
R 


where Ig is a circle of sufficiently large radius R with 
centre at the point z= 0. If we pass to the limit ie. 
R-oo, in the relation (7.64) bearing in mind that 


W,(00) = 0(0) = &— te, , 
we obtain 


CoWo(Z) — C,0,(2) 


1 22s Saat 
a J Q(z, C)w(OaL—Qylz, C)w (Caz, (7.65) 
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where w, and w, are constant solutions of the equation 
C(w) = 0 satisfying the conditions (Ch. III, §4.9, §6.1) 

woo) = 1, woo) =7%. 


Adding the relations (7.63) and (7.65) we obtain 


fz, (p) dp — Cytoo(z) + ¢,0,(2%), (7.66) 
where 
v(p) = Rew(e*), 
le, 0) = 1M, N+ Mle, HE, C=. (7.67) 
Setting in (7.66) 2 =0 we have 
G9 (1+ 209(0)) +-¢, (¢—20,(0)) = J Xu X,(2; e”) y(p)dy. (7.68) 


But the following relations cannot hold at the same time 
w(0)=—-1, w,(0)=7, 


because it would contradict the inequality (equation (6.6) 
on p. 162) 


Im [w,(2),(z)] > 0. 
Consequently, putting for instance w,(0) #4 —1, we obtain, 
by (7.68), 
an ~~ . 
X(0, e”) w,(0)—4 
J 1+w(0) (0) + 1° 


Introducing this expression into the right-hand side 
f (7.66) we have 


Co >= y(p) dy +e 


Qn 
=f X (2, e”) y(p)dp+ewm(z) (€=c), (7.69) 


where e 
wy — Big. aio Vole) Xo(0, e*) 
X(z, e”) = X,(z, e”) wd)? (7.70) 
w(z) = w,(z) + ee”) W,(2) - 


1+ ,(0) 
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Thus, we have again arrived at the formula (7.61) which 
is a generalization of the Schwarz formula. The function 
X,(z,¢) appearing in the formula (7.69) will hereafter 
be called the kernel of the generalized Schwarz formula 
for the equation C(w) = 0. 

7.8. We shall now demonstrate how for n> 0 the 
solution of Problem A can be obtained with the aid of 
the formula (7.69). Let us represent the unknown solution 
in the form 


w(z) = w(2) ~ CyWx(2)  (Cy—real constant) , (7.71) 
where _ 
Wox—a(Z) = Ko(2*-1);  Wex(z) = Ro(tz*-1) (7.72) 
(= Ly ney 20) 
w(z) = KB (z)) , (7.73) 


In the above relations ®(z) is an unknown function 
holomorphic in G. R,(®) is the operator introduced in §7, 
Ch. III associating with the analytic function ® and the 
point z= oo, a solution of the equation €(w) = 0 of the 
form 
w(z) = B(z)er , (7.74) 
where w is continuous on the entire plane, it is holomorphic 
outside G+ and vanishes at infinity. It is evident that 
the function w, = 2—"w(z) is continuous in G, satisfies 
the equation 
a\n 
Cn(w*) = d40*+ Baws =90, Br= a(;) (7.75) 
and the boundary condition 
2n 
Re[w,(2)] = y(2)— >) Rele-"talz)], 2eI. (7.76) 
ket 


Applying the formula (7.69) we have 


2a 
W4 (Zz) = f Xo(z, Cy (yp) dy— 


= > f Xo(z, 6) Re[o—"24(C) dp + cyoo(z). (7.77) 


k=1 
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where X, is the kernel of the generalized Schwarz formula 
for the equation (7.75), w, is a solution of the equation 
Cn(w) = 0 satisfying the boundary condition Re[w] = 0 
(on I’), and ¢) is an arbitrary real constant. Since ® = 2"w, 
the formula (7.71) takes the form 


w(z) = i) Xnlz, O)y(y Nay + Senos (7.78) 


where 
Xn(z, 0) = eX (z2,¢) , (7.79) 


and Wy, W,,...; Wen are linearly independent solutions of 
the homogeneous Problem A. Also 


wy2) = @(2)— J eeX(z, 6) Rel[E"W.(O)]ay (7.80) 
Lr 


(¢ =e, k=1,..., 2m); 
Wo(2) = 20,(2) . (7.81) 


The formula (7.78) gives the general solution of Problem A 
for n>0 and F=0. 

7.9. In this section we shall investigate the differential 
properties of the solution of Problem A in the closed 
domain. It is evident that these properties depend on 
the differential properties of the coefficients and the 
free terms of the problem, and on the smoothness pro- 
perties of the contour of the domain. 

We have the following 

THEOREM 4.16a. If (1) Ge CX", (2) A, B, Fe O(G4T) 
and (3) 4 and y « O%*7(L), then the solution of Problem A, 
if it exists, belongs to the class C2 (G4 +T) (k >0,0< <1) 

PROOF. Let us first consider the case of the circular 
domain G@ (|z| <1). 

Let » be the index of the function A(z) with respect 
to the circumference I. We have then 


A(z) = 2-rexle-Pe) , (7.82) 
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where y¥ = p+i7q is a function holomorphic in @ which 
is represented by the Schwarz integral 


-Ef qa te 4 al 


where q(t) = —argA(t)+nargt,ieJ. Since according to 
the assumption qe C**'(r), in view of Theorem 1.10 
y(z)e OLT’G+I). According to (7.82) the boundary 
condition of Problem A is reduced to the form 

Re[z—"w,(z)] = y1(2) (7.83) 
where 

w,(2z) = ex@w(z), — ya(2) = y(z) er. 

Obviously, 7; € ok). For w, we have the equation 


00,+A,w,+ Bw, = F,, 
where : 
A,=A, B,=Berrx, F,=eF . 


Consequently, A,, B, and F, ¢ Ci @+T). 
We first consider the case n > 0. Then, as was proved 
in §7.2 w, satisfies the integral equation 


10, + Qnto, = Pal, + = J y(t) te FS ent (7.84) 
(Can-1= —G, t=0,1,...,0). 
In accordance with the formulae (7.7) and (7.9), 
Qn, = Tol Aw, + Bywo,) +2 TG(A,Ws + Bye) , 


where @’ is the exterior of the circle |z| <1 and 


A,(¢) - 4,(;) » B,(¢) -»,(2) 
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If we now take into account the corollary of Theorem 1.32 
(p. 61 above) we easily find that Q,w is a completely 
continuous operator mapping 0%(@+T) onto OffuG+T). 
On the same basis Py»F, « Ckt(G+J°). Moreover, in view 
of Theorem 1.10 the integral over the circle entering the 
right-hand side of (7.84) also belongs to Of*"(@+T°"). Con- 
sequently, the right-hand side of the equation (7.84) 
belongs to the class OX+"(@+ T°). Since the inverse operator 
(I+ Qn)! exists and it is, obviously, an operator mapping 
OG+I) onto Ok(G+I), the solution w,(z) of the 
equation (7.84) belongs to the class CX+"(@+J). We have 
now for the funetion w(z) = w,e-* which is the solution 
of the original Problem A, w(z) « OX*"(@+T°). The same 
result is also obtained in the case n < 0, by considering 
the integral equation (7.32). Thus, the theorem is proved 
in the case of a circular domain. 

Let us now proceed to the case of an arbitrary simply- 
connected domain of the class C%*?. Mapping this domain 
onto the unit circle @’, || <1, we find that the function 
w*(f) = w[¢p(C)] (w is the solution of the original Problem A, 
y(C) is the function establishing the conformal mapping) 
satisfies the equation 


Op, +Ax(C)w, + Bs (l)We = Fs(2) (in G’) 
and the boundary condition 


Re[A, (2) ws (2)] = y«(C) (on IL), 


where 


+= GPAlp(2)], Be =—'Blp(S)], Fs = 9'Fle(0)) 
Ay = A(p()) » Ye = y[v(2)]. 
Since according to Theorem 1.8 ge CX(G’+I"), it is 
readily observed that 
Ay, Be, Fs ¢ CX@’+I), dy and y* e OFF). 


Hence, in view of Theorem 4.13 which was already proved 
for a circular domain, w,(¢) « C%*(@’ +I”). It is therefore 
evident that w(z) = ws(p(z)) « Ck*(@+T). It should be 
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here taken into account that the function y(z) inverse 
to y(Z) belongs to C%**(@+') (Theorem 1.8). Thus, Theo- 
rem 4.16 is now completely proved for a simply-connected 
domain. 

Let us now proceed to the proof of the theorem for 
a multiply-connected domain. Taking into account that 
the contours belong to the class 0%*', the functions A, B, F, 
belonging according to the assumption to the class 
oG+I), can be continued outside G+J/' preserving 
the class on the entire plane, and this can be done in 
such a way that 4 = B = F = 0 near infinity. By means 
of the generalized Cauchy formula the solution of Prob- 
lem A can be represented in the form 

w(z) = Wo(z) + w,(2) +... + Wm(2) , 

where 


wy(2) = sez | Qy(a, )r0(C)d—O,(2, C) wea 
ri 


4 = 0, Lyd.) 


Here Q, and 2, are the normal kernels of the equation 
€(w) = 0, corresponding to the entire plane. By virtue 
of Theorem 3.3 w and w,(j =1,2,...,m) belong to the 
class CXt? inside I and outside I';, respectively. Besides, 
w,(z) (j =0,1,...,m) satisfies the boundary condition 


Re[A(z)w,(2)] = (2) = y—_>, Re(Hee,) (on I). 
4=0 
té § 


Obviously, y; « CX**(I’;). Therefore, according to the result 
proved above, w,(z) € ofa; +Iy) (j =0,1,..., m). Hence, 
w(z) « O£*"G +I). This completes the proof of the theorem. 


§8. The boundary value problem of inclined derivative for an 
elliptic equation of the second order 


In this section we shall investigate some problems 
for elliptic equations of the second order with boundary 
conditions containing the unknown function and its first 
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derivatives; these problems are usually called the problems 
of inclined derivative. Similar problems were first con- 
sidered by Poincaré in connection with the theory of 
tides, [73]. It should be observed that an investigation 
of these problems is of a fundamental importance for 
various reasons; they cannot, for instance be regarded 
as classical problems. An application of the classical 
method of potential to these problem leads, as a rule, to 
singular integral equations for which the ordinary Fred- 
holm alternative is not valid. Accordingly, in the last 
two or three decades great interest has arisen in connection 
with the problem of inclined derivative and singular 
integral equations. The problem was investigated both 
by means of the classical methods of potential theory 
and integral equations, [54], and particularly in the last 
years by the methods of functional analysis [16], [17]. 
An application of the theory of singular integral equations 
led to most complete results in the case of two independent 
variables, especially for equations with analytic coef- 
ficients, [14b], [91]. 

These results will here be generalized to the case of 
equations with non-analytic coefficients [14h] in a two- 
dimensional domain, the coefficients being subjected to 
comparatively weak conditions. We succeded in obtaining 
more general results that the classical ones in the in- 
vestigation of wide classes of problems for which the 
Fredholm alternative is not valid. In many dimensional 
problems, however, more or less definite results were 
obtained at the expense of very strong restrictions which 
in fact exclude all non-Fredholm cases. The basic restric- 
tion in this case concerns the direction of the differentia- 
tion in the boundary condition. In the two-dimensional 
case these restrictions are much weaker and exactly for 
this reason there are cases in the two-dimensional problems 
in which the classical Fredholm alternative is not valid. At 
the same time numerous examples from many branches of 
mathematics and its applications indicate that these 
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more general problems are of no less interest than the 
classical ones. It is therefore of a great importance to 
achieve further progress in many-dimensional problems 
in non-Fredholm cases. 


8.1. To begin with we shall investigate the boundary 
value problem which can at once be reduced to Problem A 
investigated in the preceding paragraphs. 

Problem B. It is required to find in the domain G the 
solution U(x, y) of the equation 


AU+a(w,y)Uz+b(@,y)Uy=f(@,y), — (8-1) 
satisfying the boundary condition 
aU,— BU, =>. (8.2) 
Introducing the notation 
u=U,z, v=-U,, (8.3) 
the equation (8.1) can be reduced to the system 
UgtVy=0, Uz—Vvytau—bv =f, (8.4) 
The boundary condition now has the form 
au+pv=y, (8.5) 
or, in complex notation, 
dz0 +4(a+ 1b) w +7(a—ib)w = $f, (8.6) 
Refa(z)w(z)]=y, A=atip, (8.7) 


where w= u-+iv. We have thus arrived at Problem A 
which was investigated in the preceding section. 

If the function w = w+ iv is the solution of Problem A, 
the solution of Problem B is obtained by means of the 
following curvilinear integral: 


U (x,y) =e +Re fw(tjdt, cy =const. (8.8) 
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If @ is a simply-connected (bounded) domain the right- 
hand side of the relation (8.8) is a single-valued function 
of the point z (2 and ¢ being fixed). 

Thus, in the case of a simply-connected domain @ 
the solution of Problem B is entirely equivalent to the 
solution of the corresponding Problem A. In other words, 
Problem B is soluble if and only if Problem A is soluble, 
and the solution of Problem B is constructed according 
to the formula (8.8). It should be observed that the 


homogeneous Problem B (y =f = 0) has always a solution 


equal to a constant. Hence, if the homogeneous Problem A 
has J linearly independent solutions the homogeneous 


Problem B has 1+1 linearly independent solutions. 
Speaking of the solution of the equation (8.1) we have 
in mind the generalized solution which is defined as 
follows. Let w(z) = u(x, y)+iv(a, y) be the generalized 
solution of the equation (8.6). Then the function U(a, y) 
will be called the generalized solution of the equation (8.1) 
in the vicinity of the point 2, if it is represented in this 
vicinity by the formula (8.8). The function U(x, y) will 
be called the solution of the equation (8.1) in the domain G@ 
af it as the solution of this equation in the vicinity of 
every point of the domain. In what follows, when speaking 
of the solution of the equation (8.1) in the domain we 
shall understand continuous single-valued solutions. 


Let a,b, f ¢ L(G), p > 2. Then continuous solutions of 
the equation (8.6) belong to the class D,,p inside G. Con- 
sequently in this case continuous solutions of the equation 
of the second order (8.1) belong to the class D.» inside 
the domain. If a,b, f«07,0<»<1, then we (7'** and 
U(x, y)  O7'*? inside G. 

If the domain @ is multiply-connected, the right-hand 
side of the relation (8.8) will in general be a multi-valued 
function in the domain G@. Let I), I,,...,Im be simple 
closed rectifiable contours bounding the domain G, 
I,,...,Im being situated inside 1. Then for the single- 
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valuedness of the right-hand side of (8.8) it is necessary 
and sufficient that the following relations be satisfied 


Re fwdt= fude—vdy=0 (j=1,2,..,m). (8.9) 
oi 5 
Thus, in the case of a multiply-connected domain Prob- 
lem B in general is not equivalent to the corresponding 
Problem A. In order to obtain the solution of Problem B 
the solution of Problem A should satisfy the additional 
relations (8.9), i.e. to the conditions of solubility of 
Problem A m relations (8.9) are added. 


8.2. The pair of functions a, # defines at every point 
of the contour J’ a definite direction J, 
cos(l, #7) =a, cos(l.y)=—fB (a?+fh=1). (8.10) 
The condition (8.2) therefore can be written in the form 


it = Ys (8.11) 
The direction I varies along the contour and makes an 
angle # with the normal » to the curve J’, which in general 
is a variable function of the point of the contour. Prob- 
lem B is therefore called the problem of the inclined 
derivative. If I coincides at all points of with the normal 
we have the second fundamental problem for the equa- 
tion (8.1), usually called the Neumann problem. If ! 
coincides at all points of the boundary I’ with the tangent, 
the relation (8.11) is equivalent to the condition 


$s 
U = { y(s)ds +), = const. (8.12) 
80 


Consequently, we have the first fundamental problem 
for the equation (8.1), usually called the Dirichlet problem. 
In this case, in order to ensure the single-valuedness and 
continuity of the unknown function U on all boundary 
contours, it is necessary to require that the following 
conditions be satisfied: 

fyds=0 (j=0,1,...,m). (8.13 


qj 
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Thus, the celebrated classical boundary value problems 
of Dirichlet and Neumann are particular cases of Prob- 
lem B and, consequently, can be reduced to the boundary 
value Problem A investigated in the preceding sections. 

8.3. Let us now consider a more general boundary 
value problem. 

Problem C. It is required to find in the domain G the 
solution U(x, y) of the equation 


AU+a(a, y)Uz+b(x, y) Uy+ec(a, y)U = f(x,y), (8.14) 
satisfying the boundary condition 
aU,—BU,y+eyU0 =6, @+RPH=H1, (8.15) 


where a,b,c,f are known real functions of the point 
z= a+1y of the domain G, a, 8, y, 6 are known real func- 
tions of the point on the contour J’ bounding the domain G, 
and « is a constant parameter. The boundary condi- 
tion (8.15) can also be written thus: 
oo +eypU0 = 6, (8.16) 
where J is the direction defined by the relations (8.10). 
Confining ourselves to the case of a simply-connected 
domain we shall give here a method of solution of Prob- 
lem C closely related to the method of solution of Prob- 
lem A developed in the preceding sections. This 
method was proposed by the author in the paper [14h]. 
With the aid of the conformal mapping of the domain 
the problem can be reduced to an analogous problem for 
the unit circle |z|< 1. We shall assume therefore that the 
domain @ under consideration is the circle |z| < 1 and the 
contour J" is the circumference |z| = 1. In respect of the 
other data of the problem the following assumptions will 
be made: (1) a,b,c, feL)(@+TI), p> 2, (2) a,B,y and 
6€C(I),0<o <1, (3) Pe Ok, k>1,0<p<1. The un- 
known solution will be understood in the generalized sense. 
Tt belongs to C(@) and Dz (@), p > 2. 
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Let us introduce the complex function 
w(z) = U,—iU, = 20,0 , (8.17) 


then the equation (8.14) and the boundary conditions (8.15) 
have the form 


+1(a+ib)w+l(a—ibjw+hecU =43f, (8.18) 
Re[A(z)w]tey0 =6, A=atip. (8.19) 


We shall now prove that the unknown (real) function 
U(x, y) which is given by the formula (8.8) can be also 
represented in the form 


AU+a(u, y) Uz +(x, y) Uy+ec(v, y)U =f(x,y), (8.14) 


where ¢, is a constant. According to the formula (6.10) 
of Ch. I, 


(v,y) = oa) (22 ) agan +D(z), (8.21) 
_ 1 f¢ U(tjat 
Oe) = oak tecg 


Since U = U on the circumference I’ we have 


oe) = Bf f RE 2 ff Panay, 


gel’. 


From this relation, the Cauchy theorem and Cauchy 
formula it follows that 


ew {c) 
@(z)— =a) J weer dean, 264, (8.22) 


BO) =; f POF =F [ alemay= co, c= 2. (8.28) 
r 


0 
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Substituting in the right-hand side of (8.21) for © the 
expression (8.22) and remembering that U = U we arrive 
at the relation (8.20). 

It follows from (8.17) that w satisfies the relation 


dw — 030 = 0 (8.24) 
Therefore, it remains to prove that if w satisfies the 


relation (8.24) in the domain G and is continuous in G, 
the real function of the form (8.20) satisfies the rela- 
tion (8.17). Applying to (8.20) the operation 0, we obtain 


aU = 50 ~ 26 [fee © aedn+ 


+2, J sf? aay. (8.25) 


Making use of Green’s identity and the relation (8.24) 
we easily derive the formulae 


mse £)dédn 
1—tz 
— 1 _ = > 
=~ J wina—taae— 5; J wincr—teya, 
| {78S =-§ [omtc-oe—-ma— 
G r 


— ff egomte—e)(¢—2)] aed. 
G 


Differentiating these relations with respect to 2 we have 
ew(t)dédn 1 (wat 1 (wd 
05 a tart eee 
1 i C—zZz 2t C—2Z 


of f Rit 3 | BE ff ace 


wat 1 ( wat 
5 Gg OO oe eps 
rT r 


23 
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In view of the last formulae the right-hand side of the 
relation (8.25) is equal to 4w. This completes the proof. 

As Wwe have often done before, let us make use of the 
substitutions 


A(z) = 2-"ex@e-P@) , wy (2) = e*w(z), (8.25a) 


where x(2) = p+iq is a function holomorphic in G repre- 
sented by the Schwarz integral 


ser fant 


q = —argd+ nargz, 


Then we can ae the equation (8.18) and the boundary 
condition (8.19) to the form 
00, +Auw,+Bu,+eCU =F (in G), (8.26) 

Re[ze-"w,(z)J +ey. 0 =6, (on I), (8.27) 
where 

A=}(a+ib), B=}(a—ib)e4, 

C=theer, F=hef, ve =yerP, dy = de?. 

The formula (8.20) yielding the required solution of 
Problem C can now be written thus: 


U(r, y) = %+Pw, , (8.28) 
where ¢, is a real constant, 


oul ze~2@) a, (C ) | 
Pu, = Re -zS/G= ee dfdn}. (8.29) 


8.4. Let us first consider the case n >0. Setting the 
equation (8.26) and the boundary condition (8.27) in the 
form 

00, +Auw,+ BO, =F-eCU (in G), (8.30) 

Re[z-"w,(z)] = 64 —evyx U = (on I’) (8.31) 

and regarding the right-hand sides for the time as being 

known, we have the problem investigated in the preceding 
section. Its solution can be written in the form 


2n+1 


W,(2) = w(z)+ eP’U + > CyWi(2) , (8.32) 


k=l 
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where c, are arbitrary real constants, w,, ..., Weny, are 
linearly independent solutions of the homogeneous problem 


d0+Aw+Bu=0 (in G), (8.33) 
Re[z-*w] = 0 (on I), 


and w+eP’U is the particular solution of the problem 
(8.30)-(8.31). By formula (7.57) we have the expressions 


2x 
=f Ealz, ev) (w)de+ Jf Ql CEE, n)dédn , 
0 


Qn 
P'U = = Xn(2, e¥) y(p) Udy— 


— JJ (ile, 2) 00) +242, YOR UE, masan 


for w and P’U, where 
X,(z, e) = Xn(z, ev) er , 
Qnl2, 6) = FOn(z, FC) ex 4-4.09(2, C)ex® . 


Thus, w is a known function in z and P’U depends on 
the as yet unknown function U. Substituting in the 
right-hand side of the relation (8.28) for w, the expres- 
sion (8.32) we obtain the folowing integral equation for U: 


2n+1 


U—ePU = Pw(z)+e+ = CxPw;,(2) , (8.34) 


k=0 


It is readily seen that P = PP’ is a completely continuous 
operator in C(G@+TI) and in an arbitrary 2(G+TJ), 
q> aa . Hence, we may apply the Fredholm theorems 
to the equation (8.34). 

Thus, if Problem C has the solution U(«#,y), it will 


be a solution of the equation (8.34) for some fixed values 
of the constants ¢9, ¢,, ..., Cyn4,- Conversely, if for some 


23* 
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fixed values of the constants ¢9, ¢,..., Cony, the equa- 
tion (8.34) has a solution U, then it is the solution of 
Problem C. 

Let &, &, ... (0 < |e,| < |e,| <...) be the eigenvalues of 
the homogeneous equation 


w—ePw =0. (8.35) 


If ¢ 4 the integral equation (8.34) has a solution for 
arbitrary values of the constants ¢9, ¢,, ..., Cxn41. Con- 
sequently, in this case the solution of Problem C exists 
for arbitrary functions f(#, y) and 6(z) appearing in the 
right-hand sides of the equation (8.14) and the boundary 
condition (8.15), and the solution is constructed according 
to the formula 


27 
U(a,y) = f Sne(w, y, 9)y (8) d+ 
0 


2n+1 


+ ff Srcle, ys &, mf, n)dédn+ Dd? ceUsla, y), (8-36) 
G 


k=0 


where Sn, and Sy,- are fully determined functions which 
depend only on the coefficients of the equation under 
consideration (8.14), on the functions a, f, y appearing 
in the boundary condition (8.15) and on the parameter ¢; 
Uw, y), Or(4%, Y), «+» Uenai(@, ¥) are linearly independent 
solutions of the homogeneous Problem C (f=6=0). 
Thus, we have proved 

THEOREM 4.17. If n >0 Problem C has a solution for 
all values of the parameter « except for, perhaps, a discrete 
set of values &, &,...(0 < |e,| < |e.|<...) which are the 
eigenvalues of the homogeneous equation (8.35). The homo- 
genous Problem C (f =6 =0) has exactly 2n+2 linearly 
independent solutions if ¢ A e, (k =1, 2,...). 

In particular, this theorem implies that for sufficiently 
small values of the parameter ¢ (0 < |e| << e,) the homo- 
geneous Problem € has exactly 2n+2 linearly independent 


BOUNDARY VALUE PROBLEMS 327 


solutions and the non-homogeneous problem is always 
soluble. 

Iie Ae, (k = 1, 2, ...) it follows from the formula (8.36) 
that Problem C has the particular solution 


U(#,y) = f Snl@, y, 8) y(8)d0+ 
r 
+ ff Selo, y, &, n)F(E, n)dédn, (8.37) 
G 


which depends continuously on the given functions. In 
this case adding to the boundary condition (8.15) 2n+-2 
point conditions (§6) we can obtain the correctness of the 
problem. Therefore, for ¢ 4 ¢, and » > 0 Problem C may 
be called guasi-correct. 

Let « be an eigenvalue of rank p of the equation (8.35). 
Constructing, in accordance with the third Fredholm 
theorem, the condition of solubility of the non-homo- 
geneous equation (8.34) we obtain an algebraic system 
of p linear equations for the determination of 2n+2 
constants Co, ¢,,...; Con4,- Let 7 be the rank of the cor- 
responding matrix, 0 <r <min(p, 2n+2). 

Evidently, we have 

THEOREM 4.18. If n>0 the homogeneous Problem C 
has N = 2n+24+-p—r linearly independent solutions and 
the non-homogeneous Problem C will be soluble if and only 
if the following relations are satisfied: 


fojas+ ff fhydedy=0 (j=1,...,p—1), (8.38) 
r G 


where g; and h; are linearly independent functions which 
depend only on the coefficients of the equation (8.14) and 
on the functions a, B, y entering the boundary condition (8.15). 

In particular, we have proved 

THEOREM 4.18a. If n>0 the homogeneous boundary 
value Problem C has a finite number N of linearly inde- 
pendent solutions, and N > 2n+2. 

8.5. We now proceed to the case n <0. Let k = —n. 
Then according to the results of §7.3 the solution of the 
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equation (8.30) satisfying the boundary condition (8.31) 
(U is for the time being regarded as known) satisfies 
the integral equation 
wy (2) + Qk, = —eP(CU)— per Oe) 
id m tk(t— an 
6, (t) dt 
+ PrP, +25 | Ft Ft—2) * (8.39) 
Since the operator I+Q; is ee ble. by solving the 
equation (8.39) and substituting w, into the right-hand 
side of (8.28) we obtain for U an equation of the form 
on 


U—ePtU = f £tn(z, 6%) 4 (y)dp+ 
+ f[Otnle, ONE, n)dsdn+e, (8.40) 
Gg 


where P* is a completely continuous operator. Besides, 
the fulfilment of the relations (7.31) leads to 2k—1 
relations 


JJ x dedy + J} trsdedy + 
+ fd¢jds+e | U%ds=0 (8.41) 
r I 


15 Bhs, OPT), 


where 4;, 73,7457; ave linearly independent functions, 
independent of the choice of f and 6. 

Assume that «is not an eigenvalue of the homogeneous 
integral equation w— eP*w = 0. Then the equation (8.40) 
is soluble for an arbitrary right-hand side. Imposing upon 
this solution the conditions (8.41) we obtain 2k—1 re- 
lations 


JJ fixsdedy + J dijds + eye 0 (8.42) 


(j=1,...,2k—1). 
It should be observed on the linearly independent 
functions 4}, 7;’ and the constants H,(e) are independent 
of the choice of f and 6. 
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If all the constants H,; vanish, the necessary and 
sufficient conditions of solubility of Problem C are the 
following: 


Sf tijdedy+ fozyds=0 (j=1,..,2h—1). (8.48) 
G r 


If at least one of the constants H; does not vanish, the 
constant ¢, is determined uniquely by f and 6 from the 
appropriate relation (8.42). Substituting this value into 
the remaining relations (8.42) we obtain the necessary 
and sufficient conditions of solubility of Problem C in 
the form 


Jf fiijdady + [ d%jds=0 (j =1,..,2k—2). (8.44) 
G r 


Thus, we have proved 

THEOREM 4.19. If n< 0 the homogeneous Problem C, 
for all values of the parameter «, except, perhaps for a discrete 
set of values &, &,... (0 < le] <le|<...), etther has no 
non-trivial solution at all, and then the non-homogeneous 
Problem C has a solution only if 2k—2 relations (8.44) 
are satisfied, or Problem C has one non-trivial solution 
and then the non-homogenous Problem C has a solution 
only if 2k—1 relations (8.43) are satisfied. 

If ¢« is an eigenvalue of the homogeneous equation 
w—eP*y = 0, an examination of the conditions of solu- 
bility of the equation (8.40) and the relations (8.42) 
yields the following result. 

THEOREM 4.20. If n < 0 and p is the rank of the eigen- 
value « of the equation w—eP*w = 0, the homogeneous 
Problem € has 1 linearly independent solutions, |< p+1, 
and the non-homogeneous Problem C has a solution tf and 
only 1f 2k—2-+1 relations are satisfied 


Sfixjdedy + f dyfds =0 (8.45) 
G r 


(j =1,...,2k—2+4+1), 
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where x; and xj are linearly independent functions which 
are independent of the choice of f and 4. 

Theorem 4.20 has two important corollaries which will 
now be stated in the form of theorems. 

THEOREM 4.21. Problem C 1s correct, 1.e. it is always 
soluble and has a unique solution tf and only if the following 
conditions are satisfied: (1) the homogeneous Problem C 
has no non-trivial solution, and (2) the indew n = —1. 

In this case it is evident that the solution of Problem C 
depends continuously on the given functions / and 46. 

THEOREM 4.22, If n< —1 the non-homogeneous Prob- 
lem C cannot have a solution for arbitrary given f and 34, 
and the number of conditions of solubility is not smaller 
than 2k—2 (k = —n). 

8.6. We now investigate the degree of smoothness and 
the differential properties of the solution of Problem C 
taking into account the smoothness properties of the 
coefficients and the free terms of the equation and the 
boundary condition, and of the boundary of the domain. 

THEOREM 4.23. If (1) De C1(0 <u <1), (2) a,b,c, fe 
eL,(G+l),p>2, and (3) a, f,y,d€C(L),0<»<1, 
then the solution U(x, y) of Problem C belongs to the class 


C(G+I) where 
. ( p—*) 
t= min{r, ; 
p 


PROOF. It is sufficient to consider a simply-connected 
domain and prove the result for » > 0. A similar argument 
is valid also for the case n < 0. As was shown in §8.4 the 
solution of Problem C is given by the formula (8.28), i.e. 
U =co,+Pw* where w, is the solution of the boundary 
value problem (8.30)-(8.31). But U is a solution of the 
equation (8.34) and consequently it is continuous in the 
Holder sense in G. Therefore, wy, is continuous in G+ 
and according to (8.28) U « G»y-(G@+J/). Such being the 


Pp 
case, in view of Theorem 3.1 w, belongs to C(@G+J/). Now 
U, = 4w(z) = fe-*w, (2) . 
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This means that U « C(G+TI), which was to be proved. 
It is also evident that U « Dz». 

By means of Theorem 3.1 we can prove in a similar 
way: 

THEOREM 4.23a. If (1) 'e O%*", (2) a,b,c, fe O(G+D), 
and (3) a, 8, y,d¢€ O%*(I), then the solution of Problem C, 
if it ewists, belongs to the class O%7(G4T)\(k>0,0< 
<p<1). 

8.7. To the preceding problem we can also reduce 
the boundary value problem of inclined derivative for 
a more general second order equation of elliptic type 


aU au au 
a(x, Y) qe 1 20 (2; Y) sedy tO") ¥) Bea ar 
oU oU 
+dla, 9) a5 ele, Hae +d(v,y)U =g(a,y), (8.46) 


ac—~BP>A,>0 (in G+I), A,=const. 
Assume that 4@,)0,¢¢eDyipjG+l), k>0,p> 2, 
re Ok, O<o<1. Then a,b,ceC(G+l), k>0, 
p—2 
P 


y= 


, and we may continue these functions onto the 


entire plane the class being preserved, and near infinity 
the following conditions can always be ensured: a = ¢ = 
=1,b=0. Then there exists the complete homeo- 
morphism ¢(z) = &(#, y)+in(#, y) of the quadratic form 
ada?— 2bdxdy +edy? and in consequence of the change 
of variables 


E=E(@,y), n= n7(#,y) (8.47) 
equation (8.46) takes the form (Ch. IT, §7.2) 


AU+p(&, 7) Ust+aq(&, n)U,+r(é,)U =h(é,). (8.48) 


Since 6(2) « Dyiop(E), C(2) « OF (BE), » = o— Tt is there- 
fore readily observed that the image I” of the contour I’ 


also belongs to the class C%*?, o’ = min (2, | 
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Let d,e,f,g¢Dep(G+TJ). Then the formulae (7.29) of 
Ch. II, indicate that 
Py», he Dag@ +I"), G=l(4). 
The boundary condition 
aU,z—BU,+yU =6 (on I) (8.49) 


in consequence of the change of the variables (8.47) takes 
the form 
a’'U,—B'U,+yU =6 (onl), (8.50) 
where 
a’ = ag,—Béy, 8" = —anz+Bny. (8.51) 


Since é, &y; Nz) Ny € CX(E), then a’ and f’ belong to the 
class OF (I) if a, B « OM (L); also k’ = min(ky, &). It follows 
from (8.51) that 

a’ — 1p" = (a—1B)0,+ (a+iB)é; . 


But it was shown in Ch. II (p. 127) that ¢(z) satisfies 
the equation 


a r 

= (e=0, la(z)| <Q<1. (8.52) 
whence 

, oor . a-+7tp oe 

a’— 1p" = (a—1B) (1 + aga) (8.53) 
But the Jacobian 

ag? |ac ag |2 
T= l5e| — |b = (1= la) >0, 


Consequently, ob 0 on the entire plane. 

On the other hand, differentiating the equation (8.52) 
with respect to z we find that es satisfies the equation 
@ (ae 0(\ aq a 
a a(2)5( ~ de de 


oz) si«e Bz 
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which is of the form (17.15), Ch. III. Now, according to 
Theorem 3.28 the principle of the argument may be 
applied to the function 2,f. Therefore, it follows from (8.53) 
that the increment of arg(a’+7$’) along J” is equal to 
the increment of arg(a+7f) along I’. This means that 
the index of the original boundary condition (8.49) is 
equal to the index of the transformed boundary con- 
dition (8.50). We infer, therefore, that the results of the 
preceding subsection concerning the boundary value prob- 
lem of inclined derivative are valid also for the equation 
of a more general form (8.46). 


§9. Application of two-dimensional singular integral equations 
to the boundary value problems 


So far in the investigation of boundary value problems 
we have employed a reduction of the differential equation 
to canonical form; this procedure requires the construction 
of a certain homeomorphism of the appropriate Beltrami 
system. Now, it was shown in Ch. ITI that the latter 
problem is solved by means of a singular integral equation 
of the form 


f—allf =p, Up mautt= —= | (PS, (*) 


lal<a@<1. 


However, after reduction of the differential equation to 
the canonical form it is necessary to construct new in- 
tegral equations in order to solve the boundary value 
problem. Moreover, for the construction of the formula 
(if it is required) giving a general representation of solu- 
tions of the canonical equation we have also to solve 
ether integral equations. It readily follows, therefore, 
that such a method of solution of the boundary value 
problem is connected with serious practical difficulties. 
Naturally, the question arises: is it possible to avoid all 
the above intermediate stages and to investigate boundary 


334 GENERALIZED ANALYTIC FUNCTIONS 


value problems directly by means of singular integral 
equations of the form (*)? We shall see in this section 
that in many cases it is possible. Moreover, we shall find 
that the indicated method enables us to increase the 
class of equations under investigation, since many addi- 
tional assumptions concerning the coefficients of the 
equation and ensuring the validity of the reduction of 
the differential equation to the canonical form, become 
superfluous. Besides, the method can be applied to both 
linear and quasi-linear equations. This method was given 
in author’s paper [14i]. Further applications were con- 
sidered in the papers of Vinogradov [15a, b, ¢, d]. 

9.1. Let us consider a quasi-linear differential equation 
of the following form 


A(L, Yy Uy Uns Uy) Wan + 20(L, Y, Wy Ux, Uy) Yay t+ 

+O(U,Y, Uy Ugy Uy) Uyy +UL, Y, WU, Ux, Uy) =O. (9.1) 
In what follows we shall assume that the following assump- 
tions are satisfied: (1) a(v,y,u, p,q), 0(...), e(...) are 
bounded and measurable for (7, y)eG4+l,wWtpt+@< 


<M where M is an arbitrary fixed positive number; 
(2) for the same values of the arguments 


ac—BP>A,>0 (Ay = ApH) = const); 


(3) d(a,y,u,p,q) is a measurable function and 
d(a,y,0,0,0)¢L,(G+TI),p> 2; (4) a,b,e¢ satisfy the 
Lipschitz condition with respect to the arguments u, p, q: 


F(®, Ys Ury Pry 1) —F(@, Ys Vay Pay Qe)| 
< My |e; — Wg| + |P1— Pol + la: — al) ’ 


where M, is a constant independent of x and 4; 
(5) d(w@,y,4, p,q) satisfies a condition of the form. 


AL, Ys Ur, Pry G1) — A(X, Y, Us, Do; 92) | 
< d(x, Y) (|e — Mal TA \P1— Po i |t1 — al) ? 
where 
dv, y)eL,(G+Tl), p> 2. 


4 
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We shall restrict ourselves to the consideration of the 
case of a simply-connected domain G bounded by a suf- 
ficiently smooth curve I. In this case, by a non-singular 
mapping of the form 


E=9(%,y), n=y(%,y) (9.2) 
the domain G and its boundary J’ can be homeo- 
morphically mapped onto the unit circle &+7?<1 and 
the circumference £+72=—1, respectively. We _ shall 
assume that po and we D.»(G).p >2. To this end it is 
sufficient that Pe O;,,4<u<1. Then the mapping (9.2) 
can be regarded as conformal. Under such conditions » 
and y are continuous in G+J' as well as their first deri- 
vatives; y, ye O,(G4+T), B =P? In consequence of 
this mapping the equation (9.1) is transformed into a new 
equation which satisfies all the indicated above conditions 
and the domain of the problem is the unit circle + 
+7? <1. In what follows we shall preserve the previous 
notation and consequently, the domain G@ is the circle 
e+y?<1. Let us rewrite the equation (9.1) in the 
complex form 


anu Oy 
og + Be[Ale, wu, u) + B(2,U, Uz) =0, (9.3) 
where 
_ a—c+ 2b _ a 
Bega go) Pees 


These functions satisfy the following conditions: (1) for 
an arbitrary fixed M>o there exists a constant g = 
= q(M) <1 such that 


|A (2,4, 0)|<q<1 for ze@4+TI, |w|+ jo] <M; (9.4) 
(2) B(z,u, v) is a measurable function, and 
B(z, 0,0) eLo(@+I), p> 2; (9.5) 
(3) |A(z w,, %)—A(z, Ua, %)| 
< M,(|t—U2] + \r1—%2|), (9.6) 
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where M, is a constant independent of <; 
(4) |B(z, 1, %1)—B(z, ue, %)| 
< Bo(z) (|v: — wal + [ry—ve|), (9.7) 
Bfz)eL,(G+l), p>2 (9.8) 


The boundary condition of the problem may be taken 
in the following form, with no loss of generality: 


u=0 (on I: #@+y?=1). (9.9) 


This problem will be called Problem D; we shall seek 
its solution u(#,y) in the class of functions D.(@+T), 


where 


p > 2. Therefore, ue C(G+T), a= SS. We first prove 
that every function of the class D,»(@+T) satisfying the 
boundary condition (9.9) can be represented in the form 
ua, y) = Jf ole, t)e(e)dfdn = Ihe, (9.10) 

ee. 
aah 


where p(¢) is a real function of the point ¢, belonging to 
the class L,(G4+I), p > 2, and 4g, is the Green function 
for the unit circle. 

In fact, if oe L,(G+TJ), then 


Q 
Ile = alg = i [WE oceyagan 


Io = 


It 


a = i = = — o(t)ddn. (9.11) 


Differentiating the above relation with respect to Z we 
obtain 
1 ot TT, 08 _ 


(9.12) 


If we therefore set 9 = u,z we have 


A(ju—Ihe)=90, ie u—-Moe =u, 
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where wu, is a function harmonic in G, and it is evident 
that it is continuous in G+J. Since u =0 and Ihe =0 
on J’ we have u, = 0 in G, and the formula (9.10) is thus 
proved. 

By continuing the function o(z) on the entire plane 
according to the law 


o(z) for |e|<1, 
(2) mie for jeje, (2228) 


we can write relation (9.11) in the form 
1 déd. 
Ile = Tres = = pages eu (2)¢ Z a (9.13) 


If oe Ly(G+TI) then oe, « Ly,(H). It was proved in Ch. I, 
§9.2 that if oe, «Lp),p>1, then Tyo, has a derivative 
with respect to 2 which is represented by the singular 
integral * 


oly, oT a 
The = as . - al ie 


re a dédn, (9.14) 


f,o is a linear operator acting from Ly into Ly. Conse- 
quently, 7 _ 
Lp(Ize, G) < ApLp(o, G) . (9.15) 


We shall prove that A, = 1. Assume that 9 « D&(G@). Then 


= OTe. aT on 
(Ig, Ie) = i vee Oe awdy 


“fa (Fe. dz i) dedy— iid 20 a gong 
= 1 mp OT en | Jte.5 


= an, 1 
=x | Tee Q" det 5 sfeenee [fe o*duxdy. 


* The representation of a7» by means of a singular integral 
was given in Ch. I, §8 for 9 « Ca. For the case g «Ly, p > 1 it was 
proved in the papers [36a, b]. 
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We have performed above a few integrations by parts 
making use of Green’s identity. These operations are valid 
since the functions entering the integrand are continuous 
and have derivatives of any order in G+TI(o « D.(@)). 
Since 0, = e(in G) and ge, = e = 0 on I, we have 


(IT,@, Ile) = Loe) +(e, @) , (9.16) 
where 
1 —— OT 
Ile) = 5; [Te aot de. (9.17) 


Let us now compute the curvilinear integral. Since 
IIo = 0 on I, differentiating this relation with respect 
to the are of the curve J’ we obtain 


wr 08 = ielI,o—iz1l,9 = izTe*—izTo, =0 (on TF), 


Thus, To* = 2To* on I and consequently, in view 
of (9.17), 


1 oT ree 


I, e) = 2% OT Ox dz. 


According to the uditien assumed, 9 = 0 outside a circle 
le] <r<1. Therefore, 


ee ee a 1 e*(C)dédn 
zm C-—2 
=Tie+T.0*, (9.18) 


1 
where G, and G, are the domains |z| <r and z> Po 


respectively. Bearing in mind that T,e is holomorphic 
outside G, and vanishes at infinity and that T,e* is holo- 


morphic inside the circle |z| <* we find that J,(e) = 


~~ ab +T(0) where 


1 oT 
Tie) =5; | Te GI 
Lr 


= ff o(f)dédn. 
G 


18 de , 


1 
dz+ — 2 oT 304 


BOUNDARY VALUE PROBLEMS 339 


Substituting for T,0 and 7, the expressions from (9.18) 
we have 


0(o,) de dry o*(Ca) ela) dbadna 
I(e)= as seen’ = J (G2) 
o*(Ca) dads 4 o(0,) dé, dn 
+ 3 702 cits [pes G2 J (G2)? 


Changing the order of integration over G,,@, and I, 
which is obviously permissible, we obtain 


I(e@) =< { 0 (21) dé, dn, i if Q« (52) de,dn, 
lant | GaaNecat Ba, eae 
=if ff et o(t,) df, db, i gels) 2 dad 


or, in view of (9.12a), 


ie =— Ff fe fmacan | { ela (0, 9) = +8 dedy 


It follows from the last relation that 


1 7 9 co a 
er ind < 
I(@) 0 ra S Uap 0 


k=l 


ay = : f o(tycedgdn . 


Hence, I,(e) < 0, and the equality takes place for functions 
satisfying the relations 


Sf eQceatan =0 (4 =0,1,..,). (9-19) 
G 
According to the relation (9.16) we have 


(IT,e, IT,e) <(e,@); (9.20) 


24 
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and the equality takes place for functions satisfying the 
condition (9.19). Since D,.(@) is dense in Z,(G+J/) the 
relation (9.20) is also valid for an arbitrary function such 
that oe £,(4+T/). Hence, the norm of the operator J7, 
in the space L, is equal to 1, i.e. 

A; = L,I) = |\Te|p = 1. (9.21) 
We now return to the boundary value problem. We may 
seek its solution in the form (9.10). Substituting this 
expression into the equation (9.3), taking into account 
(9.11), (9.12), and (9.14) we obtain the following functional 
equation for o: 
o(2)+ Re[A(z, Moe, Me)Ihe|+ B(z, Ihe, Ihe) = 9. (9.22 
In general, this equation is non-linear. Let us investigate 
its solubility in the space L,(@44+-), p > 2. Tf oe L,(G+T), 
p > 2, then it follows from (9.10) and (9.11) that 


Wyo|<ELp(0), (Whol <KIp(0) K—=const. (9.23) 
eC Dy. ma! =, (9.24) 


P 
Therefore, the operator 


Po =— Re[A(z, Ihe, Me)I,0]-—- B(z, Moe, I) (9.25) 
transforms the space L,(@+J) onto £,(G+TJ) if p> 2. 
Further, if 0,, 0,¢«Do(G+J/) we have 
[Po.—Po! < |A(2, per, He.) —A(%, Moee, Hres)| TTz01| ++ 

+ |A(z, [Io2, 17,02)| |Ta(@1— @2|-+ 

+ |B(z, IIpe1, Te1)— B(2, Hoe2, Lhe2)| - 

Making use of the conditions (9.4), (9.6), (9.7) and the 
inequality (9.23) we obtain 
IPe:—Pez| < q(M) |T(01— @2)| + 

+[2M,K |IT,0,|+ 2K Bo(2)]Lp(e1—@2), (9.26) 
where q(M)<1 and M is a constant subjected to the 


condition 
[LTo@2|+ Tie: | < 2KIp(a) <M. 
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Applying the Minkowski inequality we obtain from (9.26) 


Lp [P(0:— @2)] < KpLp(e1— 02) , (9.27) 
where 


Kp = q(M) Ap + 2M, K ApLo(0,) + 2KLp( Bo). (9.28) 


According to the Riesz theorem [77] (Ch. I, §9) 4) = 
=: [,(IT,) is continuous with respect to p. Since A, = 
= L,{IT,) = 1, for any fixed M > 0a constant e = e(M)> 0 
can be found such that the following inequality is satisfied 


g(M)Ap<1, if O<p—2<e(M). (9.29) 


Specifying now some p satisfying this condition we take 
numbers 7 > 0 and 6> 0 satisfying the inequalities 


oKr< M (9.30) 
and 


We also subject the function B,(z) to the inequality 


Dy( By, G) <6. (9.32) 
Then, for arbitrary functions oe, and eg, belonging to the 


sphere 
S(0,7): LInle)<7, (9.33) 


we have in view of (9.33), (9.32), (9.31), (9.28) and (9.27) 
Ll P (e1— @2)] < aLp(0.— 02), Kn<a<1. (9.34) 


Taking into account the fact that the operator P acting 
on the zero element 6 = 0 yields B(z, 0, 0) let us assume 
that 

L,{P(0)] = L,[B(z, 0, 0)] < (1—a)r. 


Under these conditions we can make use of the so-called 
generalized principle of contraction mappings, [51], accord- 
ing to which the equation ge—Pe = 0 has a unique solution 
oe L,(G+TI),p > 2 belonging to the sphere Zj(0) <r. 


24* 
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In particular, if B(z,0,0) =0 the unique solution of 
the equation e—Pg = 0 belonging to the sphere Ly(e) <r 
is 9 =0. 

Thus, if the functions B(z,0,0) and Bz) are suffi- 
ciently small in the norm of Ip(G4+T1I), p > 2, the Dirichlet 
problem for the quasi-linear equation (9.3) with the boundary 
condition (9.9) always has a solution. This solution is 
given by the formula (9.10) and consequently belongs to 
the class Dy»(G+TI). Hence, the solution of the problem 
has continuous first derivatives belonging to the class 


C.(G+I) where a =2—. 


Let |A| <q<1, |B| < M, where the constants g and M, 
are independent of 7, y, U, Uz, uy. Then the solution of 
Problem D satisfies the conditions (a priori estimates) 


Deplu,G@ <M’, Ofu,G4<M', a= P=, (9.35) 


where the number p> 2 depends only on q, and UM’ 
depends only on q and M,.* 


9.2. We now consider the case of the linear equation 
LU) = Atbge + Bey + Clyy + dz + ely +fu=h. (9.36) 


We assume that the following conditions are satisfied: 
(1) a,b,¢ are measurable bounded functions of the 
variables # and y in the circle a+ y? <1; (2) ac—B> 
>A,>0 for #+y?<1; (3) d,e,f, he L,(G+T), p > 2. 
Under these conditions we can, with no loss of generality, 
assume that 
at+e=2 (in @). 
Then the operator P has the form 


Po = —4Re[(a—c + 2%) 7,0 + (a + te)IT,0]— 
—qfIhhe+th. (9.37) 


* By other methods, mainly by means of the _ so-called 
‘‘a, priori” estimates, the Dirichlet problem for quasi-linear equa- 
tions was investigated by many authors (see for instance [54], [42)). 
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Consequently it is linear. Taking into account that in 
the case under consideration 


A = 4(a—b+ 20d), 
B = }(d+ ie) uz +}(d—ie)uz-+ifu—th, 
we have 
|A| <q=y1—44,<1, (9.37a) 
= 4max($|f(z)|, |d+¢el) , 


where q is independent of the choice of the constant M 
which was introduced previously. Besides, in this case 
M, = 0 and the inequality (9.27) takes the form 


Lp[P (0:— @2)] < [¢Ap + 2K Lp( Bo) |Lp(01— 02) , 


This inequality holds for arbitrary elements 0, and 0, 
belonging to L,(G+ J). Specifying now some p > 2, such 
that the inequality 


g4p<1, O<p-—2<e, (9.37b) 
holds, and subjecting the function By, to the condition 


a= gAp+2KL,(B,) <1, (9.38) 
we obtain 


Ly[P(e,— @2)] < —@), a<l. 


Thus, under these conditions the operator P satisfies 
the principle of contraction mappings and, consequently, 
the equation e—Pe = 0 has a unique solution belonging 
to Ly(G+I), p > 0. Hence, the Dirichlet problem for the 
linear equation (9.36) with the homogeneous boundary 
condition «= 0 on J’ always has a unique solution if the 
condition (9.38) is satisfied. In particular, if h =0 the 
problem has only the trivial solution u =0. If d=e= 
= f = 0 it is evident that the condition (9.38) is satisfied 
and, consequently, the equation (generalized Laplace 
equation) 
Li) = Ate + 2Uzy + CUyy = h 
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always has a unique solution satisfying the boundary 
condition «=0 (on J’). In particular, for 4=0 this 
problem has only the trivial solution u = 0. 

In the case of a linear equation the problem can be 
reduced to an equation of Fredholm type by means of 
regularization of the corresponding singular integral 
equation. It follows from (9.37) that the operator Po 
has the form 


Pe =Poe+ih=P.0+Pio+ih, 


where 
a—c+ 2b 
Pre =—Re[A(e\Mg], A = SOO tH 
1 d +-7e 
Pio= — Re[{A,(2) M,e]— qiitoe » Ay = 5 


According to (9.37a) and (9.15) 
L(P2e) < gApLy(e@) « 


Therefore, according to the inequality (9.37b) the operator 
I—P, has the inverse (I—P,)~1. Applying this operator 
to both sides of the equation 


e—Pe = o—P,0—Pyo = th, (9.39) 
we obtain 
e—(I—P2)* Pye = 4(L—Pa) th. (9.40) 


Since the operator (I—P,)—! is linear and P, is completely 
continuous, the operator (I[—P,)—P, is linear and com- 
pletely continuous in L,(@+J/’). Consequently, the Fred- 
holm theorems can be applied to the equation (9.40) 
which is equivalent to the singular integral equation (9.39). 

Thus, we arrive at the following results: 

I. The Dirichlet problem for the linear equation L(u) = h 
with the homogeneous boundary condition u=90 on I 
(Problem D) has a solution for an arbitrary function h 
of the class L,(@+TI), p> 2, tf and only if the corres- 
ponding homogeneous problem D has no non-trivial so- 
lution. In this case for any he Lp(G+T), p > 2, the prob- 
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lem has a unique solution of the class Dp»A(G+TL), p > 2, 


—2 


which belongs also to the class O,G+I),a= P 


Thus, for the solubility of Problem D itt is sufficient 
to prove the uniqueness theorem, i.e. to establish that 
the corresponding homogeneous Problem D has no 
solution. 

Ii. If the homogeneous Problem D has a solution, then 
the number of its linearly independent solutions is equal 
to the number of the linearly independent solutions of the 
homogeneous equation 

o—(I—P,)'Pyo = 0, 


and if @,,..., on is the complete system of solutions of this 
equation, then the functions 


ula, ¥) = Tyo; = J f gol2, 6) olf) dédn 
G 
GP = 1a) 


constitute the complete system of solutions of the homo- 
geneous Problem D. 


Ill. If the homogeneous Problem D has a solution, then 
the non-homogeneous Problem D is soluble if and only if 
the following conditions are satisfied: 


Jf g(T—P,)hdady = ff h(T—Ps)-1y;dedy =0 (9.41) 
G G 


(j = 1, veey 1) ? 


where x; is the complete system of solutions of the adjoint 
homogeneous integral equation 


y—-PHI-Pi)-1y =0, (9.42) 
x 


where P} and P are operators adjoint to P, and P, (they 
can originally be considered in Z, and then continued 
to Ly). If the new function 


» =(I—Pf)4, (9.43) 
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be introduced, then 7 = (I— P2)v and the equation (9.42) 
takes the form 
o—-P%=0, P*=PS+P%, (9.44) 
or 
—(I—P})-'Pfo = 0. (9.44a) 
Thus, the necessary and sufficient condition (9.41) for 
the solubility of Problem D takes the form 


ff h(z)o(2)dedy = 0, (9.45) 
G 


where v is an arbitrary solution of the homogeneous 
singular integral equation (9.44) adjoint to (9.39). This 
equation is equivalent to the Fredholm equation (9.44a) 
and therefore it has a finite number of linearly inde- 
pendent solutions. 

9.3. We now make the following additional assumptions 
with respect to the coefficients of the equation: (1) a, b, ce 
eDipA(G+L),p> 2; (2) d,ee DA(G+I),p>2. Under 
these conditions the solution of the equation (9.44) is 
a solution of the adjoint homogeneous Problem D’: 


Lig (V) = (QV) xe + 2(B0) zy + (C0) yy— (dv) 2— (€%)y+fo = 0, 


v=0 (on I’). (9.46) 
Since 
@ 
+ shetei leteasan, 
we have 


Boom — | {{Re[ae g) MO) + ay (¢) Bal) aN is 


+51 gute, 2) o(@)aban 


If A ¢ Dyy(@), Ape Dip(@) and fe L(G), p> 2, then P* 
is a linear operator acting from D,» into D,». In this 
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case the solution v of the equation v— P*v = 0 also belongs 
to Dep(G+I), p> 2. Transforming the double integrals 
by means of Green’s identity we obtain 


he ffa (2) AE o(cyatan 


=tim f { 4)" o@aean 


—>0 
ow Wemelee 


’ jf AOE oteyats 


+5ylim [4c ME) o(eyat— 


oO eal 8 


" f f (Av), ee) *) agdn. (9.46a) 
@ 
It can readily be proved that 
lim J 4 A (2) Wy (t)dt=0, eG. 
a0 
\t—2|— 
Hence, ee once more Green’s identity to the double 


integral on the right-hand side of the relation (9.46a), 
and taking into account that g,=0 on I’ we obtain 


hax J A@ “Bete (edb + 


aAv 
+ J J gett, 2) SP dean. (9.42) 


Since 
Ago(C,2) _ 1 agolE, 2) 
| 236 art 


where », is the outward normal to I at the point ¢, the 
formula (9.47) can also be written in the form 


[ {4722 oerazan 
G 


=} (AW) aoe(Es*) 
4 ae Ove 


ry, 2eG, 


e2.A 
ds + i i obs 2) Fee AEA (9.48) 
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Similarly, we obtain the relation 


J { Ase" oe) agen 
G 


== | fae 


In view of (9.48) and (9.49) the equation (9.44) can be 
written in the following form 


ote) + J f astra Re ee Lae (ole) 


+E Ov c)| aga 


=i i Ref (C)e~*]o(¢) Mae 


(9.49) 


dst. (9.50) 


Applying the operator A to both sides of the above relation 

and taking into account that 49,(z,¢) =g(z,¢) is the 

Green’s function for the circle, we obtain the equa- 

tion (9.46). Moreover, if in the equation (9.50) the point z 

tends to the boundary J’ of the domain G we have 
v(z) = Re{A(z)2}v(z) (on I’). 


Since |A|<1 this relation is possible only when v = 0 
on J’. It has, therefore, been established that if » is a solu- 
tion of (9.44) it is a solution of the adjoint homogeneous 
Problem D. The inverse assertion is also true. Let us 
consider the non-homogeneous adjoint boundary value 
Problem D’: 

D,(v)=h, (in G, v=0 (onl). (9.51) 


It is evident that its solution which will be sought also 
in the class D,», p> 2, satisfies the integral equation 


ota) = J f ose, 2yRe| ABE + 


4 2AgC)O(C) _ 


sprit) _ 7 4(e)0(@)| az ag + 


+p] J mess l)hy(C)dgdy . 
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Transforming the first double integral by Green’s identity 
and taking into account the boundary condition we obtain 
the following integral equation equivalent to the problem 
under consideration: 


ns 1 
v(z)—P*y = i J mle t)hy(C)dEdy . (9.52) 


It follows, therefore, that the homogeneous Problem D’ 
is equivalent to the homogeneous equation »—P*v = 0. 

In the general case when A is a measurable bounded 
function and A,e«L,(G+TI),p > 2, the solution of the 
equation (9.52) does not in general belong to D,.» and, 
consequently, it cannot be regarded as a generalized 
solution of Problem D’ in the ordinary sense. In this 
case a special definition of the adjoint operator is required. 

9.4. The method presented in this section can also be 
applied to a number of other boundary value problems. 
For instance, let us consider for the linear equation (9.36) 
the second fundamental boundary value problem which 
will hereafter be called Problem N: 


TH ter oe 0 (on F) (9.53) 


(vy is the outward normal to I). This problem was in- 
vestigated by Vinogradov, [15a] whose results will be 
presented here. 

As before, the domain @ is the circle |z| <1. The re- 
maining asumptions concerning the coefficients and the 
free term remain unchanged. 

It is natural to seek the solution of the problem in 
the class D,o(G+TlI), p > 2. Then it can be represented 
in the form 


u(a,y) = Jf gle, O)e(t)dédnte =Iho+e, (9.54) 
G 
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where ¢ is a constant, 9 = du and g is the Neumann 
function for the unit circle: 


ile, t) = 21m (e—2(1—28)I- = (eh + +S 


Let us note the following properties of this function: 


(1) g(2, 6) = gE, 2); (2) By, © (on FC «@) 


(3) g=—4; (4) ff ge, gagan =0. 
G 


i 4 


If ge L,(4+TJ), p > 2, then uw has continuous derivatives 
in the Hélder sense which are given by the formula 


a,4u=Ihe= [ [Be owagan, 
@ 


It is also evident that 
HecOiGin),. «= Pe 


There also exist the generalized second derivatives given 
by the formulae 


Ou 
Oz Oe ete) Z| J ot b)dsdr , 


a oe 
ca = tie = the = | “Fy 02) o(e)azdn, 


The last integral is taken as its Cauchy principal value; 
Ii,e is a linear operator in L,(G+J), p> 2, (Ch. I, §9). 
Hence, 


Ly(Ihe , G) < ApL,( 0, G) ’ Ap = L,(Ih) . 


In exactly the same way as was done above for the 
operator JZ, it can be established that 


L{If,) = A,=1. 
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Therefore, in view of continuity of A, with respect to p, 
for any positive number g<1,a number e>0 can be 
found such that the inequality 


q4p<1, if 2<p<2QH+e. 

is satisfied. Introducing the above expressions for the 
unknown function uw and its first and second derivatives 
into the equation L(u) =h we arrive at the following 
singular integral equation, completely equivalent to the 
problem stated 

e(z)—Pe = —}ef+zh, (9.55) 
where 


Po = —Re[A (2)Ino + Ap(e)Ihe]— 
1 A 1 
~ plete = J ettrdean 
This operator is linear and acts from Z,(G+TJ') into 
Ly(G+I),p > 2. It has the form 
Pe = Piet+ Pre, 


where 
P.e@ = —Re[A(z)Iho] , 


Pre = — Re Ay(2)lho] — Ff (e)leg—+ { [ o(¢)dédn. 
G 


In view of the relation qgAp <1 the operator I —P, has 
the inverse (I—P,) (I—P,) in Ly, p > 2. 

Applying to both sides of the equation (9.55) this 
operator we obtain an equation of Fredholm type 


e(z)—(I—P,)*P,9 = I—P,)(h—ef) . 


Consequently, the Fredholm alternatives may be applied 
to the equation (9.55). The condition of solubility of 
this equation has the form 


Lf (fh) vdady =0, 
G 
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where v is an arbitrary solution of the adjoint homo- 
geneous equation 
o—P*y =0. (9.56) 


This equation is also equivalent to a homogeneous Fred- 
holm equation. It has, therefore, a finite number » of 
linearly independent solutions. If n = 0 Problem N has 
a solution for an arbitrary right-hand side h. Moreover, 
in this case the homogeneous Problem N has one (linearly 
independent) solution. This result follows from the fact 
that Problem N is reducible to the equation e—-Po = 
= —ief which has a solution for an arbitrary value of 
the constant c. In the case n > 0 let us consider the con- 


stants f; = ff fv; dudy(j =1,...,) where v; are linearly 
G 

independent solutions of the equation (9.56). Obviously, 
there may exist two cases: 

(1) f; = 0 for all values of 7 = 1,..., m, 

(2) f; #0 for at least one value of j. 

In the first case Problem N is soluble only if the con- 
ditions 

h; = Jf hosdardy =0 (Pets), 
G 


are satisfied. Then the homogeneous Problem N has n+1 
solutions. In the second case Problem N has a solution 
only if the following conditions are satisfied 
c= (x0), BBL =0 GHB, nny). 
1 1 

Thus, in the last case there are n—1 integral conditions 
for the right-hand side of the equation. Hence, if n = 1 
and the condition /, 4 0 is satisfied, Problem N is always 
soluble and has a unique solution. 

9.5 In this subsection we shall complete the results of 
the preceding one, introducing the adjoint problem. 

We now make additional assumptions, namely: (1) 
a,b,c € Do(G+TI); (2) d,eeD,A(G+TI), p> 2. Then it 
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can be proved that the solution of the integral equa- 
tion (9.55) belongs to the class D2,»(@-+-I°), p > 2. More- 
over, taking into account that 


fre ma ff [4 FS ase 2 
G 


+ GAGE, 2) +5] ole) aean 


and transforming the double integrals by means of Green’s 
identity we obtain 


Bev ae —Re | | {|(dede— (ore + 5100] G02, 0+ 
G 


a ol dean — [2G e,t)d8, (9.57) 


where 
A(e)C do o|4 (£)f'2] dv 
mene | “lee 24 “lie 
1dA-, 1 dA-, sto Z 
+Re[i ae t/24 Bs aie fag ae Ce — = Ad |e : (9.58) 


It should be observed that the formulae (9.57) and (9.58) 
are valid not only for the circle but for an arbitrary 
domain, provided that the function g(z,¢) satisfies the 
conditions 


Q 
f> 


P 2 a 
g(2,6)==Infe—2l+go, Ze =0 (on), 
where go is a function continuously differentiable in G+. 


In view of (9.57) the equation (9.56) can also be written 
in the form 


ote) +Re J f{[ Av)s¢— (Agr): + 7 Poa (2, ¢)+ 


i adeant { 2666, C)ds =0. 
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Applying the operators A and 5 to this equation we 


obtain 


: d 
L,v = ‘i if jodfdn (in@), —49=0 (onI). (9.59) 
G 
According to (9.58) the last condition has the form 


d d 
ayo + Baa ted = 0 (on I’), 
where 
a, =1—Re[A(f)6"], 6, = Re[2iA(¢)e"], 


aA =, aA =, Gees an ee 
ye = Ro |— Fit 4 21 G+ iA —2iAd'|. 


Thus, the solution of the integral equation (9.56) is a so- 
lution of the boundary value problem (9.59) which na- 
turally should be called the problem adjoint to Problem N. 
Obviously, a, #0 on I’, since |A(¢)| <1. 


9.6. The method presented above can also be applied 
to the investigation of the Riemann—Hilbert boundary 
value problem for an elliptic system of equations which 
has not been reduced to the canonical form. This problem 
was investigated by Vinogradov, [15b], whose results 
will be given below.* 

We found in Ch. III, §17, that such a system can be 
written in the complex form 


dw — 9,(2)0,w—g(00+Aw+ BU=f, (9.60) 


where g, and q, are measurable functions which satisfy 
the inequality 
la(2)| + laxl?)|<g <1, (9.61) 


and the functions A, B and F' belong to the class L,(@ +). 
* Somewhat modifying the formulation of the problem Vino- 


gradov recently extended these results to the case of a quasi-linear 
elliptic system of equations [15c, d]. 
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The problem will be considered for the circular domain G, 
|¢|< 1, and the boundary condition will be taken in the 
canonical form 


Re[zw(z)J =y (on L: lz] =1), (9.62) 
where » is an integer. The general boundary condition 
Re[A(z)w(z)] = 7, A=a+Be CL), 


for an arbitrary simply-connected domain @ of the class Ci, 
0<uw<1, can be reduced to the form (9.62) with the 
aid of a non-singular transformation of the form (9.2) 
and a substitution of the form 

w (2) ex®) , 
They leave invariant the form of the equation and do 
not violate the condition (9.61). 

Besides, with no loss. of generality we shall assume 
that y = 0. 

Thus, we shall consider the following boundary value 
problem. 

Problem A. It is required to find in the circle G, |z| <1, 
the solution of the equation (9.60) satisfying the boundary 
condition 

Re[z"w(z)] =90 (on L). (9.63) 


The solution of the problem will be sought in the class 
of functions continuous in G+TI and belonging to 
Dy AG+L), p > 2. 

We first consider the case of a non-negative index, 
n>0Q. It follows from the formula (7.5) (see also [14h}) 
that in this case the required solution of the problem 
can be represented in the form 

w(z) = Paf+®(z) ; (9.64) 


at £f f Ha +a) dé dy 


(2) = 1an2” +- F eal a,(2 gk — gan— k) 4 1B, 2* + g2n—k) ; 


k=0 


where 


25 
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to, Boy +3 An—15 Pn—15 4n being arbitrary real constants. 
For an arbitrary function f of the class Z,(G+TJ°)), p > 2 


Prf e Cy (G+L), a= e—, and the right-hand side 


of (9.64) satisfies the boundary condition (9.63), no matter 
what the real constants a;,, 6, are. In addition, w has 
generalized derivatives with respect to 2 and 2, which 
are given by the formulae 


0; Paf ro I, 
Pat = Snf 
asta 4 2a+1— Qntz) 22" f(C) : 
a eae aa ="; Tae |asan, (9.65) 


According to the Zygmund-Calderon theorem Spf is 
a linear operator acting from Ly into Ly, p > 1. Intro- 
ducing the expression (9.64) into the equation (9.60) 
and taking into account the relations (9.65) we obtain 
for f the following integral equation: 


j-Sf=Fy, (9.66) 
where 
Sf = qSnf + g2Snf --APn—BPnf ’ 


Fy = F + qPo(2) + G2Po(z) — AP,(z) — B®, (2) . 


The operator Spf can be represented thus 


Saf = Snf +(2n-+1)22"Tof , 
where 
Saf = = CAL 4. gone Tal 3 


=-1fpigae dédy yg 1 fase 


Therefore equation (9.66) can be written in the form 


t—S8ft—Paf =F, (9.67) 


and 
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where . 7 he 
Sf = qSnf + q2S8nf an (9.68) 
Paf = (2n-+1)22q,Tof + (2n+1)2"q,T yf — APnf —BPnf . 


Calculations similar to those which enabled us to prove 
above the inequality (9.20), make it possible to establish 
that ee 

(Snf, Saf) <(f,f), feL(G+l), 


Here also equality can take place. Therefore 
(Sn) = |[Sullza = 1 « 


Denoting by A, the norm of S, in Lp, i.e. Ap = Ly(S8n), 
we have in view of (9.61), (9.68) 


A 


Lj(8)<q4p, pol. 
Since A, = 1, a number p> 2 can be found such that 
Ap <1. 


For a fixed p the operator I—S has the inverse (I —§)7 
in Ly. Consequently, the equation (9.67) which is equi- 
valent to the original boundary value Problem A, is 
reducible to the equivalent Fredholm integral equation 


f—(I1—8)*Prf = (I—8)7F, . 


Therefore, the Fredholm theorems can be applied to the 
equation (9.66). We now prove that the homogeneous 
equation 

f—S8f=0 
has no solution. If f is a solution of this equation the 
function w = Pyf is a solution of the homogeneous Prob- 
lem A° and moreover, it satisfies the conditions 


f w(z)e-*1dez =0, k=0,1,..,2%. (9.69) 
I 


Consequently, we have fo prove that the solution of the 
homogeneous Problem A° which satisfies the additional 
conditions (9.69) identically vanishes. 


25* 
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In accordance with Theorem 3.31 the function w(z) = 
= P,f constituting a solution of the homogeneous equation 


020 — q,0,0 — 9.0,06+ Aw+ Bu =0, (9.69a) 
can be represented in the form 
w(z) = O[W(z)]er@ , (9.70) 


where W(z) is a homeomorphism of the plane z onto the 
plane W,® is a function holomorphic in the domain 
W(G) and ¢(z) is a function of the class D,»(E), p > 2, 
holomorphic outside G and vanishing at infinity. Accord- 
ing to the boundary condition (9.63) we have 


Re {2-"@[ W (z) |e} =O (on I). 


Performing the change of variables ¢= W(z) we obtain 
for the function ®(¢) the boundary condition 


Re[@-4,(f)@(2)] = 90 (on LI), (9.71) 
where I, = W(I) 


ae) = en (FEN) 
z 

It is readily seen that ind /,(¢) = 0 with respect to the 
curve I;. By virtue of Theorem 4.7 the solution ®() 
of the Riemann-—Hilbert boundary value problem (9.70) 
can not have more than 2n zeros in the closed domain 
G+. Consequently, according to (9.70), the function 
w(z) also has not more than 2n zeros in G+J/. But in 
view of the boundary condition (9.63) 2~"w(z) takes on I" 
purely imaginary values. Let u(x%,y) be a function 
harmonic in G and equal to iz-"w(z) on I, ie. 


Uy = t2-™o(z) (on I). (9.72) 
In view of the conditions (9.69) uw» satisfies the relations 


Qn 


f ue*dd =0 (kb =0,1,..,2). 
0 
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It follows, therefore, that u)(v,y) has the form 
U(X, Y) = Re[e*+1D,(z)] , 


where ©, is a function holomorphic in G. Hence, there 
pass through the origin of coordinates not less than 2n +2 
lines % = const = 0. If uw, does not vanish identically 
these lines will cut the circle I’ at 2n+2 distinct points. 
This result implies in view of (9.72) that w(z) has not 
less than 2n+2 zeros on J’, i.e. we have a contradiction 
which leads to the following result: w = P,f = 0. 

It has thus been established that the equation (9.66) 
has a solution for an arbitrary right-hand side belonging 
to Ly. Since the right-hand side of the equation (9.66) 
contains 2n+1 arbitrary real constants its solution also 
contains these constants, the dependence being linear. 

It has therefore been proved that the non-homogeneous 


Problem A is always soluble and the corresponding homo- 


geneous Problem A° has 2n+1 linearly independent so- 
lutions. 
We proceed to the investigation of the problem with 
a negative index. It follows in this case from the equa- 
tion (7.32) that the required solution of Problem A is 
representable in the form 
C2k-1 Al ¢) 


— py i ff (AO CRO) | 
w(2) = Ptf = viet sues )aean» (9-73) 


where k = —n > 0 and f is the unknown function of the 
class L,(G+JI), p > 2, which should satisfy the relations 

1 “Sona 
af) =—={ { 4 7e--yadgdn =0 (9.74) 

G 

(FS Le seyky: 
There are altogether 2k—1 real relations. We shall denote 
the subspace of elements of the space Z,(@+J°) which 
satisfy the conditions (9.74) by Lpo.i(@4+/). For an 
arbitrary element f of the subspace Lp o.(G+JI) the 
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function (9.73) satisfies the homogeneous boundary con- 
dition (9.63). Introducing the expression (9.73) into the 
differential equation (9.60) we obtain for f the following 
integral equation: 


f-S*f=F, (9.75) 
where 


oP} OP a 
Sef = qs gg! a Pay — BPH. 


It can be shown that the singular integral operator 


een 7) eee fC) PF) 
on “Sf | ry = (aan, 


dz (Cae kee 


has the norm in LZ, equal to unity, i.e. 
L,{S%) = 1. (9.76) 


Regarding now Sif = q,St/+qStf as an operator in 
L,(G+I), p> 2, we have 


Ly S80) < qoLp( Sz) - 


According to (9.76) a number p > 2 can be found such 
that 
Gol (Si)< 1, <i. 


It follows that the operator Z-—S > has an inverse in 
L,(@4-Ir). Applying to both sides of the equation (9.75) 
the inverse operator (I— S$)! we obtain an equivalent 
equation with a completely continuous operator. Hence, 
the Fredholm theorems may be applied to the equa- 
tion (9.75). Let f satisfy the equation f—S*f = 0. Let us 
represent f in the form f = fy-+-f, where fo ¢ Lp,ox-.(@), 
fe = Co@#-! 4-2-2 +... (Cg = Cp). The polynomial f;, is uni- 
quely determined by the relations a,f—f,) =90 (G= 
=1,2,...,k%). If we represent w = Pif as a solution of 
the equation (9.69a) in the form (9.70) and take into 
account that Pif, satisfies the condition (9.63) we obtain 


Re {2*@[ W (z)]e#} = Ref, on J", 
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where f;, is a polynomial in z of (k—1)-th degree. A reason- 
ing similar to that used above (p. 359) leads to the result 
fi; =9,®=0 and, consequently, = 0. The last fact 
proves the solubility of the equation (9.75) for an arbi- 
trary right-hand side of the class L,(@+J), p > 2. Thus, 
the solution of the equation (9.75) is representable in 
the form f = (I— 8*)"1F. This solution should be subjected 
to the conditions (9.74). In consequence we obtain the 
following 2k—1 integral conditions of solubility of the 
non-homogeneous Problem A: 


ff GgPi+g'F)dedy =0 (fj =1,...,2h-1), (9.77) 
G 


where F, and F, are the real and imaginary parts of the 
function F’, and 7; and ;’ are definite linearly independent 
functions. a 

Thus, for »< 0 the homogeneous Problem A® has no 
non-trivial solution and the non-homogeneous Problem A 
is soluble only if the conditions (9.77) are satisfied. 


§10. Remarks concerning certain papers on Problem A. Some 
formulations of more general problems 


10.1. It was already indicated above that Problem A 
was first investigated by Hilbert, [26a], for the Cauchy— 
Riemann system of equations. It constitutes a particular 
case of a more general problem stated by Riemann in 
his famous thesis ([76], p. 78-80). The Riemann problem 
can be stated as follows: it is required to find a function 
w(z)=utiv analytic in the domain G, which satisfies 
at every boundary point the relation 


F(u,v)=90 (on Lf). 


Riemann, however, stated only general considerations 
concerning the solubility of the problem and a method 
of solution. Hilbert was the first to investigate the case 
of the linear boundary condition of the form au-+ fv = y 
(on Jf’) in two papers (see [26a], Ch. X). In the paper [26b] 
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the problem is reduced to a singular integral equation whose 
investigation contains certain inaccuracies leading to un- 
true statements. A different method of solution of the prob- 
lem for a simply-connected domain was proposed later by 
Hilbert in the paper [26a] (p. 82-83). The case of a multiply- 
connected domain was first examined by Kveselava, [39a]. 
He established a number of important conditions of 
solubility of the problem; in particular, the case n = 0 
was investigated. 

The case of discontinuous coefficients was investigated 
by Muskhelishvili, [60a]. More general problems were 
dealt with in the papers of Gakhov, [23], I. N. Vekua 
(4b, g], Sherman [94*], N. P. Vekua [14*a], Khvede- 
lidse, [91], and others. 

It should be observed that Hilbert’s paper, notwith- 
standing its defects, had an important historical value. 
Together with a paper of Poincaré [73] devoted to the 
theory of tides, it greatly stimulated investigations on the 
theory of singular integral equations and boundary value 
problems for analytic functions. 

It was also Hilbert who first considered the boundary 
value problem for the system of equations of elliptic 
type [26a] (Ch. XX VIT) 


Ug—Vytau+bv=f, Uytvz+eu+dv=g, (10.1) 
u=y (onl). (10.2) 


He investigated this problem by means of Fredholm in- 
tegral equations. His reasoning, however, contained in- 
accuracies which led to a number of untrue statements, 
(([26a], p. 219, Theorem 43). These inaccuracies were 
indicated in a paper of Hellwig [24]. 

To the general boundary value problem for the system 
of equations (10.1), which was called above Problem A, 
are devoted the papers of Hurwitz [29], Usmanov [89a, b], 
Haack and Hellwig [21], Haack [20], Hellwig [24a, c], 
J. and J. Nitsche [62], Joh. Nitsche (63a, b,c], Joach. 
Nitsche [64a], Gakhov and Khasabov [23*a], [23a]. 
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In a more general form the problem was investigated in the 
author’s paper [14a]. The fundamental results of the last 
paper completed by many new results of the same author 
and also the results of Bojarski (see Appendix to Ch. IV) 
and Vinogradov [15a, b] are treated in this chapter. An 
approximate method of solution of Problem A was ela- 
borated in the paper of Klabukova [40*]. Boundary value 
problems for an elliptic system of a more general form were 
examined in the papers of Bers and Nirenberg [7a, b]. 

Bojarski investigated boundary value problems for the 
system of equations (10.1) with the boundary conditions 
of the form ([11a, a’]) 


Re {ao(t)1(t) + f bolt, tr)e(t) dt} = y(t) (10.3) 
a 


and 
Re[aq(t) ao + bo(t)w] = y(t) — jagt)| = 1. (10.4) 
Introducing the adjoint homogeneous problems he 
established the necessary and sufficient conditions of 
solubility of the problems (10.3) and (10.4), and derived 
the important relation 


I—l’ = 2n—3(m—1), (10.44) 


where J and l’ are the numbers of solutions of mutually 
adjoint homogeneous problems, » is the index of the 


function a,(é) and m+1 is the connectedness of the 
domain. 

Recently Daniluk proposed a new method of investiga- 
tion of the problem (10.4) ([11d, e, f]). Let us note some 
of his results. Taking the original equation in the form 
ow+ Bw = 0 and introducing a complex vector F with 
components w = u+iv, w, and @, the problem (10.4) can 
be reduced to an equivalent problem of the form 


O,F+A,F+B,F=0 (in @), 
Re[g(t)/F]=y (on I), (x) 


where A,, B, and g, are matrices expressible explicitly 
in terms of the coefficients of the original problem. The 
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problem (*) can be tackled by the methods developed in 
this chapter for the solution of Problem A. Here as the 
adjoint problem we have the problem 
0,F’— AiF’—BiF’=0 (in G), 
Re[gi(t)F’] =0 (on LI) 

the necessary and sufficient conditions of solubility of 
the problem (10.4) taking an appropriate form. In parti- 
cular, a new proof of the formula (10.4a) is given. It is 
important to make clear in what cases the values of 1 
and l’ can be determined separately. To this end we 
introduce a boundary value problem containing the real 
parameter, B = AB,, b = Ab). Restricting ourselves to the 
case of a simply-connected domain we can reduce this 
problem to a Fredholm integral equation of the form 
F—T,F =@® by following the method indicated in §7.2 
and §7.3. It is proved that the operator 7, can have 
only a discrete spectrum A. We note one important 
result implied by these considerations. If xn >0 and 
dé A, then 1=2n+3 and '=0. H now n< 0 and 
Aé A, then 1 < 2 and all the cases | = 0,1, 2 can occur. 

10.2. We shall see in Ch. V (§8) that many geometrical 
problems reduce to the boundary value problem (10.4). 

We now indicate some other boundary value problems 
whose investigation is of some interest, especially from 
the point of view of geometrical applications. 

I. Let J’ be a simple closed curve of the class C),. Let »(t) 
be a complex function of the point ¢ of the contour J’, 
which establishes a homeomorphic mapping of this contour 
onto itself. It is required to find in the domain G bounded 
by the curve J’ the solutions w, and w, of the equations 


6,0;+ Ajwj;+Bw,=0 (7 =1,2), (10.5) 


satisfying the boundary conditions of the form 


[a,(t) w(t) 4+- ag(t)w,(t) + ag(t) OW (t) + ag(t) Op Jt 12) 
= As(2) Wa(2) + dg(2) 9(2) + ap(2) 002+ ag(2)2z%,, (10.6) 
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where a,(f) are specified functions of the point ¢t on the 
curve I’. The coefficients of the equations (10.5) belong to 
the class Lp(G+I), p > 2. This problem is a generalization 
of the familiar Carleman problem for analytic functions, 
[38b]. We arrive at such a generalized statement of the 
Carleman problem for instance in the investigation of the 
geometrical problem of contact of two surfaces of positive 
curvature (see Ch.V, §8). 

In this respect it is of interest to establish criteria of 
existence or non-existence of non-trivial solutions of the 
problem (10.6). We should observe that it can be assumed 
that »(t) =# in geometrical problems. 

II. Let Gt and G be the inner and outer domains 
bounded by the curve J. It is required to determine in Gt 
and G~ the solution of the equation 


é;w+Aw+B@=0, <A,BeLp,(E), p>2, (10.7) 


satisfying the boundary condition of the form 


[ay(t) w(t) + ap(t) w(t) + ag(t) (G400)* + a4(t) (278) r—viey 
= ag(t) w(t) + ag(t)w-(t), — (10.8) 


where v(t) is as before the homeomorphism of the con- 
tour J’ onto itself, a; are known functions of the point t «I. 
The formulation of the problem, similarly to the preceding 
problem, is generalized to the case of a multiply-connected 
domain. The above indicated geometric problem can be 
reduced to a problem of the form (10.7)-(10.8). 

IIE. It is of interest also to investigate the problem (10.4) 
in the case when the function a(t) vanishes on a part 
of the boundary of the domain. There exist simple geo- 
metrical problems which lead to this case (Ch. V, §8). 


APPENDIX TO CHAPTER IV 
ON SPECIAL CASES OF THE RIEMANN-HILBERT PROBLEM 


B. BoJARSKI 


The special cases of the Riemann—Hilbert problem 
(Problem A) 


Re{4m} =0 (for), Pe Al(G@), (1) 


are said to be the cases in which the index n of the problem 
satisfies the inequality 


0<n<m—-l1. 


Henceforth, continuing the reasoning of Ch. IV, §7-10, 
we shall present a number of results concerning special 
cases of the Riemann-—Hilbert problem. These results 
elucidate the nature of the solubility relations of Prob- 
lem A in the indicated cases. 

In accordance with the results of §4 we shall confine 
ourselves to the case when the domain G@ is bounded by 
the curve I’ constituting a union of circles I), I, ..., Lm; 
Iy being the unit circle and all I;,j7 >41, are situated 
inside I. Let the point z= 0 belong to the domain G. 
The problem (1) will be reduced to the canonical form (3.14) 
assuming also that Q,(z) = (¢—a)~”. We shall denote by 
Br(a),aeG the class of functions ®(z) analytic in @ 
and continuous everywhere in G+J except for the point 
z= a where @(z) may have a pole of the order not greater 
than n. For a =0 we shall set 8n(0) = Bn. Then it is 
readily observed that the problem (1) is equivalent to 
the following problem. 
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Problem An. To find a function D(z) « Br(a) satisfying 
the boundary condition 


Re[e-7®@(t)] = 0, (2) 


where a(t) is a real piecewise-constant function on I, i.e. 
a(t) = a; = const. on Jj, 7 =1,..., m; a = 0. If the fune- 
tion A(t) is specified on J’ and the point a is fixed inside G, 
then the function a(t) and the sequence a; (j = 1,..., m) 
are determined uniquely in accordance with the formulae 
(5.68) and (5.69). If the sequence a; is replaced by a se- 
quence aj; such that a; = a;(mod1) for all j, then it is 
evident that Problem A, is unchanged. It is, therefore, 
natural to regard the set of numbers a, (j = 1,..., m) as 
a point of a real m-dimensional torus Tm. Then for any 
fixed » the torus Tm represents the variety of all prob- 
lems An. On the other hand, every problem A of the 
form (1) has, according to the formulae (5.68) and (5.69) 
a fully determined representative among the problems An, 
which is completely equivalent to the given problem A. 
The qualitative nature of the solubility relations of 
Problems A‘and A, is identical. We now proceed to the 
investigation of the latter problem. 


1. We first give two simple lemmas concerning the 
solutions of Problem A,. They are stated in a somewhat 
more general way than is necessary for further consid- 
erations. 


LEMMA 1. Every function G(z) meromorphic in G, 
continuous on I and satisfying the boundary condition (2) 
7s analytically continued through I. 

PROOF. The statement follows directly from the prin- 
ciple of symmetry, since according to our assumption G 
is a circular domain and the condition (2) implies that 
on the plane of the variable ® the boundary values 
of the functions ®(z) on I; lie on the straight line 
Re {e771} — 0. 

Lemma 1 is still valid if we allow the presence of a finite 
number of points on I’ on approaching which from the 
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inside of G the function ®(z) tends to oo. For proving 
this assertion it is sufficient to investigate the function 
@, =3 in the vicinity of these points. According to 
Lemma 1 the above indicated points are the poles of 
a finite order of the functions ®(2). 

Suppose that the meromorphic function ®(z) which 
satisfies the boundary conditions (2) takes in G+J° some 
value h. In view of Lemma 1 every h-point of the func- 
tions O(z) in G+/ has a definite finite multiplicity. 
Let us denote by Ng@(h) the sum of the multiplicities of 
all h-points of the function ®(z), situated inside G. By 
Nh) (j = 0,1,...,m) we denote the sum of the multi- 
plicities of the h-points of the function ®(z) on J;. Let 


Nyh) = 3 Nofh). 


LEMMA 2. For all finite h-points of the function ®(z) 
satisfying the boundary condition (2), not identically 
equal to a constant and continuous on I’, we have the 
formula 


2N@(h) + Nr(h) = 2Ne@(0o) , (3) 


where Ng(oo) is the sum of multiplicities of all poles of 
the function ®(z) inside G. All the numbers Ny,h) are 


even. 


PROOF. Let us consider the function y(z) = O(z)—Ah. 
By virtue of Lemma 1 this function has only a finite 
number of zeros in @+J*. Let 2, ..., 2p be the set of its 
zeros inside @ and 2j,..., 2, the set of zeros on J. Let 
Ci, .,fs be the poles of ®(z) inside G. Let us choose 
a sufficiently small positive number e such that the 
circles K, with centres at the poles of the function (2) 
or at its zeros on I do not intersect. Removing from 
the domain G the sum of these circles we obtain a do- 
main G, bounded by the contour J’; for a sufficiently 
small ¢ all the points 2,, ..., 2p lie inside G, and the points 


BOUNDARY VALUE PROBLEMS 369 


1,--,és and 2%,...,2 outside G,. According to the 
principle of the argument we have 


No(h) = tim Ap,arge(e) = SNGY— YA, (4) 
oo 1 k=1 


k= 


where N(¢,) is the multiplicity of the pole ¢, and N (zz) 
is the multiplicity of the zero z;. The first sum is obvious, 
we shall therefore consider only the second one. It rep- 
resents a sum of the increments of argy along somewhat 
deformed boundary curves /;: in moving along the 
curve I';, approaching the distance « from any of the 
zeros 2; we have to pass on the are of the circle of radius ¢ 
with centre at z;. But according to the boundary con- 


dition (2) on the sections eri of the boundary line J;, 
between two neighbouring zeros 2; and 2;, argg(z) has no 
increment, since g(z) = —h+70(z)e, o(z) is there real 
and does not vanish; in other words the values of g(z) cover 
a finite section of a straight line and the values of (z) 


on the ends of previ are equal. Therefore, if this straight 
line does not pass through the origin of coordinates, 
then 4,,.,argp = 0. If it does pass through the origin, 
3 

then according to our condition y(z) 40 on rei, the 


aA 
values of g(z) on J7**' are situated only on one semi-axis 
of the straight line under consideration. Hence, we have 
also in this case A ri arg? = 0. 


Thus, argg takes an increment different from zero 
only in the motion along the arcs of circles of radius ¢ 
with centres at the points z;,. But for «0 the arcs under 
consideration become semi-circles and then, according to 
Lemma 1 the formula (4) holds; hence, also (3) is valid. 
We notice also that 4N7,(h) is an integer, ie. N,7,(h) is 
an even number for arbitrary 7 and h. This completes 
the proof of Lemma 2. 
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Lemma 2 constitutes a more precise statement of the 
formula (4.17) in application to Problem An. The proofs 
of both formulae also in principle are identical. 

It should be noted that Lemma 2 cannot be extended 
to the general case of the boundary value Problem A, 
for the h-points are not invariant with respect to the 
transformation to the canonical form, if h 4 0. 

Lemma 2 implies immediately a new proof of insolubility 
of the problem (5.2) (§5.1) if the conditions a; = 0(mod1) 
are not satisfied. 

In fact, then N@(co) = 0 and according to (3) N¢g(h) = 
= Ny(h) = 0, ie. the function ®(z) = const = c. In view 
of the boundary condition (2) ¢ 40 only under the con- 
dition a;=0(mod1), 7 =1,..., m. 

For a complete investigation of Problem A, in the 
class 8, we shall need the following lemma: 


LEMMA 3. Let H, be the domain of the variable z 
bounded by radial cuts T(k=0,1,...,m) of a finite 
length situated respectively along the straight lines k,, 
Re(e~**«z) = 0, ay = 0. If the function D = O(z) maps EH, 
conformally and univalently onto the domain Bo of the 
plane of the variable ©, bounded by the cuts Ij, situated 
along the same lines k, respectively, and (co) = oo, 
then ®(z) = cz+%é& where c and & are real constants. ¢4 0 
only if a, = 0(mod1) for all k =1, 2,...,m. 

PRooF. Under the conditions of the lemma the func- 
tion @(z) has a simple pole at the point z= oo, and 
lim zal = y £0. We note that the essence of the lemma 


2-00 


consists in the fact that we make no assumptions about 
the situation of the zero of the function ®(z) or about 
the number y. 

First, we examine the case in which ®(0) =0. It can 


@(z) 


easily be verified that the function p(z) = = is every- 


where bounded. It is obvious if the poimt 2 —0 does not 
lie on any of the cuts J,. If 2 = 0 lies inside the cut J,,, 
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0<k,<m, then the boundedness of the function (2) 
is ensured by Lemma 1. In the case in which the point 
z= 0 is an end of one of the cuts J; (assume that it is 
the cut I,) Lemma 1 cannot be applied. Let us situate J, 
along the positive real semi-axis and let us map by means 
of the function ¢ = f(z) the exterior of the line I, onto 
the interior of a smooth curve, say the circle K, in such 
a way that the point 2 = 0 remains invariant, f(0) = 0. 
Obviously, f(z) has the form f(z) = f,(é), = yz, in the 
vicinity of the point 2=0, where 7,(€) is an analytic 
2 

& 
€->0. The function ,(§) = O(z) satisfies a boundary 
condition of the form (2) on K+ K’ where K’ is the union 
of the images of the lines LZ;,,k4 40 in the mapping 
¢ = f(z). Besides, ®,(¢) vanishes for ¢ = 0 and has a pole 
of the first order for ¢ = oo. It cannot vanish together 
with O(z) at any point ¢ #0 of the domain bounded by 
the curves K+ K’ or on these curves. Since the curve K 
is a circle we may apply Lemma 2. In view of the for- 
mula (3) we find that ®,(¢) has a zero exactly of order 
two at the point ¢ = 0, ie. 


40) Pe) _| ie (LE) | 
z 


an 2 ON Ep e| 


function in the variable £, 7,(0) = 0, is bounded for 


D(z) 5 
ee 
D(z) 


i.e. ee is bounded. 


2 


f(5) 
E 


’ 


Thus, the boundedness of y(z) has been proved. Now, 
according to the conditions of Lemma 3 Img(z)=0 
on I, k =0,...,m whence it follows that y(z) can have 
only a real constant value. 

Let now 

@(0) = ie~79 40. 


_ &(z)—P(0) 
= Z 
and as before we find that p(z) is everywhere bounded 


We again introduce the function (2) 


26 
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in EF, including the point z= oo. Moreover, it satisfies 
the boundary condition 


@(0 
Imp(z) = —Im 2) — on JI;, |z|=t, (5) 
O<t<t<t<co (k=0,1,...,m), (6) 
where 
on = —Ime%-9 — — gin 2a(a;,— 8). (7) 


If z = 0 (i.e. t = 0) belongs to any of the intervals [t;, t; 
defining the lines J;, then in accordance with the con- 
ditions of the lemma the corresponding 9; = 0. Therefore, 
we have written the sign of strong inequality in the 
first and last inequalities (6). The function y(z) = u+iv 
is a bounded and single-valued solution of the non- 
homogeneous Dirichlet problem (5) for the domain F,. 
We shall prove that such a solution exists only for e, = 0, 
k= 0,1,...,m. In this case it is a real constant. 

Let us first consider the case in which all 0, 4 0. Then, 
if there are both negative and positive numbers among 
them we arrive at once at a contradiction. In fact, if »(z) 
is not a constant, then every boundary continuum of the 
domain (H,) (y(H#,) is the image of the domain £,) 


lies in view of (5) beyond the section of the line v, »v = 2 ; 


0<t%<t< ty, ie. wholly beyond the negative or posi- 

tive imaginary semi-axis, and continua of both kinds 

oceur. Such a domain, however, cannot be bounded. 
Thus, all 9, have the same sign. Assume that 0, > 0, 


k=0,1,...,m. By virtue of (5) “ = —G< 0 on the 
positive side of Ij and = = > 0 on the negative 


side of I; (by positive, we understand the side situated 
to the left in moving along J;, in the direction of increas- 


ing 1). 
Hence 
du dv 4 du os 
cae gi on J; and in ~° on I; , 
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i.e. In moving in the positive direction along every 
curve bounding the domain y(H,) we should move always 
in such a way that the interiors of these curves lie on the 
right. This is, however, impossible if o(H,) is a finite do- 
main, since then at least on one contour we should have 
to move in the reverse direction. 

Similarly, we can consider the case in which some 
of the numbers 9; vanish. Thus, the assumption that y(z) 
is not constant leads to a contradiction. Hence, g(z) = 
=c= const. and this result implies that o,=0 for 
k=0,1,..., mand that cis real. This result is compatible 
with (7) only when ao, =0, k=1,2,...,m, and then 
also we should have 0 = 0; otherwise ©(0) = 0. 

This completes the proof of Lemma 3. 

From Lemma 2 and Lemma 3 the following theorem 
can be obtained. 


THEOREM 1. For n=1 any solution D(z) of Prob- 
lem A, in the class 8B, satisfying the condition ®(co) = 0 
establishes a conformal mapping of the domain G onto the 
plane of the variable ® with cuts along the straight lines 
Re[e-7**@] = 0, (k = 0, ..., m). 


If ®, and ®, are two such solutions, then ®, = cB, 4-D, 
where c is a real constant, and ®, is the solution of Prob- 
lem Ay in the class By. 


Proor. According to the condition (0) = co and the 
relation (3) we have 2Ng¢(h)+Nyr(h) = 2 for an arbitrary 
finite value of h acquired by the function ®(z) in G+T. 
Hence, if N;(h) = 0, then Ne@(h) = 1, ie. if D(z) does 
not take the value / on the boundary J’, then ®(z) takes 
it inside exactly once. If the function ®(z) has the value h 
at an internal point of the domain, then N@(h) = 1 and 
Nr(h) = 0, ie. it does not belong to the boundary values 
of the function ®(z) on I’. Since in view of the boundary 
condition (2) and the continuity of S(z) on I the boundary 
values of ®(z) belong to bounded sections I situated on 
the straight lines ,, © = io,e?%, o, is a real function 
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of the point t « l,, ®(z) maps conformally and univalently 
the domain G@ onto the plane with the cuts Z,. This com- 
pletes the proof of the first part of the theorem. It should 
be observed that the domains appearing in the theorem 
do not necessarily coincide with the canonical domains 
with cuts usually employed, since it is not impossible 
that one of the cuts Z, passes through the origin of coordi- 
nates. Obviously, two cuts £, cannot pass through the 
origin; in fact, then on two contours J, and J;, the func- 
tion ®(z) would have the value 0. This implies that 
N,,(0) > 0 and N (0) > 0, and since V,,(0) and N,,(0) 


are even, N 7,9) >2 and N ri(0) >2. This contradicts 


the formula (3). 

We still have to prove the second statement of the 
theorem. 

Let ®,(2) and ®,(z) be two linearly independent solu- 
tions of the problem under consideration. Then according 
to the results just proved the implicit function ©,(®;*) = 
= f(®,) would establish a conformal mapping of the 
domain with cuts along the lines LZ, onto the domain 
with cuts along the same straight lines. By virtue of 
Lemma 3 f(®,) = c®,+%é@ where ¢ and ¢ are real con- 
stants. If ¢ = 0, then ®,(z) = c®,(z), which contradicts the 
assumption. If ¢~ 0, then in accordance with Lemma 3 
a, = 0(mod1), k =1,...,m. In this case the constant 7¢ 
is the solution of the problem in the class 8) and we 
obtain @,(z) = c®,(z)+7ée which was required. 

2. For further considerations it is necessary to for- 
mulate the problem adjoint to Problem Ay. It is con- 
venient for our purpose to take the following definition. 

Problem Aj,. To find the function p(z) «Ru, 0’ = m— 
—n—1, satisfying the boundary condition 


Re[e™—1z' ert y(z)] =O (on I’). (8) 


Transformation from Problem Aj, to the problem adjoint 
in the sense of the definitions of §2, Ch. IV, is obtained 
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by the simple substitution of the form y = o. In par- 


ticular, J, and [,, are the numbers of linearly independent 
solutions of the problems A, and A), connected accordingly 
by the relation (4.24). 


In—l, = 2n—m+1. (9) 


For n<m-—1 the numbers I, = In(a) and U,(a) depend 
on both the number » and the point ae Zm which deter- 
mines Problem An. Below we. shall enumerate some 
properties of the numbers l’ and 1, in terms of 1, 


In< Inti <lnt+2,  |ngr Sin SIngit 2. (10) 


The first of the inequalities follows from the fact that 
Bn+1-> Ba and in passing from B, to Bay: only two 


linearly independent (with respect to Sn) functions oati 


4 
grt. 
n+1 in Problem Any we have Bm—n—-1 Bin—n—2: This 
completes the proof of the second inequality (10). 
We shall below make use of the following estimate 
for l, when n < m—1l1: 


and 


appear. On the contrary, in passing from n to 


max(0,2n—m+1)<l<m. (11) 


The first part of the estimate follows from (9), for l, > 0. 
According to the first inequality (10), ln < Um—1 = lm-it+ 
+2(m—1)—m+1 = Ip-1+m—1<m, since ln-1 is the 
number of linearly independent solutions of the boundary 
value problem with the boundary condition of the form (8) 
in the class 8,. But this problem is equivalent to Prob- 
lem A in the class 8, and in view of Lemma 2 it has not 
more than one solution. 
This completes the proof of the estimate (11).. 


THEOREM 2. If ln, = 2n—m-+1 for some n< m, then 
ly = 2n’—m-+1 for all n’> n. 
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PROOF. If l, = 2n—m-+1, then according to (9) I, = 0 
whence in view of (10,) J, = 0; this implies that I, = 
= 2n’—m+1. 


THEOREM 3. For any n<m—1 we have the estimate 


In<N+1. (12) 
This estimate is exact. 


PROOF. First of all we note that, taking into account (9), 
we can readily prove that the estimate (12), is equivalent 
to the following estimate: I,+1l,<m-+1. It is more 
convenient to prove the last inequality. Let @,, ..., ,, 
and ,,...,y%, be the complete systems of solutions of 
the homogeneous Problems Ay and Aj, respectively. 

Let us consider the products gj, = Oy, j <ln,k <Ih. 
In view of the boundary conditions (2), (8) and the defini- 
tion of the classes Bn and Bn these products are solutions 
of the boundary value problem 


Re {iz™—12’q5,} = 0 (13) 


in the class Bm_,, for n+’ = m—1. Let T be the number 
of linearly independent solutions of the problem (13) in 
the class Bm_,. Since the increment of the argument 
of the function 2”—12’ along I’ is equal to zero, by a sub- 
stitution of the form (5.68) we, evidently, can reduce 
this problem to the equivalent problem A,-, in the 
class Bm-,. According to (11) we have I <m. 

For the proof of the theorem it is now sufficient to 
prove that among the products gj, there are at least 
ln+U,—1 linearly independent. Then we shall have 
Int+U,—1<t<m which, as it was indicated above, is 
equivalent to (12). In order to count the number of linearly 
independent functions among the products 9; we may 
assume with no loss of generality that in the sequence 
@,, ..., D,, the functions are ordered. according to the incre- 
ase of the order of the poles at the point z = 0, and if @; 
and ®;,, have equal orders of poles, say n;, we assume that 
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in the vicinity of z= 0 @,(z) = ae wey O,43(2) = — +... 


In the same order we set the pauptini Wry +5 YL. Then 
it is readily observed that the products yy, 21, -.-5 Pigt 
ANd Pin,2> Plard) <9 Vln, are linearly independent. But 
there are exactly l,-+1,—1 of them, whence 1,-+U, < @+1. 
This completes the proof. 

Examples illustrating the accuracy of the estimate (12) 
will be given below (see also §5.8, Ch.IV). 


3. In consequence of (11), for »<0 and n>m—1 
we have 


In =In(a) = max(0, 2n—m-+1). (14) 


We shall denote by , the set of the points a = (a, ..., am) 
of the torus 2m, such that the formula (14) is valid for 
them. Let CR, be the supplement of Ry, to Tm. Then 
Theorem 4.10 can be stated in the following way, making 
use of the concepts of the sets Ry: in the non-special 
cases of the Riemann—Hilbert problem (n <0,” > m—1) 
CRy is an empty set. Conversely, as we shall now see, 
in the special cases CRa is never empty. This means that 
for 0<”2<m-—1 there exists for any domain Problem A 
(or An) whose number of linearly independent solutions 
1s not given by the formula (14) (it is greater). 

We state the properties of the set R, which follow 
immediately from the facts given in subsections 1 and 2: 


(1) Ch, CCRC ...C CR, COR m where n< 3 | ; 
2 


(2) CRim DOR Din ORa-<D OReS. 


m—1>0>|4| é 


The property (1) is identical with the first part of the 
inequality (10); the property (2) follows from Theorem 2. 
Thus, the most massive are the sets Chim and CRrm 

2 2 
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4, Lemma 3, corollary of Lemma 2 and Theorem 1 
enable us to describe completely the structure of the 
sets CR, and CR,. Namely, 


(a) CR, consists of the one point a= (0,...,0)=0. 


(b) CR, is a continuous image of the domain G com- 
pleted by the point a= 0, i.e. CR, in general, is a variety 
of the dimension < 2 on the torus 7m. The statement (a) 
is obvious. 

According to Theorem 1 the point a belongs to CR,— 
— COR, if and only if the domain G can be mapped con- 
formally, preserving the condition ©(0) = oo, onto a do- 
main (which is not necessarily canonical) with cuts along 
the straight lines Re(e~2"*@) = 0 (kK = 0,1,..., m), and 
a = 0. But according to well-known theorems for any 
aeG,a 0, there exsists a mapping of the domain G 
onto a domain with cuts, satisfying the following con- 
ditions: (1) &(0) = co, (2) O(a) = 0, (3) the contour J% is 
transformed onto a section of the real axis (i.e. a) = 0). 
Thus, for an arbitrary point a 4 0 belonging to the do- 
main G there exists ae CR,; evidently, all ae CR, are 
thus employed. 

Similarly, if n> 1 it follows from Lemma 2 that any 
solution of Problem A, having a pole at the point z=0 
of exactly the order n, establishes a conformal mapping 
of the domain G onto a Riemannian surface n times 
covering the domain of the plane ® with radial cuts J; of 
a finite length, situated on the straight lines Re(e~**®) =0 
(k =0,...,m), respectively. The edge of this surface is 
projected onto the cuts Z,. The surface of the above 
described type will be called the surace of the class F;,, 
@ = (Gp, Gy, ..-) Gm). The above facts imply that a ne- 
cessary and sufficient condition of solubility of Problem An 
can be formulated as follows: 

THEOREM 4. Problem An has a solution having a pole 


of order n at the point z= 0 if and only if the domain G 
can be mapped conformally onto a surface of the class Fy, 
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in such a way that the point z=0 is transformed into 
the point 2 = co. 

Such a mapping is in general fully determined by the 
specification of n points of the domain G, the projection 
of which is zero. It is, therefore, geometrically evident 
m 
2 
of dimension not greater than 2n. In this respect we note 


that for n< CRn is a set of points of the torus 7m 


that for n >F we always obtain, according to the 


estimate (11), ln > 1, and there necessarily exists a solu- 
tion having a pole of the order 1 <7’ <n at the point 
z= 0. Thus, the first part of the inequality (11) has the 
following interpretation in the theory of conformal 
mappings. 

Let i, (k = 0,1,...,m) be an arbitrary prescribed set 
of straight lines passing through the origin of coordinates 
m 
2 
the lines i, there can be identical lines. Then every do- 
main G@ of connectedness (m+1) can be mapped onto 
a Riemannian surface F, »’ times covering a plane un- 
bounded domain, where 0< nn’ <n. The edge of the 
surface £ is projected onto some sections of a finite 
length I;,, k = 0,1,...,m, lying on the straight lines I, 
respectively. A more precise statement can obviously be 
formulated if » >m. In particular, for m = 2 this result 
implies the familiar theorem asserting that an arbitrary 
domain of connectedness three can be mapped conformally 
and univalently onto a domain with cuts along three 
prescribed straight lines passing through the origin of 
coordinates. 

The structure of the sets Ry and Rna(n’ = m—n—1) 
is the same. Exactly these sets are connected by the 
transformation of the form 


and let n be a given number, such that n >—. Among 


a’ = a—a?, ae Rn, a’ e Rn, (15) 
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where a® is a point of the torus depending on the domain G. 
It is sufficient to examine the case n> > According 
to (9), in order to find the number J, it is sufficient to 
find the number J,,. Let us write down Problem Ay equi- 
valent to Problem Aj,. In view of the formulae of §3, 


Ch. IV we have for the functions y,(z) = e-#@) | | (z—2,) y(z) 
k=1 


where y(z) is the solution of Problem Aj, the boundary 
condition 


Re {e+ y,(2)} = 0 (16) 
in the class Ry* where a is given by the formula (5.68), 
Therefore, if » > > and ae Rn, then lyn = 2n—m-+1, Lee. 


U, = 0. But the problem (16) is entirely equivalent to 
Problem Aj, under consideration. Hence, for this problem 
l, = 0 and according to the definition we have a— a® « Ry. 

Thus, we have shown that if the point ae R,, the point a’ 
related to a by means of the formula (15) belongs to Ry. 
In the same way we can prove the inverse statement. 
This completes the proof of (15). 

In accordance with the formula (15) the assertions 
(a) and (b) of the subsection 4 are also valid for the sets 
CRm-, and CRm-,. 

5, We now proceed to the proof of the important 
property of the sets CR,, formulated in Theorem 5. 
First of all, let us, in accordance with the reasoning 
of §5, transform the necessary and sufficient condition 
of solubility of Problem A,» to a more convenient form. 
We shall solve Problem A» in the class Bn(a). 

We shall denote by »;(2; a, a) = w,(z), 7 =1,..., p, the 
complete system of linearly independent solutions of the 
problem 

Re {z’ e*kw;} =O (on I) (17) 


in the class @p . 
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Let ®(z) be the solution of Problem A, in %,(a). Then, 
representing ®(z) in the form 


1 


Bz) = » greet Ole) = O%+%,, 


we obtain for ®, the non-homogeneous problem 
Re {e-7#%*@,} = — Re {fe Dy} = y. (18) 


A. necessary and sufficient condition of solubility of the 
problem (18) in the class By is given by the relations 


J p(thwj(tye0dt = 0, f=1,2,..,7, 
r 


or, in a different form, 


™m 
Me a i Re [Pq(t) em ]ao,(t) em dt 


k=0 Ix 


Shae Ser 


= ZY {yao (a) + pe008 (a) , 


s=1 

1.e. 
op) 1, (81) = oe 

Re{ )’yjwf%a)}=0, 7=1,2,.,7, (19) 

where 
Bena Ys 2nd 
ae meh e 
since 
w(t) eet’ = — w,(t)e-aet’ . 


The conditions (19) represent necessary and sufficient 
conditions of solubility of the problem (18) for fixed 
Ys, S=1,...,”, le. they express the conditions of ex- 
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istence of the solution of the problem (18) in %,(a), if 
the principal part of the expansion of the required solution 
in the vicinity of the pole is given. We are now, however, 
interested in a different problem, namely: in how many 
ways we can choose the vector {ys}, s = 1,..., n, so that 
the problem is soluble. In other words, how many linearly 
independent solutions (over the field of real numbers) 
has the system of linear equations (19). 

From (19) we obtain for the real and imaginary parts 
of the quantities y, = y;+7y,' the system of real equations 
with the matrix equivalent to the following: 


wy (a) ... wh’ (a), wy (a) ... wl” (a) 


Wy(a) ... Wp (a), Wp(a) ... Wy (a) 
or 
On = {An, An} ’ 
where A, is the matrix {w(a)}, j=1,...,p, $=9,..; 


nm—1. The matrices A, are in fact functions of the 
point aeG and the point a=(a,...,am)eTm, and 
An = An{a;a) is a function holomorphic in the point 
ae G, continuous in G+J and analytic in the real domain 
of the variables a,,..., am. The first assertion needs no 
explanations. The second follows from the obvious fact 
that the functions w,(z, a, a) are solutions of an integral 
equation with coefficients analytic in the variables 
Q,, ++, 4m (and also in all remaining variables). If a, = 
= d, =... = On = 0 the functions w,(z) are connected by 


the formulae a = w; with harmonic measures wu; (see §5). 


In this respect we indicate an interesting property of 
some minors of the matrix 4z. For n<m—1 let us 
consider the minor 4, = {wf}, s=0,1,..,2—-1, j= 
=1,2,..., p. Such a minor always exists since it is readily 
observed that p= m—1 or p=m. It is also verified 
by making use of the boundary condition (17) and simple 
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properties of determinants that this minor is the solution 
of the following Riemann—Hilbert problem: 


_ n(n—1) 


N . Missing formula (20) 


The last result implies in view of Lemma 2 for instance 
the following relationship for the numbers JN, @(An) and 


N aA); i.e. the numbers of zeros of the determinant Ap, 
inside G and on I’, respectively: 


2Ne(An) + Nr(An) = n(n+1)(m—1). 


We note that under our assumptions about the contour I" 
the functions w,(z) are analytically continuable through I’. 
Hence the differentiation (n—1) times of the relation (17) 
along J’, necessary in the verification of (20), is fully 
legitimate. 

Let r be the rank of the matrix OD, and assume that 
a #0. Then the number of linearly independent solutions 
of the system (19)—and therefore the number of linearly 
independent solutions of Problem A, in the class R,(a), 


is equal to lz = 2n—r. Tin< 5 then r <p. Evidently, 


for a = 0 the set Ry coincides with the set of points a of 
the torus Z'm for which the rank r is 2n. Let us denote by 
Pn( 3 Oy, +++) On) = Pn(a; a) the sum of the squares of moduli 
of all minors of rank 2n of the matrix Dn. yn(a; a) is a fune- 
tion analytic with respect to the point ae 7m in the real 
domain. Obviously the set CR, is the set of zeros of the 
functions gn(0; a). We shall now prove that gn(a; a) does 
not vanish identically on 7 for any ae G. To this end 
it is sufficient to indicate at least one Problem A, (or A) 

m 
for n< 3? 
for which l, = 0. Then, if necessary reducing the problem 
thus found to the canonical form, we find a point de Im 
for which gn(a;a)>0. But in view of the theorem of 


having only trivial solutions, i.e. a problem 
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Ch. IV, §5.10 such a problem is always found in the set 
of problems Re[(z—6)"f(z)] = 0, f « %,, for variable be G. 
m 
D) 


nv =mMm—-1—-Nn< > in accordance with the formulae (15). 


Now, every set R, for n > —= is associated with a set Ry, 


Thus we have proved the following theorem. 


THEOREM 5. The set CR, ts the set of zeros of a function 
analytic in the real domain with respect to the point ae Tn, 
which does not identically vanish on Tm. 

Theorem 5 implies a number of statements about the 
sets Ry, and CR,. The set CR» in general consists of 
a number of analytic varieties and points, which may in- 
tersect, of dimension smaller than m; Ry is open and 
everywhere dense on 7'm. 

Let us sum up in a general way the above results. 
In the non-special case of the solubility relations of Prob- 
lem A or An, the numbers I, and l;, were completely de- 
termined by the numbers m and n representing only 
topological conditions of the problem. Neither the structure 
of the domain G@ nor special properties of the coefficient, 
nor even in the more general ease the properties of the 
class of generalized analytic functions in which Problem A 
was investigated, had any influence at all on the numbers 
ln and U,. In our terminology this fact is expressed by 
the statement that the sets CR, are always empty. The 
situation is already different in the special case of Prob- 
lem A,. It was observed that in this case for an arbitrary 
domain the sets CR, are not empty. The numbers In 
and U, can vary in certain range depending on the prop- 
erties of the domain G@ and the boundary condition. 
The analysis carried out above, in particular Theorem 5, 
prove however that this influence of the domain and the 
boundary condition for fixed n and m occurs only in 
exceptional cases. In the overwhelming majority of 
problems, we may say in “typical” problems, when 
ae Ry the numbers J, and J, in the special cases are to 
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be determined by the same formulae as in the non-special 
cases. Deviations from the formula (14) are encountered 
very seldom, ‘‘only on varieties of a smaller dimension”? 
in the set of all problems, which in our case is the torus Tm. 
Geometrically these deviations are described in Theorem 4. 
This qualitative reasoning is in a sense valid also in the 
general case of Problem A. Then also we may say that 
in the great majority of problems, in ‘typical’? problems, 
the formula (14) is still valid. Similarly, other properties 
of the sets R, and Problem A can be carried to the general 
case of Problem A. First of all the results of Theorem 3 
are valid for all problems A. We now show how the property 
of openness of the sets R, can be carried over to the 
general case. For simplicity let us assume that |A| = 1 
on I’. Two Problems A are said to be sufficiently close 
to each other if the functions A and 4’ determining them 
satisfy the inequality |A—2’|<.e on I for a sufficiently 
small positive number «. 


THEOREM 6. Problem A and all problems sufficiently 
close to it, have the same number of solutions if and only 
if the formula (14) holds. 


The proof follows from the continuity of passage from A 
and A’ to the points a and a’ (formulae 5.69), and from 
the openness of the set Ry. 


6. In some rare cases the solutions of Problem A, can 
be constructed in an explicit form. To this end we map 
the domain G onto the canonical domain A of the plane 
of the complex variable ¢ with radial cuts J;,, in such 
a way that the point z = 0 is carried onto the point at 
infinity, and the cut J, corresponding to the curve J, 
lies on the real axis. Let ¢ = ge, 0 < o0,< 0< Of, 
k= 0,1,..., m, be the equation of the cut I;; by hypothesis 
dy = 0. 

After having passed to the variable ¢ Problem A 
is stated as follows. It is required to find in the 
domain A a holomorphic function ®(f) with a pole of 
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order <n at the point C = co satisfying the boundary con- 
dition 


Re fe-*O(f)} =O on Tx. (21) 


It is assumed that the boundary condition is satisfied for 
the limiting values ®t and © of the function ® on the 
section I;. The problem thus stated will have in some 
cases continuous solutions for which @ = @ on I;,, k = 
= 0,1,..., m. It is evident that these solutions are polyno- 
mials of degree < n. Hence, it is very easy to find them. 
It is readily verified that in order that the boundary 
value problem (21) has a polynomial solution of the form 


n 
>. 0, eP710rCr , 
r=0 


it is necessary and sufficient that the following relations 
are satisfied: 
20,— 2rd;,+ 2a, = 4(mod1). (22) 


If a, =0, k=0,1,...,m, it is evident that (22) are 
satisfied for d,=0, 0,=—} and the solutions are the 
polynomials 7, 7¢,...,i¢*. There are 1+ 1 such solutions. 
Consequently, according to Theorem 3 these polynomials 
are all linearly independent solutions of the problem. 
Obviously, solutions of this kind are identical with the 
solutions of §5.8. We have at the same time verified the 
accuracy of the estimate (12). Thus, for d, = 0, i.e. for 
domains which can be mapped conformally onto the 
canonical domain with radial cuts along the real axis, 
we have l, = »+1 for any n < m. Obviously, Theorem 1 
implies that the relation ,=n-+1 for any n<m can 
hold only for domains of the above kind. More precisely: 
if 1, = 2 the domain G can be mapped onto the domain 
with cuts along the imaginary axis, all a, = 0 and = 
=n-+1 for any n< m. Thus, for n = 1 the extreme case 
of the estimate (12) takes place only for special domains. 
Nevertheless, for other values of » the estimate (12) can 
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occur in an arbitrary domain. For instance, if n = m—1 
the estimate (12) occurs fin an arbitrary domain for 
the problem Re(z’f) = 0 on J’ (see Ch. IV, §5). If a part 
of the cuts J; lie on the real axis and another part on the 
imaginary axis then for a = 0 the sequence of polynomial 
solutions is the sequence 7, 7¢?, ..., 72", 2r <n. In general 
it is easy to construct examples of domains and problems 
for which the number of polynomial solutions is equal 
to a beforehand prescribed number s, 0<s<n-+1. 
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PART TWO 


SOME APPLICATIONS TO PROBLEMS OF THE 
THEORY OF SURFACES AND THE 
MEMBRANE THEORY OF SHELLS 


In THIS part of the book we shall deal with some appli- 
cations of the preceding results to problems of the in- 
finitesimal bending of surfaces (Chapter V) and the 
membrane theory of shells (Chapter VI). These topics 
of geometry and mechanics. are closely related, first of all 
since they depend on the same partial differential equa- 
tions. This fact enables us to give a mechanical interpreta- 
tion to geometric results, and conversely. Besides these im- 
portant but apparently purely mathematical analogues 
there exist deeper bonds which come to light during an 
analysis of the state of deformation and stress in a shell. 
In what follows this fact forms a basis of a joint investiga- 
tion of geometric and mechanical problems in which we 
are interested. In the case of surfaces and shells of positive 
curvature these problems lead to various problems for 
elliptic equations. Thus, a wide field is open for the 
application of the results obtained in the preceding 
chapters to an investigation of a vast range of problems 
of the theory of surfaces and the theory of elasticity. 
These methods make it possible to overcome considerable 
analytic difficulties encountered in investigating many 
classical problems and achieve a significant progress in 
many respects. 
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CHAPTER V 


FOUNDATIONS OF THE GENERAL THEORY 
OF INFINITESIMAL BENDINGS OF SURFACES 


THE principal aim of this chapter is an investigation of 
some problems of infinitesimal bending of surfaces of 
positive curvature. Nevertheless, before starting the con- 
sideration of these problems we find it expedient to 
elucidate some principles of the general theory of infini- 
tesimal bending, mainly for the sake of reader’s con- 
venience who although not a specialist on this topic 
will, perhaps, become interested in the problems dealt 
with here *. We give therefore a derivation of the 
basic differential equations and investigate some general 
properties of surfaces subject to infinitesimal bending. 
For instance, we derive expressions for the variation 
of various quantities connected with the surface. Since 
we shall also consider sectionally regular surfaces we 
derive the conjunction conditions on the contact lines 
of the adjacent regular parts. In the consideration of 
rigidity problems we present, first of all, a number of new 
proofs of the classical theorem on the rigidity of ovaloids; 


* A considerable number of papers have been written on pro- 
blems of infinitesimal bending of surfaces. Many chapters are 
devoted to this problem in the celebrated works of Darboux [31] 
and Bianchi [8]. A very complete exposition of the basic problems 
of this topic and the present state of investigations can be found 
in the papers of Cohn—Vossen [41a] (1936) and Yefimov [33a] (1948). 
Yefimov’s paper had in 1957 a new edition in the German trans- 
lation [33b], and was supplied by a number of appendices written 
by Rembs and Grothemeyer. These appendices contain a fairly 
complete survey q papers in recent years (1948-1957). 
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to this end in particular we employ the results of Ch. IIT. 
These devices permit us in many cases to weaken con- 
siderably the requirements of smoothness of both the 
surface and the displacement field. Moreover, this theorem 
is generalized to the case of sectionally regular convex 
closed surfaces. Further, employing mainly the results 
of Ch. IV, we investigate the rigidity conditions for 
convex surfaces with edges. A number of criteria is 
established for the rigidity of such surfaces; therefore, 
great attention is given to the geometrical and mechanical 
means of setting up rigid constraints. It is proved that in 
many cases the rigidity can be ensured by contacting 
the surfaces and applying bush constraints. The notion of 
optimum rigidity is introduced and conditions for the 
occurence of rigid constraints are investigated. We also 
consider some classes of rigid and non-rigid non-convex 
sectionally regular surfaces. In this connection we state 
some new boundary value problems for generalized 
analytic functions. We should note that this chapter 
contains a number of as yet unpublished results of the 
author, Bojarski, Sun Che-shen and others. Many of 
these results were presented on various occasions (1955- 
1957) at the seminar on geometry in the large in Moscow 
University, conducted jointly by M. V. Yefimov and 
the author. 

Finally, we note that in this book problems of the 
bending of surfaces (in the large or in the small) which, 
as is known, lead to non-linear problems, are not dealt 
with at all.* It will be observed, however, that the methods 
employed here can also be used for the solution of many 
non-linear problems of the general theory of bending 
[24d], [64b, c]. In recent years many new results on this 
topic have been obtained by Pogorelov [68c]. 


*The reader can become acquainted with basic problems of 
bending of surfaces in the monograph quoted above of Yefimov 
{33a, b], and also in the monographs of Aleksandrov [2a, b] and 
Pogorelov [68a, b]. 
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§1. Equations of infinitesimal bending in vectorial form 


Let S be a sectionally regular surface of class 0” rep- 
resented in vectorial form by the equation 


r= r(a', a). 


Consider now the family of surfaces 8, represented by 
equations of the form 


r,(@, a) = r(a', a) +eU(a', a), 


where ¢ is an arbitrary numerical parameter and U(z', 2?) 
is a continuously differentiable vector-function of a point 
of the surface. 

The surfaces S, are said to be infinitesimal bendings 
of the surface § if the difference between the squares of 
their linear elements is a quantity of order ¢, i.e. 


ds? — ds” = 0(«”). (1.1) 
Since 


ds*—drdr, ds? = drdr+2edrdU+ e"dUdU, 
for (1.1) to be true it is necessary and sufficient that 
| drdU =0. (1.2) 


The last equation is called the equation of infinitesimal 
bending of the surface S, and the vector U satisfying 
this equation is called the displacement vector of infinitesimal 
bendings. Such a vector field on S will be briefly called 
the displacement field. 

By virtue of (1.1) we have 


aU\2)12 
ds, = ds E +e(7 | ; (1.3) 
i.e. 
ds —ds = O(s) >0. (1.3a) 


Thus, we have the following 


THEOREM 5.1. As a resulé of an infinitesimal bending 
of the surface every element of it takes a non-negative 
increment of the second order of smallness. 
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In other words, infinitesimal bendings of a surface are 
not accompanied by compressions (even to the second 
order of smallness). 

In what follows we shall always consider only contin- 
uous deformations of a surface, i.e. we assume that 
the displacement vector U is a continuous function of 
a point of a surface. Moreover, we shall assume that this 
vector possesses all the derivatives appearing in our 
considerations. Usually we shall encounter derivatives of 
the first and second order, and sometimes of the third 
order of the vector U. In consequence of the deformation 
the order of regularity of the surface in general diminishes. 
We shall return to this problem later (§10.3) and we 
shall establish precisely the order of regularity of the 
deformed surface in terms of the order of regularity of 
the original surface. 

By a direct verification we find that the equation (1.2) 
always has solutions of the form 


U=28@xr+C, (1.4) 


where 2 and C are arbitrary vectors. Since the formula (1.4) 
represents the displacement vector of a rigid (infinitesimal) 
displacement of the surface these displacements result 
in no intrinsic deformation of the surface. Therefore 
a vector field of the form (1.4) will be further called the 
trivial bendings or the trivial displacement field. 

The basic problem of the theory of the infinitesimal 
bending of surfaces consists in the determination of non- 
trivial displacement fields satisfying the equation (1.2). 
If the surface is subject to some constraints, then in solving 
the equation (1.2) it is necessary also to take into account 
these constraints, i.e. at is required to find non-trivial displace- 
ment fields which are compatible with the existing bonds. 

If the equation (1.2) with the existing constraints being 
taken into account has only a trivial solution of the 
form (1.4) the surface is said to be rigid with respect to 
infinitesimal bending, or simply rigid. Since the general 
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trivial bending is a linear combination of six linearly 
independent vectors, a rigid surface regarded as a solid 
body can have some number & of degrees of freedom, 
and 0<k <6. If k=O we shall say that the surface 
is kinematically rigid. If 0<k<6 the surface is said 
to be geometrically rigid. 

Previously Liebmann (see [33a]) and in a simpler way 
Blaschke [10] established the rigidity of closed regular 
surfaces of positive curvature, the so-called ovaloids. At 
present the problem of rigidity is solved for many other 
classes of surfaces. In this chapter we shall consider also 
new classes of rigid surfaces with edges. Moreover, the 
very statement of the problem of rigidity will be formulated 
more precisely by introducing the concept of correct 
and incorrect rigidity. 


§2. Equation of infinitesimal bending with respect to a Cartesian 
coordinate system. The first proof of the rigidity of ovaloids 


2.1. Denoting by «w,y,2 and é,7,¢ the Cartesian 
coordinates of the vectors r and U, respectively, we can 
put the equation (1.2) in the form 


dadé+dydyn+dzdé=0. (2.1) 


Let us assume that the surface is uniquely projectable 
onto the plane. Then its equation has the form 


a= f(x,y). (2.2) 
In this case the relation (2.1) takes the form 
(E22 + @xbn) de? + (Fy + yt ealy + 2ylx) da dy + 


+ (Ny + 2yby)dy? = 0. 
Hence, we have 


Egttel,g=90, Ny teyly =0, 


Differentiating these equations twice, the first with respect 
to y, the second with respect to #, and the third with 
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respect to # and y, adding the first and the second and 
subtracting the third we obtain 
See Cyy — Bay Cay + SyySae = 0 . (2.4) 


Thus for the “‘vertical’”? component ¢ of the displacement 
vector U we have obtained a partial differential equation 
of the second order (2.4). In view of the formula for the 
Gaussian curvature of the surface 


2 
&xa&yy — Say ~ 
= 2.5 
(L+ee+%) ea 
we find that the equation (2.4) is of elliptic, hyperbolic 
or parabolic type depending on the sign of the curvature, 
ie. whether K > 0, <0 or K = 0, respectively. 

If a solution ¢(#,y) of the equation (2.4) is found 
the other components &(#, y) and (x, y) of the displace- 
ment vector U are determined by quadratures, solving 
the system (2.3). In particular these equations have the 
following trivial solutions: 

€ = C1 +2,2—23y , n = C,4+2,%—2,2, 
C= 03+ 2,y—-Q,2 , (2.5a) 
where C; and 92; are arbitrary real constants. 

2.2. Introducing the notation 

u= +20, v=n+%,l, (2.6) 
we can rewrite the system of equations (2.3) in the form 

Up—lagl =0, Vy—lyS =0, Uy tVeg—2lyyl = 0. 
Eliminating ¢ from this system we obtain 


Lng( Uy + Vz) — WaryUe =O,  2yy(Uy+ Vx) — 2WayVy =O. (2.7) 


Introducing the complex variable a=a#+iy and the 
function 


w=uti = E+ int 226 , 2 == 4(%ettzy), (2.8) 
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the system (2.7) can be put in the following form: 


Lee = 
wi-5 gat a a") 
where 
og = 1 (Raw — Sy + Qteey) yg =f (Paw + Sy) - 
Hence, 
__|2 2 2. —~2 K (1 +22 + 22)2 
Qa) _oy_ ee yy a =] £ y (2.10) 
. Zane + 2yy 2ae + yy 
9 2 


Let the surface under consideration belong to the class C? 
and assume that it has everywhere positive Gaussian 
curvature K. Such being the case there exists a positive 
constant K,<1 such that everywhere on the surface 
under consideration the inequality 


1 1 
K(1+22+2y) > Ko, { (“ax + 21)” < cK: (2.11) 
0 


holds. Then in view of (2.11) and (2.10) on the whole 
surface the following inequality is valid: 


<1—Kj<1. (2.12) 


Thus, on a surface of the class C? having everywhere 
positive Gaussian curvature, the equation (2.9) belongs 
to the class of elliptic equations of the first order, which 
were already considered in §17 of Ch. III. We may there- 
fore apply to the equation (2.9) the theorems proved in 
Ch. III. We note that these theorems may also be applied 
to @ somewhat more general case, namely to the class 
of surfaces satisfying the conditions (1) zr, Zyy and Zzy 
are bounded measurable functions, and (2) the principal 
curvature K >K> 0 almost everywhere, where K is 
& positive constant. We shall denote the class of surfaces 
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satisfying these conditions by D,.. For any such surface 
the condition (2.12) is satisfied almost everywhere and, 
consequently, the theorems proved in §17 of Ch. III 
may be employed in the investigation of the equation (2.9) 
for the surfaces of the class D,... These remarks will be 
essentially used below, in proving the classical theorem 
on the rigidity of ovaloids. This method of proof makes 
it possible to weaken considerably the requirements with 
respect to the smoothness of both the displacement field 
and the surface. 

2.3. Let us now denote the surface under consideration 
by 8S, and the Cartesian coordinates of the position 
vector r, and the displacement vector U, by 2%, Ys, 2x 
and &,, «x, respectively. We now subject these vari- 
ables to the following (projective) transformations: 


1 
get gH 4a. (2.13) 


=* pees, pm Mabe TY a Me tea (2.14) 
* ex ox 


Then applying simple transformations we find that the 
condition dr,dU, = da, dé, + dy,dn, + dz,d6, = 0 implies 
the relation 


drdU = dadé + dydn+dzedt =0, (2.15) 


where r and U are vectors with components x, y, 2 and 
&,7,¢, respectively. 

Thus, in consequence of a projective transformation 
of the form (2.13) the surface S, is carried into a new 
surface S, and the transformation (2.14) associates with 
every displacement field Cy, Nx, 6x on S, a definite displace- 
ment field ~,y,¢ on S, and conversely. It is also easily 
verified that a trivial displacement field is carried into 
another trivial field ([33a], §25). 

Let S, be an ovaloid. If the origin of the Cartesian 
coordinate system is situated on S, and the coordinate 
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plane 0,%,y, on the plane tangent to S,, then in con- 
sequence of the transformation (2.13) the ovaloid is 
carried. into an infinite convex surface S' which is uniquely 
projectable on the plane oxy. Consequently, its equation 
can be written in the form (2.2). 

Making use of Monge’s notation we have the following 
transformation formulae: 


p=, g=%, A = Uy Dat Yude— 2%» (2.16) 


z 
r= Ai (Ye Ve — Mx)? Vn — 2Y ue Da Ye Ve — 2a) Se + Y. De te] ’ (2.17) 


z 
E= FF [— Qa Ye Ye — 2a) x + 
+ (20x De Vx — 24 A) 84 — Yu DV Da — 2x) by] , 


ze 
t= Fi [U5 51 x — 204 a (Ve De — Se) Se + (Vu De — 2)? by] « 


These formulae imply the relation 


4 
ox 


ri—s* = (r,t, — 8? Aa° 


(2.18) 
The quantity |A| is equal to the distance form the origin 
of coordinates to the point of intersection of the axis 0,2, 
with the tangent plane to the ovaloid S,. Hence, 4 4 0 
everywhere except at the origin where A = 0. But in the 
vicinity of the origin the following relation is valid: 


bo] 


A cx ty = 5 (19.0% + 289.04 44 + 12y2) +003 +y3). (2.19) 


For definitness let us assume that the origin of coordinates 
coincides with the umbilical point of the surface. Then 
the relation (2.19) takes the form 


Ky — : 
A x %& = 040, +0(la,), a,=a,+ty,. (2.20) 
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Thus, in the vicinity of the origin of coordinates 


A. ~l1. (2.21) 
wx 

This means that if the ovaloid S, has everywhere positive 
principal curvature K,, then in consequence of the 
transformation (2.13) it is carried into a surface which 
has everywhere positive principal curvature including the 
point at infinity. In view of (2.21) the formulae (2.17) 
imply at once that r, s,¢ are bounded. The condition (2.12) 
therefore is satisfied also for the surface S obtained from 
the ovaloid S, in consequence of the transformation (2.13). 
This result will be employed in the next subsection. 


2.4. In this subsection we make use of the preceding 
results and some properties of solutions of an equation 
of elliptic type (2.9), to give a proof of the rigidity of 
ovaloids. 

Superposing on the displacement field the trivial 
field (1.4) which has no influence on the state of defor- 
mation of the ovaloid (in the first approximation), and 
taking into account the relations (2.3) we can show that 
the components of the displacement field of the ovaloid 
satisfy the following conditions at the origin of coordinates: 


&, = 0, Ny = 90, c= 0, 


0&, 8% On, OM, He Os 
dar, ~ By, ty Bye Be Bye 
We assume that ¢,,7,,¢, are continuous and belong 
to the class D,», p > 2, on the whole ovaloid. We assume 
that the ovaloid belongs to the class Dz. (p. 398). 
Under these conditions, taking into account the rela- 
tions (2.22), (2.3) we have in the vicinity of the point 
Oy = 0 (Oy = Ly +s) 


bey Nk = O (|a,|?) > oe = O (|x?) . (2.23) 
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According to (2.9) and (2.14), and taking into account 
that the vicinity of the point a, = 0 is carried into the 
vicinity of the point a = oo (a= a#+1y), and 


j= ol) near a=oo, (2.24) 
we have 


&,4 =O(1), ¢-0(7) (near a= oo). (2.25) 


Moreover, it follows from (2.16) and (2.20) that 
Za=O(|aj) (near a=oo). (2.26) 
Under these conditions the function 
w(a) = E+in+2zl (2.27) 


is continuous on the entire plane, belongs to the class D,,p 
on every bounded part of the plane a, satisfies the equa- 
tion (2.29) and also is bounded at infinity, i.e. 


w(a)=O(1) (near a= oo). (2.28) 


a (4, ea 
w-—qu,=0, g=5—- (1 +2 (2.28a) 


and taking into account the inequality |¢q|<q<1 we 
may write 
w(a) = ®[W(a)], 


where W is the basic homeomorphism of the equation (2.28), 
which exists on account of Theorem 2.15, and @ is an 
entire function. But this function, according to the con- 
dition (2.28) is, evidently, equal to a constant. Conse- 
quently, w = const. Now making use of the formulae (2.3) 
we easily infer that & = const,7 = const and ¢=0. 
Finally, taking into account the conditions (2.22) we 
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obtain é=7=0. Thus, the rigidity of an ovaloid is 
proved. 

The proof given in this article was obtained by the 
author and is published here for the first time. 


2.5. Now, making use of the equation of second 
order (2.4) we shall give a proof of an important property 
of maximum and minimum for the displacement vector, 
which will be employed later in the proof of the rigidity 
of sectionally regular convex surfaces. This proof was 
first given by Bojarski and Yefimow [12*]. 


THEOREM 5.2. Let S be a sectionally regular convex 
surface of positive curvature, which is uniquely projectable 
on a plane E. Let n be the normal to the plane HL. Then under 
an arbitrary non-trivial infinitesimal bending of the 
surface S the quantity € = U-n where U is the displacement 
field, attains its minimum and maximum value on the 
boundary of the surface 8. 


PROOF. We shall give the proof for the case when 
the surface S has no vertices, i.e. when its ribs do not 
intersect. In this proof it is sufficient to assume that 
every section of the surface is twice differentiable, since 
these assumptions are sufficient for the derivation of 
the equation (2.4) [12*]. Taking H as the plane ay of 
the Cartesian coordinate system we obtain for ¢ the 
equation (2.4). This equation implies immediately that 
the maximum (minimum) of ¢ cannot take place at internal 
points of a section S; of which the surface is composed. 
In fact, at these points the equation (2.4) is of elliptic 
type and its solution ¢ has continuous derivatives. Hence, 
in this case the statement of the theorem follows from 
the familiar principle of maximum (minimum) for such 
equations. 

Let us now assume that ¢ has a maximum at a point P 
of a rib L along which two regular sections S* and S™ of 
the surface S are in contact. In what follows the projections 
of the surfaces S* and S~ and the rib L on EF will be denoted 
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by the same letters supplying them with a dash ‘‘’”. 
For definitness we assume that the surface 8 is convex 
in the direction of the plane #. Then we have 


tt > 0, 2y>0 on St, ee>0, zy>O0 on S™ 
and 
z+=z2- on UL’. ( *) 


For convenience the origin of coordinates is situated 
at a point P’, the «— axis is directed along L’ and the y— 
axis inside 8. Let # = a(s) and y = y(s) be the equations 
of L’ in the vicinity of P’. Then at the point P’ we have 
2=1,y¥y=0,%=0,y4 =k, > 0 where k, is the curvature 
of L’ at P’. Differentiating (*) along L’ we obtain at P’ 


ty —@y =—A, eke — Sie = Aly, (2.29) 
and in view of the convexity it is easily seen that 
A>0. 


Since P’ is the point of the maximum lying on the boundary 
of the domains S* and S~, according to a familiar result 
(see e.g. [66a]) the normal derivative of the function ¢ 
at the point P’ does not vanish, i.e. 
ft, <0 and ¢fJ>0 at the point P’. (2.292) 
Differentiating twice the relation 4+ = 7- on L’ along L’ 
we obtain at the point P’ the equation 
Nae — New + ko(ny — ny) = 0. (2.30) 


Differentiating the third equation (2.3) with respect to a, 
the first with respect to y and subtracting the results 
we obtain 


Niet %y Che + eeetf = 0 (2.31) 


on S*, and a similar equation on S~. Substituting (2.31) 
into (2.30) and taking into account the second equa- 


28 
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tion (2.3) we have 
+ pt + et tet — =p — 5 
Saxby + ey Con + hyty by = Zraby +2y Con + kyty oy . (2.32) 


Differentiating the relation ¢* = ¢~ twice with respect 
to s along L’ we obtain 


Cot holy = Cat holy = Ce = By (2.33) 
and since ¢ has the maximum at the point P’ 
wd. (2.34) 


Taking into account (2.29) we obtain from (2.32) and (2.33) 
terbee = Santee 3 
whence, in view of (2.29) 


Aloe = 2zalCy — Sy) « (2.35) 


However, this is impossible. In fact, it follows from (2.35) 
and (2.29a) that ¢%> 0, ie. then we have p= ¢i,+ 
+k tf >0 at the point P’, which contradicts (2.34). 
In deriving (2.35) we have to divide throughout once 
by k,. Therefore, we have to assume that ky> 0. But 
for kj=0 the contradiction follows readily from the 
formula (2.32). 

This completes the proof of the theorem. 

Theorem 5.2 can be used for the proof of rigidity of 
surfaces. For instance it implies 

THEOREM 5.3. The surface S satisfying the conditions 
of Theorem 5.2 has no non-trivial sliding bending with res- 
pect to the plane E. 

By sliding bendings of the surface 8S with respect 
to the plane # we understand such infinitesimal bend- 
ings in which the edges of the surface S have no 
displacement orthogonal to H (§8.11). In particular, if 
the edge L of the surface S lies in the plane F or ina plane 
parallel to #H, then under sliding bendings ZL should 
be deformed parallely to H, ie. €=0 along L. Con- 
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sequently, according to Theorem 5.2 ¢ =0 everywhere, 
thus completing the proof of Theorem 5.3. 

It is necessary to observe that for both Theorem 5.2. 
and its implication the requirement of single-valued 
projectivity of the surface S on the plane LF is essential. 
Examples of sliding bendings of spherical sections greater 
than the semi-sphere (§11.8) indicate that without this 
requirement Theorem 5.3 is not valid. 

Theorem 5.2. for the class of regular surfaces was 
used by Pogorelov, [68a], for a proof of rigidity of regular 
ovaloids. Making use in this proof of the above indicated 
extension of the theorem to the case of sectionally smooth 
surfaces we obtain a proof of the rigidity of sectionally 
regular ovaloids (see also §9.3). 


§3. The system of equations for the components of the dis- 
placement field in an arbitrary coordinate system on the 
surface. Some criteria of rigidity 


The equation of infinitesimal bendings can be re- 
duced to a system of equations of the first order (2.3) 
or to the equation of the second order (2.4) only when 
the surface is uniquely projectable on the plane. For 
a sufficiently small section of the surface this property 
always holds, but globally this is possible only for a very 
special class of surfaces. Hence, the equation (2.4) or 
the system (2.7) can be used always if a local property 
of infinitesimal bendings is being investigated. But 
in investigating global properties we cannot, in general, 
use these equations. Bearing in mind this fact, we shall 
now derive the system of equations of infinitesimal 
bendings in an arbitrary coordinate system on the 
surface. 

3.1. Let the surface be referred to a coordinate system 
xz, a2. Then the vectors 


28* 
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constitute the base of the coordinate system «w!, a. It is 
convenient to introduce also the reciprocal base * 


r=a%r, (a=1,2), (3.2) 
where 
a a a 
qi = = a2 = qi — = q — tt (3.3) 
and 
2 
Apa = Mag = Top, @ = AyAy—Ay2 >. (3.4) 


The square of the linear element, i.e. the first fundamental 
quadratic form of the surface has the form 


ds? = Agpdx*dx® (dag = Mga) « (3.5) 
It is easily seen that 
anajys = 63, rs = dg. (3.6) 


The quantities a. and a® are the covariant and con- 
travariant components of the metric tensor of the surface. 
We shall hereafter with the help of these tensors perform 
the operations of raising and lowering the indices; for 
instance if Cy, and C%;, are two tensors, they are con- 
nected by the relations 


oe A Asc 
Crip = A" Orgy; — Capy = Gea Cy « 


Let n be the unit vector of the normal to the surface. 
Obviously, 


a ry XT 
Va 
The rule for the vector product will be such that the 
triplet of vectors r,,r.,n constitutes the right-hand 
system at every point of the surface. The same orientation 
then has the triplet r’, r?, n. 
If on the surface S a vector field U(a', x) is given we 
can at every point perform the decomposition 


U=ur*+un or U= vr un, (3.8) 


@ == Oy, Ay— Ai, > 0. (3.7) 


* We employ the familiar Einstein summation rule, the dummy 
Greek indices (a, f,y,...) taking the values 1,2 and the Latin 
indices 1, 2, 3. 
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where 
Ua=Ur,, ut= Ur? =a*%ug, ty=Un. (3.9) 


The quantities u* and uw, constitute the contravariant and 
covariant components of the tangent displacement vector, 
and wu, is the normal displacement. The formulae 


Ua 
V Gea 


yield the physical components of the tangent displacement 
vector, i.e. the projections of the vector U on the base 
vectors r. of the coordinate system. 

Differentiating throughout the relation (3.8) with 
respect to 2? we obtain 


Ua) = (no summation with respect to a) (3.10) 


SAM tomy (3.11) 


UT ap 


oU dus ou 
uh AB a 


Let us now write the Gauss equations 


er 


To = Zaagh = Tigra Dapn , (3.12) 


and also the formulae for the first derivatives of the 
normal 


rg = oe = — dar? = — dir, (3.13) 
where 
Th, = r'rog = Ory rep = OT upa y (3.14) 
bop == — Marg =I, ve =a"b4=—mar® (3.15) 
(Bag = Da) « 


The quantities I'4,, and IM are called the Christoffel 
symbols of the first and the second kind; bg are the 
coefficients of the second fundamental quadratic form 
of the surface. 
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Substituting (3.12) and (3.13) into (3.11) we obtain 


ft = (Vu? — bP rug) rg + (att + Barts’) n , (3.16) 


where V, is the symbol of covariant differentiation. We 
recall that if » is a scalar 


_ & _ 
Vip=5, (a=1,2). (3.17) 


If u; and # are covariant and contravariant vectors, then 


6 
Voug = Spe Tata Vu? = ou + Th . (8.18) 


In general, for a tensor of an arbitrary rank 


oYas 
Yoo Gag’: 


Veapr.s = 5 —Dat + ryagc+.. (3.19) 


On the basis of these formulae, making use of the relations 


(3.20) 


1 (rs 20,g Oop 
2 


Ta 3 (Set ope ge) 
it is readily proved that 
Vita =0, Vaak=0 (a,8,4=1,2). (3.21) 


According to these relations the formulae (3.16) can be 
written in the form 


aU 


aga = (Vatip— dept) r? + (Vaio + Dap) n . (3.22) 


Substituting (3.22) into the equation drdU=0 and 
taking into account that 


dU = oe des » a@r=rde, nrg=0, (3.23) 


we obtain 


L(Vatig+Vatta)—Depto =0 (a,B8=1,2). (3.24) 
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The last system of equations which is evidently the 
index form of the equation (1.2), will be called the kine- 
matic system of equations or the system of equations 
of the displacement field of infinitesimal bending of 
surface. 

This system contains three equations with three un- 
known functions u,, U,,% of two variables a, 2%. The 
function uw) however can easily be eliminated from the 
system. 

In fact, putting the system (3.24) in the form 


4 (Vou? +-V¥u_) — bbuy = 0, 


and contracting the left-hand side with respect to the 
indices a, f, i.e. putting a = 6B and summing, we obtain 


1 1 1 @VYaue 1 1 6yYaa%us 


Uy = — Vu = — = —__ = — = (3.25) 
2H ya ax 


2H ' 2H ya eat 
In deriving this relation we have taken into account 
the familiar formulae 


oma, r-+V* @ui,2), (3.26) 
i ted 


where H is the mean curvature of the surface. Intro- 
ducing (3.25) into (3.24) we obtain a system of two 
equations with two unknown functions u,, u, 


bopV,W—H(Vatig+V ote) =0 (a,8=1,2). (3.27) 


The formula (1.4) indicates that the system (3.24) 
has six linearly independent trivial solutions 


ue = eyrre , ug? = ern (kK =1, 2,3, a=1,2), (3.28) 
un = eure, US? = eyn (k= 4,5,6,a=1,2), 


where e,, e,, e, are the unit vectors of a spatial Cartesian 
coordinate system. 
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3.2. In many cases it is expedient to employ as the 
coordinate system the lines of curvature. Then 


and, consequently, the first and second fundamental 
quadratic forms of the surface take the form 


I = ds? = A2d2+Bdy, 


(3.30) 
II = k,ds? = A?k,d& + B*k, dr? , 
where 
E=~7, y= 2, A? = dy, B? = ay, (3.31) 
bi = A’k, ’ Doo = Bk, ’ (3.32) 


and k, and k, are the principal curvatures of the surface. 
Besides, we have 


m=, mas, a2—@—0, a= AB, (3.33) 


10A 10A B oB 
Be oe Iie Pu=Z 5? res ~~ A2 ae? rer 
Be AOA U hee v2, — 1B, pri, — 1 2B 
11 ~ Ben’ 12 21 Bae? > on . 


We also write down the Codazzi and Gauss equations 
(for their derivation see §7.3) 


Q 0B OA 


4) 
SUB) = hoe, Z(bA)= hse, (3:35) 
1 [2 /1eB\. @ /1aA 
A AB E (5 =) on (5 =I. (3:30) 


In this coordinate system the system of equations (3.24) 
takes the following form: 


1 0 (uy 1 0A Uy 

cule) AB oO, BOO 3 

1 a 1 cBu 

as (3) BA GE Bh =, (3.37) 


Oo [wu Oo [{u 
27 [ “1 27 { 22) 
ae (3 PoE (Fe) os 
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If we introduce the so-called physical components of the 
displacement vector 
u u 

-s % fA = ’ 
which are the projections of the vector U on the principal 
directions of the surface at the point under consideration, 
then taking into account the Codazzi equations the 
system of equations (3.37) after having eliminated wu, 
can be written thus: 


kBa@fu\ MA@(v)\_ 
—“Tales)+p a(ea)=9 889) 


Ad [u Boa [wv 
og (a) + Aas (B) =? 


1 du vo OA 1 & u 0B 


au (3.38) 


“0%, 0€ | k, AB dn  k,B on k,BA OF * ged) 
The last formula can also be written in the form 
1 oBu oeAv 
“0 = SAAB es i S| eee 


3.3. Suppose that a surface has zero principal curvature, 
kK =0. First, we assume that one of the principal curva- 
tures does not vanish, for instance k, = 0, k, 4 0. Then ac- 
cording to the equations of Codazzi and Gauss we have 


A=a(&), k,B=y(n), (3.42) 
where a and y are functions of € and 7, respectively. 
Let oe =0, Le. B is a function of the variable 7 


only, ie. B= B(y). Then it follows immediately from 
the system of equations (3.39) and (3.40) that the com- 
ponents of the displacement vector are given by 


w=gln), v=—FM f a(eyde tytn), (3.43) 


1 (5 n) 


to = — 5 (ECR) | alende ty’), (3.44) 
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where g(y) and y(n) are arbitrary functions of the var- 


lable 7. If, now, a #0, we have 


U=9(N), US + e'(n) +By(n), (3.45) 
OE 


_ 1 & u oB 
= 3B On ky BA OE ' 


Up (3.46) 
In the case of a cylindrical surface we may put A= 
= B=1 and, consequently, we have the formulae 


u= (yn), v=—p'(nE+y(n), (3.47) 
tly = z(- o'(né-+y'(n)I - (3.48) 


We note that the lines 7 = const are the generators of 
the cylinder and the lines = const. are the directrices per- 
pendicular to the generators. 

Let L be an arc belonging to the surface of zero principal 
curvature (k, = 0, k, ~ 0) such that it is nowhere tangent 
to the asymptotic directions of the surface. Let S; denote 
the strip of the surface generated by the (asymptotic) 
lines 7 = const. intersecting the curve L at least in one 
point. In particular it may occur that Sz, covers the 
whole surface S. 

Assume that the surface S is subject to constraints which 
do not allow an extension along the line L. Then it follows 
from (1.3) that 


a“ =0 (on LZ), ie U=C (onZ), (3.49) 


where C is a constant vector. Thus, the vector U=U—C 
is the displacement vector taking on the arc ZL the zero 
value 


U= (on L), ies w@=t=%=—0 (on LZ). 
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Then according to the formulae (3.44) or (3.46) we find 
i; hat w= 0 = U = 0 everywhere on Sz, i.e. the displace- 
ment vector U=C on S;z. 

Thus, we have proved the following: 

THEOREM 5.4. If on a surface of zero Gaussian curvature 
(k, = 0, k, 4 0) constraints are present such that they ensure 
ineatensibility of an are L of the surface, then under these 
conditions the strip Sz, is (geometrically) rigid. 

We note that constraints of the above kind can be set 
up by a rigid contact of the surface with an inextensible 
but perfectly flexible cord. By a rigid contact of a cord 
with a surface we understand a conjunction of the points 
of the cord with the points of the surface, such that in 
the process of deformation the corresponding points 
undergo identical displacements. Other cases of rigidity 
of surfaces of zero curvature are investigated in papers 
of Posnyak [69a, b, c]. 

The case of the infinitesimal bending of a section of 
plane (k, = k, = 0) should be considered separately. In 
this case the equation drdU = 0 implies that 


dU=nd®, ie. U=n®12xr+C, (3.50) 


where n is the normal to the plane and @ is an arbitrary 
function of a point of the plane, 2 and C are constant 
vectors. In view of the complete arbitrariness of the 
function ® the investigation of the infinitesimal bending 
of a plane is a completely indefinite problem. Nevertheless 
it is not expedient to exclude this case completely from 
our considerations. For many reasons it is meaningful to 
consider infinitesimal bendings of a plane confining 
ourselves only to trivial bendings (rigid plates) 


U=2xr+C. (3.51) 


Therefore, in what follows when we speak of infinitesimal 
bendings of plane sections of a surface (for instance 
polyhedra) we have in mind diplacements of the form (3.51). 
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3.4. If the principal curvature of the surface is every- 
where negative it is convenient to employ the asymptotic 
lines as the coordinate system. In this system 


by = bo = 0, bi = V—ak (3.52) 


and the system of equations (3.24) takes the form 


Ou ou. 
ag Ente = 0, ¥y TBM =0 (3.53) 
(w@=a7, P=y), 
1 = nie Os | Thuy. (3.54) 
2V—aK \ex oy] Y—aK 


Let ZL be an arc lying on a surface S of negative curva- 
ture and assume that it is nowhere tangent to the asym- 
ptotic direction of the surface S. Let Sz; and SZ be parts 
of the surface S generated by asymptotic lines inter- 
secting the curve L. Let Sz be the common part (the 
intersection) of Sz; and SZ, Sz = S~Sz. Let us assume 
that the surface is subject to constraints which exclude ex- 
tensions along the line Z. Then, as before (p. 412) the 
displacement vector U a constant value C has along L. 
Consequently, the components of the vector U=U—C 
vanish on the are L. Since, moreover, the tangent compo- 
nents @ and u, of the vector U satisfy the system of 
equations (3.53), according to the uniqueness of the 
solution of the Cauchy problem we have %, = tu, = 0 
on Sz. In other words Sz is rigid. 

Thus, we have proved the following: 


THEOREM 5.5. In presence of constraints excluding ex- 
tensions along an arc L of a surface S of negative curvature, 
the part Sz, of the surface is (geometrically) rigid. 

It was already indicated above that such constraints can 
be set up by joming an inextensible perfectly flexible 
cord to the surface. 
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3.5. If the principal curvature K is everywhere positive 
it is convenient to employ the isometric—conjugate 
coordinate system. As we found in §6, Ch. IT, in this case 

by = be = A=VaK, dyp=0 (3.55) 


and the system of equations (3.24) after elimination of up, 
can be written in the form 


Fe Ge Wh Th =0, 
P é (3.56) 
UU U 
om Fy ee eta = 0 ’ 
1 OU, Ug a a 
Uy = —— + —=-— (14, +L 0) ta} . 3.57 
0 2 Vak E By ( 11 m2) | ( ) 


Introducing the complex displacement function 
w= U,t+iu, = 2Ur, (rg =4(ret+iry)), — (3.58) 


we see that the system of equations (3.56) can be written 
in the form 
6w+Aw+Boe=0, (3.59) 
where 
1 a 
A =7(%—In— 20a) + 7 Tale 20) , 
5 ; (3.60) 
a 
B= gla + ie) — q (fin — Te + 20%) . 


Thus, we observe that the complex displacement 
function in the case of a surface of positive curvature 
is a generalized analytic function 


w(z)eA(A, B, G). 
We recall that (see Ch. IT, §6.6) 


AS —aInVa VK, 
(3.61) 
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For the normal component 4% of the displacement vector 
we have 


(3.62) 


1 e(? View 
Oz 
This formula can easily be derived from (3.57) if we make 
use the relations (6.63) and (6.54) of Ch. IT. 
Taking for U the trivial bending (3.51) we easily find 
that the equation (3.59) has the following linearly in- 
dependent trivial solutions: 


Xz, Ys, %, XY;—YX;, YZ—ZY-, ZX;-—XZ, (3.63) 


z 
where X, Y,Z are the Cartesian coordinates of a point 
of the surface. 
We shall now derive a formula which makes it possible 
to express the displacement vector by the complex 
displacement function w. We have 


U = ugr?+ugn = tw (r'—ir?) +4 6(r'+ ir?) +ugn. (3.64) 
Taking into account that 


a ee ee 


Nz (3.64a) 


ate 
Vak 


we can, using (3.62), put the relation (3.64) in the form 


or, else, 
U = Re [- 2K “* 0 (2)n, + oe 0,(Vak**U} nf , (3.66) 
Kya 
where 
el (3.662) 


VayK- 
Taking into account (3.61) we readily see that the func- 


tion U satisfies the equation 


0-U+BU =0. (3.67) 
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It is evident that for B = 0, U is an analytic function in z. 
We shall discover in the following section that this 
ease occurs for convex surfaces of the second order (and 
only for them). 

THEOREM 5.6. Let a surface S of positive curvature 
be subject to constraints which exclude extensions along a (in- 
ternal or boundary) are L of the surface. In this case the 
surface S is rigid. 

PRooF. In fact, we have already seen above (p. 412) 
that the displacement vector U takes a constant value C 
along I. Consequently, the displacement vector U0=U—C 
vanishes along LZ. Such being the case, the appropriate 
complex displacement function U vanishes on LZ. Since 
this function satisfies the equation (3.67), according to 
the uniqueness theorem (3.5) we have w = 0 everywhere. 
This proves the (geometrical) rigidity of the surface VN. 

We recall once more that constraints of this kind are set 
up by joining the surface to an arbitrarily small, in- 
extensible and perfectly flexible cord. 

With the help of the equation (3.67) one more proof 
of the rigidity of an ovaloid can be given. 

Let the ovaloid belong to the class Ds», p> 2. Then, 
as was established in Ch. III (§6.9) BeLy.(EF), p> 2. 
Moreover, near the point z = co we have 


Va=Olz\"), r= Olle"). (3.68) 


Assume that the displacement field U belongs to the 
class Di», p > 2. Then in view of (3.68) the function U 
is continuous and satisfies the equation (3.67) everywhere 
on the plane. Moreover, in view of (3.58), (3.66a) and (3.68) 
near the point = co we have 


U = O(|z/) . (3.69) 


It follows in accordance with Theorem 3.12 that U is 
a generalized polynomial of the second degree, But every 
such polynomial is a linear combination, with real coef- 


418 GENERALIZED ANALYTIC FUNCTIONS 


ficients, of six linearly independent generalized polyno- 
mials, which obviously correspond to the six linearly 
independent trivial solutions (3.63). This means that all 
solutions of the equation (3.67), continuous on the plane 
and satisfying at infinity the condition (3.69), are given 
by the solutions to which correspond trivial displacement 
fields. This completes the proof of the rigidity of the 
ovaloid. 

The formula (3.65) indicates that the tangent displace- 
ment field is given by the formula 


1 1 1 
U, = — == (wn, + On;) = —(r'— tr?) w +—-(r +r) ow. 
8 Vak z) 5. ) a: + tr?) 
Hence, we have (see Ch. II, §6.4) 
ue = [at — a2 — Bia!) 2 + (all — a” + 27a)2) w+ 
az f 
+2 (alt + a) 20H] = ¢-[2 (a4 + dee) ||? 


— (Ayy —— Ogg —- 244g) W? — (Ay — Beg + 24042) D7] 


JOE (H- yBeos2(¥— 6)) = all (3.69a) 


~ Yak 


ke = H—YBeos2($— a) , O=argw(z), 


where 


wz) = w(z)(aK) *". 
Consequently, k, is the normal curvature of the surface 
in a direction which depends on the displacement field 
under consideration. The function w,) is a generalized 
analytic funetion. Therefore in view of the principle of 
the maximum (Ch. III, §4.8) we have 


|wo(z)| < Momax |wo(t)| , 
where M, is a positive constant depending only on the 


surface under consideration. Accordingly, we obtain 
from (3.69a) 


|UMD)| < VED) Mymax 22) ae 


NeL Tak 
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Since k, > k, > k., denoting the maximum and minimum 
of k, and k, by ki and kg, respectively, we have 
0 
|U,(M)| < M’max|U,(M)|, MM’ = hu, . (3.69b) 
NeL ks 
Thus for a tangent displacement field on a surface of 
positive curvature the principle of the maximum is valid 
in the form indicated above. It should be borne in mind 
that the positive constant M’ appearing in inequality 
(3.69b) depends only on the surface and is independent 
of the displacement field. 

3.6. We shall now indicate one more simple way of 
deriving the equation (3.59). As we found in §6.5 of Ch. II, 
the position vector r satisfies the equation (for K > 0 
of course) 

rzz+Ar,+Br,=0. (3.70) 

Multiplying this equation throughout scalarly by 2U we 
obtain 

(2Ur,);—2U;r;+A(2Ur;)+B(2Ur,)=0. (3.71) 


But U satisfies the equation drdU = 0 which is equivalent 
to two following relations 


U;r; = 0 ; U,rz+ U;r, =0. 


Hence, taking into account the notation (3.58) we obtain. 
from (3.71) the equation (3.59). 


§4. A property of surfaces of the second order 


Introducing a new complex displacement function 


U =, (4.1) 
VaVk 
we can write the equation (3.59) in the form 


é-U+BU =0. (4.2) 


If 
B=0, (4.3) 


29 
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we have the Cauchy—Riemann equation 


aU 
oe 8 (4.4) 


i.e. U is a function analytic in z. Consequently, for surfaces 
satisfying the condition (4.3) the problem is reduced to 
the Cauchy—Riemann equation and the complex displace- 
ment function has the form 


w(z) = VaVKG&(z) , (4.5) 


where @(z) is a function analytic in z. 

The condition (4.3), as follows immediately from the 
formula (3.61), is satisfied for spherical surfaces; in this 
case, taking into account that (for the unit sphere) 


— 4 
Ay = Ass —= Va — (1+ 22) ) a1 — 0 ) K = const (4.6) 
the formula (4.5) takes the form 
w(2) = (1+22)-"@(z) . (4.7) 


Now naturally the question arises—for which other sur- 
faces the relation (4.3) is valid. The answer to this question 
is given by the following 

THEOREM 5.7. The condition (4.3) is satisfied for all 
surfaces of the second order of positive curvature, and only 
for these surfaces. 

Proor. If B=0 the equation (3.70) can be written 
in the form ‘ 


3 rae") 

—, SZ =(@. 
oe VayK 

Hence 


X;=VayKf(z), Y;=VayVKole), 4=VayKyle), 
(4.8) 


where X, Y, Z are Cartesian coordinates of a point of 
the surface and f,y,y are arbitrary functions analytic 
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in z. At least one of these functions does not identically 
vanish, otherwise we would have X = const, Y = const, 
Z = const. Let, for instance, f(z) 4 0. Then by the change 
of the variable 


z 
dz i j 
2, = Fle’ f(@) #O (e—fixed point) 
20 
we can obtain the result f =1 in the vicinity of the 
point 2. 
In fact, on one hand 
ee yt 


On the other hand (we make use of the formulae (6.77) 
of Ch. 2) 


X;=—VayV Kp (2) =Va, VK ot @ f(e) =Va, VK . 
dz dz f(z) 
Thus, these two relations imply that 
X¥-=VaVEK, ie f,=1. 
Dropping hereafter the sign , we have 
Xy=0, ie X=Xla), Va~K=5X"(o). 
Thus, X is a function only of #. Hence, the last two rela- 
tions (4.8) can now be written in the form 
(Y—X(a)p(2)),=0, (Z—X(a)y(2)),=0. 
This means that 
Y= X(a#)p(z)+o(2), 2= X(e)p(z)+y(2), 


where gy, and y, are functions analytic in z. Since Y and Z 
are real functions we have 


AUtuwy=0, Xv+%7,=0, 


where 4, %,,V,%, are the imaginary parts of the func- 
tions 79, %1,¥Y, ¥1, respectively. It follows however from 


99* 
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these relations that Xu and Xv are harmonic functions 
of the variables « and y. Now, the conditions of harmo- 
nicity of u and v imply at once that this fact is possible 
only if 

2 
a 
u = acoshsA(a— &)cosa(y—n) , 
v = Boosha(x— —)cosA(y—n’) , 


X (xz) = = tanhd(a—&), 


‘ees —F asin ba(w— £)co84(y—n) 


%1= —4 psinhi(w—£)cosA(y—7’) ‘ 


where a, f,A,&,7 and 7’ are arbitrary real constants. 
The harmonic functions conjugate to u,v, u, and v, are 
given by the formulae 


U, = —asinhdA(a— é)sinaA(y—n)+y, 
V, = — Bsinha(a—&)sina(y—n’)+y’ , 


2 . 
yy = = CoshA(w—é)sinA(y—n)-+% » 


2 . ag 
05:53 7F cosha(o— E)sinA(y—7’)+41, 
where y, 7’, ¥1) yi are real constants. 

Thus, the equation of the surfaces for which B= 0 


can be written thus: 
X=X(e), YH Xa) Uy tte, Z=X(L)% + (4.9) 


It is easily found that with no loss of generality we may 
put =7=0, y,= yi= 0 in these equations. Then the 
equations (4.9) can also be written in the form 


2a sindy 
AAG). (Pee Se coahia’ 
(4.10) 
__ 2B sin Ay cos An’ — cos Ay sin An’ 
— A ~~ Sa ea ee 


Z—y'X cos hia 
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Eliminating the variables « and y from these equations 
we obtain 


2 #2 , 
(G+ cos ia! +sin* A 5 aaa a f 
4-24 SEER AT) yy POT zy + 
a ap ap 
2ycosdn’  2y" _ 48in? Ar’ 
~ Fr 7 | xz =—sa (4.11) 


Thus, it has been proved that the class of surfaces 
for which B=0 contains only algebraic surfaces of the 
second order. Varying the constants a, B,y,y', A and 7’ 
entering the equation (4.11) we can obtain an arbitrary 
surface of the second order of positive Gaussian curva- 
ture, i.e. ellipsoids (in particular spheres), hyperboloids 
of two sheets and paraboloids. * 

We note that these surfaces possess the following 
property: the net of curvature lines is the isometric-conjugate 
net of lines. 

We shall prove this assertion. As is seen from equation 
(6.66) of Ch. II, the relation B = 0 means that 


VE gy 
Kya 


where f is a function analytic in z. For a spherical surface 
EH = 0 and the theorem is trivial. Hence, we shall assume 
that #> 0 in the vicinity of a point 2). Then f(z)40 
and taking for the new independent variable 


F(z) , (4.12) 


f(z) #0, (4.13) 


a= fas 


* It should be observed that it was known earlier that surfaces 
of the second order with K > 0 lead to the Cauchy—Riemann system 
(see e. g. [18]). 
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we find that 
VE ty, . 
—e"* = 1 1.e. =. 4,14 
K a, ’ Px ( ) 
Hence, according to (6.30) of Ch. II we have for this 
coordinate system 


at, = 0. (4.15) 


This means that the coordinate lines of the chosen iso- 
metric—conjugate coordinate system are the curvature 
lines of the surface. Moreover, for this coordinate system 
in view of (4.14) and (4.15) the first and the second funda- 
mental quadratic forms are given by the relations 
T pees VE k d; 2 2 as E 2 2 

= aan | ,de+k dy), T= i (a + dy?). (4.16) 
It should be noted that these formulae are valid only 
in the vicinity of every non-umbilical point, since the 
change of variables in accordance with the formula (4.13) 
is legitimate only in the vicinity of the point for which 
f(z) 4 0; at an umbilical point f(z.) = 0 and the transfor- 
mation (4.13) is meaningless. 


§5. The rotation field. The characteristic equation of infinite- 
simal bending 


5.1. The equation (1.2) implies that 
dU =Vxdr, (5.1) 


where V is a vector-function. This relation indicates that 
as a consequence of an infinitesimal bending of the surface 
all linear elements outcoming from the point (#'z?) undergo 
a rotation with the angular velocity V(z', 2). In other 
words, under an infinitesimal bending of a surface every 
elementary area is displaced as a rigid body. 

The vector V is called the rotation vector. Such a vector 
field on a surface will hereafter be called the rotation 
field. 
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We shall now prove that the rotation field is uniquely 
determined by the displacement field. 
Representing V in the form 


V=v'r, +on, (5.2) 
we have 
dU = vr, Xradax* + on Xr,due . (5.3) 
It can easily be shown that 
ro XTg = Cpt, MXP = Cor’, (5.4) 
where 
Cy = leg = 0, Cye=—Cy=YVa, (5.5) 


Cop 18 an antisymmetric covariant tensor of rank two. 
In view of (5.3) and (5.2), the relation (5.1) takes the 
form 


(Viattg— Dag tty) dar? + (Va tty + baau*) dan 


= Cyq¥ dain + vecgdaere 
Hence, we have 
VCap = Vatip— Dopo , (5.6) 
UO Cjq = Vato t Dagu' . (5.7) 


From (5.6), taking into account (5.5), we again obtain 
the relations (3.24). Besides, we have 


1 1 fou, Ou 
» = —= (V,u,—V,u,) = —= (7-2 5.8 
yg (Vita Pate) al ca)? 8) 
0 = C#(Vgug+bau4) (a=1,2), (5.9) 


where c¥ = a™afre,, is an antisymmetric contravariant 
tensor of rank two, and 


1 r 
ch=eB@=—0, c®=—A=—, c%eg=d3. (5.10) 
a 


Thus, the components of the rotation vector V are 
uniquely determined by the components of the displace- 
ment vector U. Conversely, if a rotation field is prescri- 
bed the corresponding displacement field U can be de- 
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. 


termined to within a translation from the relation (5.1) 
by quadratures. 

Evidently, U is a trivial displacement field if and only 
if V is a constant vector field. 

5.2. Let I be a curve lying on the surface S. Let s, m, b 
be the natural triplet of the curve Z where s is the unit 
tangent vector, m the unit vector of the principal normal 
and 6 is the unit binormal vector. We assume that the 
orientation of this triplet is the same as that of the 
triplet r,,r.,n. Hence 


sxm=b, mxb=s, bxXs=m._ (5.11) 


In addition we assume that m is directed always towards 
the concavity of the curve. 

Decomposing the displacement vector U with respect 
to the natural triplet s, m,6 we obtain 


U = us t+Umm+umb. (5.12) 


Differentiating throughout this equation with respect to 
the arcs of the curve Z and making use of Serret—Frenet 
formulae 

ds dm db 

de aM Ge st xb: We (5.13) 
where & is the curvature and x the torsion of the curve L, 
we obtain 


dU -(@- 


z= (\G kin) s+ (Ge + kus— ry) mo 


d. 
dup 
4- Fg 1 tm b. (5.14) 
On the other hand 


- =Vxs = (v8 +0mm+ yb) Xs =vyM—Umb, (5.15) 
where U,, Um, % are the projections of the rotation vector 


on the unit vectors of the natural triplet. 
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Comparing (5.14) and (5.15) we have 


du du 
d d {lad 
Uy =" + Ie, ty Ae dat) + Bate 
| a d 


We have therefore obtained formulae representing the 
projections v% and vm of the rotation vector by the pro- 
jections u, and wu of the displacement vector on the unit 
vectors of the natural triplet of the curve JL. 
If L is a straight line k = 0 and it follows from (5.16) 
that 
U,= const. (along L). (5.18) 


Thus, we have the following 


THEOREM 5.8. If the surface contains a straight line 
the component of the displacement vector along this straight 
line is a constant quantity. 


It follows that in an infinitesimal bending of a ruled 
surface the projection of the displacement vector on the 
generator is a function depending only on the corresponding 
point of the directrix, i.e. 


Us = f(s) 3 (5.19) 


where f(s) is a function of the length of are s of the di- 
rectrix of the ruled surface. 
Since (see below §7.5) 


dm = Upcos0—wsind (L=nxs), (5.20) 


where @ is the angle between the normal of the surface 
and the principal normal of the curve ZL, in view of the 
formula (5.16) we have 


1 du 
=F Gg ttan 6u:, ke =kcosé. (5.21) 
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If Z is a geodesic curve then tg@=0 and it follows 
from (5.21) that 


dus 
Ket) = a (along L). (5.22) 


If now L is an asymptotic line of the surface, then k, = 0 
and 


d , 1 du 
<i thin = 0, Le, Wy = — 7 ae? kA0. (5.23) 
5.3. From (5.1) we have 

6U oU 

roe ea aa 


Differentiating the first of the above equations with 
respect to 2, the second with respect to #! and subtracting 
the second from the first we obtain 


ov ov i 


Since according to the formula (3.16) 


ue = (Vz0'—div)rat(Vavtbuv*)n, (5.25) 


the relation (5.24) takes the form (we make also use of 
the formulae (5.4)) 


(V,0°— b¢v) n—(Vav +byv)r?7 =0, 
i.e. 
V.vi—-2Hv =0 (2H =0%), (5.26) 
Vivtbawt=0 (a=1,2). (5.27) 
Let us now assume that the principal curvature of the 
surface does not vanish, i.e. 
bry boo — biz 


2 
O11 Moo — Aye 


K= #0. 
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Then, solving the system (5.26) with respect to v! and v? 
we obtain 


a ap Ov 
v =—a" 5, (a =1, 2), (5.28) 
where 
a? = a = Oe by K <0. (5.29) 


Inserting the expressions (5.28) into (5.25) we arrive 
at the equation 


Vd" Agv) +2Hv =0. (5.30) 


This equation was first derived by Weingarten. It is 
called the characteristic equation of the rotation field under 
infinitesimal bendings of the surface, its solutions being 
termed the characteristic functions. 

The equation (5.30) has three linearly independent 
trivial solutions 


A=en, wen, v=en, (5.31) 


representing the direction cosines of the normal of the 
surface. 
If v is a solution of the equation (5.30) then 


ap 0 
V=—d 5 


api Fa + on (5.32) 


represents the rotation vector corresponding to an in- 
finitesimal bending of the surface. 

It will be proved in the next chapter (§4) that the 
equation (5.30) is also obtained in the investigation of 
the problem of membrane state of stress of shells. 

5.4. Let the surface be referred to the curvature lines 
as the coordinate system. Then 


1 
~ KB? ? 


qu qe d2=d’=0 (5.33) 


eo a 
~ 7, A2? 
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and the equation (5.30) and the formula (5.32) take 
the form 

1[e@/B a a/{A a 

aloe ia 2 Fn EB or 

= 1 1 a 

~ i A2 2E" B28 


If the principal curvature of the surface is of a variable 
sign the characteristic equation is of mixed type. It is 
elliptic in these parts of the surface in which K > 0 and 
hyperbolic where K < 0. 

On a surface of negative curvature we can consider 
the coordinate system to consist of the asymptotic lines. 
Then the characteristic equation (5.30) and the for- 
mula (5.32) take the form 


1 e( 1 22) 42 | 1 =a) [2H = 0 (5.36) 


|| +280 =0, (5.34) 


r,+ on. (5.35) 


Valea \y—K ay)” ay \Y—K ae 
Ges tp POT 2 (Parte o\ on: (5.37) 
V—aK \oé an 
We have here taken into account that 
M@-@o0, @ams—t_. 6538) 
V—aK 
Introducing the new function 
w =(—K) iv, (5.39) 
we arrive at the equation 
rw 
Spy =0, (5.40) 
where 


1 @ 
a 


Sady ((—K)“]. (5.41) 


M = Hy—ak—(—K) 


On a surface of positive curvature we can introduce 
the isometric—conjugate coordinate system. Then 
qog@et, @ade=o (5.42) 
aK 
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and the equation (5.30) and the formula (5.32) take the 


form 
1fa/1 a o{1 % 
ale Ve sal ay Ve sl ne 
@ 7) 
ne ceret ory) tom. (5.44) 
VaK \on ay 
If we introduce the new function 
w = Kin, (5.45) 
we have for this function the following equation: 
Cw Aw 


where 
M = 2VaKH—Ki{(K™)p + (K7)yy}. (5-47) 


According to the formulae (5.8) the function v can be 
expressed by means of the complex displacement function 
w= U,+iu, in the following way: 


goct. (2- =] isan (7 (5.48) 
2Va\aa oy Oz 


The equation (5.46) has three trivial solutions 
w=Kien (¢=1,2,3), (5.49) 


where e,, €,, e, are the unit vectors of spatial Cartesian 
coordinate system. To these solutions there correspond 
trivial displacement fields. Linear combinations of these 
solutions constitute all trivial solutions of the equa- 
tion (5.46). In the case of an ovaloid all solutions bounded 
on the entire plane are linear combinations of the func- 
tions (5.49). This fact follows from the rigidity of ovaloids; 
otherwise the ovaloid would be non-rigid. Let us observe 
that near infinity the function M satisfies the condition 


M = O(|z|-4) . (5.50) 


432 GENERALIZED ANALYTIC FUNCTIONS 


§6. Bending fields. Static field 
6.1. According to (5.27) the relation (5.25) has the form 


av av 


nB ; *B 6 3 B 
Jge = Lote» where J%=r agi = V0 —bev. (6.1) 


* 
The quantities 7% constitute a mixed tensor of rank two. 


* 
The formulae (5.8) and (5.9) indicate that the tensor 7° 
is uniquely determined by the vector U. 
We have from (6.1) 
ev OV ar, air, _ 


dalba® Oe2001 O02 | agi o 


or 
aT 
* 
A 
oT print OP Ts =Q. 


According to (3.12) the last relation can also be written 
in the form 


¥4 
(ime + O5r *) rit oF pba = 0, 
i.e. 


* 
op (OL's . 
0 (+ TT) = 0 (A=1,2), 


(6.2) 
* 
cP Tb = 0. 
Let us introduce a new contravariant tensor 
A * * A 
Te =e" TT, ie. Te=e,yT”. (6.3) 


According to (6.3) and (5.26) 
147 = ya(t’—T)=0, ie T=77. (6.4) 


Consequently, T” is a symmetric contravariant tensor 
of rank two. If we take into account the relations (5.5) 
and (5.10) we obtain according to the formula (3.19) 


V,c®# =0 ; V .Cog =0. (6.5) 
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Hence, the equations (6.3) can be written in the form 
Vt =0 (B=1,2), bgt®=0 (7¥=T"). (6.6) 


Thus, if on the surface a rotation field V is given, then 
the formulae = 

T? = "7" om (6.7) 
determine a contravariant tensor of rank two T° which 
satisfies the system of equations (6.6). We shall see below 
that this tensor completely describes the deformation 
of the surface under an infinitesimal bending. We shall 
therefore call this tensor the contravariant bending 
tensor. 

We shall find in the next chapter that the system 
of equations (6.6) is satisfied by the contravariant com- 
ponents of the stress tensor of a membrane state of 
equilibrium of ‘a shell, and every solution of the system 
is associated with a fully definite membrane state of 
stress. Therefore every tensor field 7” satisfying the 
system of equations (6.6) will be called also the static 
field. 

The following question now naturally arises. Is it 
possible to represent every static field in the form (6.7)? 
In other words, may a given static field be always inter- 
preted as a (contravariant) bending field? 

We shall see below that for a simply-connected surface 
this is always possible, and that in the case of a multiply- 
connected surface such an interpretation leads in general 
to multi-valued displacement fields. 

6.2. If we now introduce the covariant tensor (covariant 
bending field) 

top = CoaCpyT”, ie. FPF = cM e'"t,, , (6.8) 


in view of (6.3) and (6.5) we obtain for this tensor the 
system of equations 
Vy to2—Voty =0, Voty —Vity =0, 


| (6.9) 
Bites + Bog ti — 2dr atre = 0 (tie = ter) . 
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We shall examine below the geometrical meaning of this 
tensor field (§7.4). 

It readily follows from the formulae (6.1) (6.3) and (6.8) 
that the following relation between the rotation field and 
the bending field is valid: 


adv = Co tarp du" = T racgda" . (6.10) 


Thus, if the rotation field is given the corresponding 
bending field can be found by differentiation. If the 
bending field is given the corresponding rotation field 
and then the displacement field can be found by means 
of quadratures. 

Let s and I be two mutually perpendicular tangent 
unit vectors the orientation of which is such that 


Ixs=n, sxn=l, nxl=s. (6.11) 


Obviously, two of these relations are a consequence of 
the third. 
Introducing into these relations the expressions 


s=Sr°=s'rz, L=lré = rz (6.12) 
and taking into account the formulae (5.4) we obtain 
Sa= Cra, st =clg, Ia = Cogs, I= c%sg. (6.13) 


According to these formulae the relation (6.10) can be 
written as follows: 
a = Trials. (6.14) 
If V is a rotation field, then we obviously have the 
relations 


fav=0, frxav=o, (6.15) 
L L 


where Z is an arbitrary piecewise smooth simple closed 
curve, lying on the surface. The first of the above relations 
is obvious and the second follows from the formula 


rxadV =d(rxvV)+au. (6.16) 
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Thus, in order that a static field (1.e. a solution of the system 
of equations (6.6)) be also a bending field tt 18s necessary 
that 


fT? raids =0, [rx T*ralds=0, (6.17) 
L L 


where L is an arbitrary piecewise smooth closed curve 
belonging to the surface. 

We now prove that these conditions are sufficient. 
In fact, it is seen from the formulae (6.14) and (6.16) that 


V(M)= f{ T*ralgds+Vp, (6.18) 
MoM 
U(M)=Vxr+ frxdVit,, (6.19) 
MoM 


where M, is a fixed point and M is a variable point of 
the surface; U, and V, are constant vectors. The integrals 
are taken along an arbitrary rectifiable curve lying on 
the surface S and connecting the points M, and M. In 
view of the relations (6.17) these integrals are independent 
of the path of integration. It is seen from the last formulae 
that to the static field 1” satisfying the system of equa- 
tions (6.6) there correspond single-valued fields of displace- 
ment and rotation if and only if the relations (6.17) are 
valid. In this case every static field can be interpreted 
as an infinitesimal bending of the surface. We now prove 
that the condition (6.17) is always satisfied in the case of 
simply-connected surfaces. To this end we shall prove 
an integral identity. 

Let U be a displacement field and T” a static field, 
ie. T” satisfies the system of equations (6.6). Then 
we have the identity 


fUTgds = [ T¥ualgds = 0, (6.20) 
L L 


where LI is the boundary of the surface S and Ty the 
vector 
Ty = T* larg. (6.21) 


30 
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This vector will be called the stress vector (see Ch., VI, §1). 
We assume that LZ consists of a finite number of piecewise 
smooth simple closed contours Lo, ,, ..., im. Moreover 
we assume that the fields U and 7” are continuous 
in S+L. 

Applying Green’s identity and making use of (3.24) 
and (6.6) we have 


f UT ods aa | PP uplads = JJ V (T°? us) dS 
L 
= J f upVa Tas + J { L°V,uadS 
=aJJ T?(V phat Vatts)ds = asJ T* bpd = 0. 


We have taken into account above the symmetry of the 
tensor I”. The integral identity (6.20) expresses the 
property of mutual adjointness of the systems of equa- 
tions (3.27) and (6.6). 

In particular if U and V are two arbitrary fields of 
displacement and rotation on S we have the identity 


fuav =o. (6.22) 


It should be borne in mind that U and V in general are 
not connected by the relation dU=Vxdr. We shall 
prove that if the last relation is satisfied the relation (6.22) 
holds for an arbitrary closed piecewise smooth simple 
curve belonging to the surface. 

In fact, if dU=Vxdr and L is a closed curve on 8 
then 


fuav =—fvau= {VW xdr) =0. 
L iL L 


Thus, if the vector fields U and V are continuous on 8 
and are connected by the relation dU=Vxdr, the 
following relations are valid 


fuav=0 (j=0,1,...,m). (6.23) 
Lj; 
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It should be observed that in view of the formula (6.22) 
one of these relations is a consequence of the remaining 
ones. 

If the surface is simply-connected, then taking in (6.20) 
for U trivial deformations (3.51) we obtain the relations 
(6.17). Thus, the relations (6.17) are always satisfied in 
the case of a simply-connected surface, for an arbitrary 
static field. Consequently, in this case the formulae (6.18) 
and (6.19) associate with every static field (to within 
a trivial bending) single-valued fields of displacement and 
rotation. In other words, in the case of a simply-connected 
surface any static field T° can be interpreted as a bending 
field. In the case of a multiply-connected surface it is 
not so, since the conditions (6.17) are not satisfied for 
every static field (Ch. VI, §3.4). Let us observe that the 
relations (6.17), in view of the notation (6.21) can be 
written thus: 

{Tods=0, frxTds =0 (6.24) 
Ij Ly; 
Gy Ben gM) 


In the next chapter we shall elucidate the mechanical 
meaning of the formula (6.20) and the relations (6.24). 
Moreover, we shall elucidate the mechanical meaning of 
the vector Ty. 


6.3. With the help of the formulae (6.3), (6.1), (5.8), (5.9) 
it is easy to establish that the bending field corresponding 
to a displacement field can be determined according to 
the formulae 


poe __ — 0" V (dV ,u)—e%b80 (a, B =1,2), (6.25) 
where 


Uy = gia Des 1 at, up ; (6.26) 


ae 
2H 2 
or, since 

TP — P78 = M7, y — ebb, (6.27a) 


30* 
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we have in view of (5.28) 
7 A 
T? — —6V (dV ,0)— 7 bo, (6.27) 


where v is the characteristic function. 
It follows from the relation 7% = T# that 
1 ap 
v= — oF ald Veto) . (6.28) 
Thus, the characteristic function is obtained as a con- 
sequence of twice differentiating the normal component 
of the displacement vector. 

We observe that the formulae (6.25) or (6.27) yield 
an arbitrary single-valued bending field (i.e. a solution 
of the system of equations (6.6)) if the surface is simply- 
connected. In the case of multiply-connected surface these 
formulae cannot yield all (single-valued) solutions of the 
system of equations (6.6) if we remain in the class of 
single-valued fields of displacement and rotation. We 
shall return below (§6.8) to this problem. 

6.4. If we refer the surface to the coordinate system 
consisting of the curvature lines, introducing the quantities 


Ny APT; DN gi Se oes 
H — H, = — H, a ABT” ) (6.29) 
the geometrical and mechanical meaning of which will 


be elucidated in Chapter VI, we reduce the system of 
equations (6.6) to the form 


eBN, eAH, eA eB 


yt Gq tam Ne 9: (6.30) 
0AN, , 0BH,, @B, aAy _ 
ey ee N,=0, (6.31) 


kN ,+h,N. = 0 . 


Introducing the new notation 


p=->z- FRz > q=H,=—-84,, (6.32) 
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we see that the system of equations (6.30) can also be 
written as follows: 


1 pty) +1 2% 
ae P)+ 3B, 9? as 
© a2 fee COE 2G me 
rae On BA of 7 


Below, in §7.7 we shall elucidate the geometrical meaning 
of the quantities p and g. Let us observe that the systems 
of equations (3.39) and (6.33) are mutually adjoint. 
6.5. Suppose that the principal curvature is negative, i.e. 
K <0. Then, considering on the surface the coordinate 
system consisting of the asymptotic lines we easily find 
that 
Tu. TAO. (6.34) 


Let us introduce the notation 
w=VaT4, vo =VaT®, (6.35) 
Then the system of ee (6.6) takes the form 


rs] ? 
+ Phw +P" = 0; ae tT +Tw =0. (6.36) 


6.6. We now consider the case of a surface of positive 
curvature. Referring the surface to the isometric—con- 
jugate coordinate system and taking into account the 
symmetry of the tensor ZT” we can rewrite the system 
of equations (6.6) in the form 


qu — 7, (6.37) 

Se tag FOPb +The) T+ 
+(BPR+TR)I"=0, 6 55) 

Se a + (OP, +, — P3) 28 


—(3Pie +I) L? =0. 
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If we introduce the complex stress function 

w' = Va(TX—iT®), (6.39) 
the system of equations (6.38) takes the complex form 


ow’ fs 
—— Aw! — Bo’ =0, (6.40) 


where A and 8B are functions represented by the rela- 
tions (3.60) or (3.61). 

Thus, the complex stress function w' is a generalized 
analytic function satisfying the equation adjoint to the 
equation (3.59) for the complex displacement function. 

As we found in Ch. III, §9.1 the conditions of ad- 
jointness of the equations (3.59) and (6.40) are given by 
the relations 


Re E J roa] = 0 (6.41) 
r’ 


where w and w’ are arbitrary solutions continuous in the 
domain G@ of these two equations, respectively, and J” 
is an arbitrary piecewise smooth closed simple curve 
belonging to the domain G. If w and w’ are continuous 
in G+TI where I’ is the boundary of the domain G con- 
sisting of a finite number of piecewise smooth simple 
curves, then for J” in the relation (6.41) we can also 
take J”. 

The complex stress function w’ which uniquely de- 
termines the static field 7° will be called the complex 
bending function if the tensor T* satisfies the condi- 
tions (6.17). These conditions can be written in the 
complex form 


Im f w'rzde =0, Im fo'r xrzdz=0 (6.42) 
Vj rj 


(j= 1,2,...,™), 


where Iy,/\,...,[m are the boundary contours of the 
domain G onto which the surface 8 is homeomorphically 
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mapped. The curves J, /4,..., J’ are the homeomorphic 
images of the boundary curves Ly, L,,..., Lm, respectively. 

If the surface is simply-connected (m= 0) the con- 
ditions (6.42) are always satisfied in view of (6.20). Con- 
sequently, in this case the complex stress function can 
always be interpreted as the complex bending function. 
In the case of a multiply-connected surface however 
this is not always possible. There exist complex stress 
functions which do not satisfy the conditions (6.42) 
(Ch. VI, §3.4). 

Hereafter we denote the complex bending function 
by w’. It is a solution of the equation (6.40) satisfying 
the conditions (6.42), i.e. 


we == Va( TU — iT) | (6.43) 


Making use of the formulae (6.37) and (6.39) we can 
write the formula (6.14) for the derivative of the rotation 
vector in the form 


dV ne dz dx .dy 
aC aE > Pa Pa ro (6.44) 
Of course w’ is here the complex bending function. If 
now w’ is the complex stress function, then in view 


of (6.21) and (6.43) we have the formula 


Ty = 2Im (w 5") 5 (6.45) 
expressing the stress vector of the membrane state which 
cannot already in general be interpreted as a bending 
field (see also Ch. VI, §3.4). 

Making use of the formulae (6.39) and (6.25) we can 
now express the complex bending function #’ by the 
complex displacement function. The formulae (6.39) 
and (6.27a) yield 


et 4 


1 ' ; 1 ‘ 
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where V, and V, are the operators of covariant differentia- 
tion, v is the normal component of the rotation vector, 
i.e. a solution of the characteristic equation (6.30) and v? 
are the contravariant components of the rotation vector 
given (in the isometric-conjugate coordinate system) by 


1 av 1 av 


ga — — —— — 2 _. 


- = — ee —. 
VaK oa’ VaKk dy 


(6.47) 


According to the formulae (6.72), (6.63), (6.24) and (6.26) 
of Ch. II and (5.48) we have 


to = iV Be-¥y— 26 Ki(0,w,— Ba) , (6.48) 
where 
Gegak se” Sank (—. Im‘, (6.49) 
oz a 3 


Thus, the formula (6.48) expresses the solutions of the 
differential equation (6.40) by the solutions of its adjoint 
equation (3.59), or by the solutions of the characteristic 
equation (5.30). In other words the complex bending 
function can be obtained by applying to the complex 
displacement function a definite linear differential opera- 
tion of the third order, or as a result of applying to the 
characteristic function a definite differential operation of 
the second order. 

It should be observed that the formula (6.48) gives 
a general representation of all single-valued solutions of 
the equation (6.40) in the case of a simply-connected 
domain. In the case of a multiply-connected domain this 
is not so. If we apply the formula (6.48) to single-valued 
solutions of the equation (3.59) it does not yield the 
whole class of single-valued solutions of the adjoint 
equation (6.40). Nevertheless in the case of a multiply- 
connected surface the formula (6.48) gives the whole 
class of the complex bending functions. Consequently, 
the class of single-valued solutions of the equation (6.40) 
which are not representable in the form (6.48) cannot 
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correspond to the class of single-valued displacement 
fields. This class of single-valued solutions of the equa- 
tion (6.40) corresponds to a class of multi-valued solutions 
of the equation (3.59), ie. to a class of multi-valued 
displacement fields. 


§7. Variations of various geometrical quantities under infin- 
itesimal bending of a surface. Some criteria of rigidity 


7.1. Infinitesimal bending of a surface forma special 
case of the general deformation of the surface, in which 
the epefficients of the first quadratic form have no varia- 
tions of the first order (the precise definition of the concept 
of variation will be given later). Therefore all quantities 
which are expressible by the coefficients of the first 
quadratic form and their derivatives (for instance the 
principal curvature, the Christoffel symbols, etc.) will 
also have no variation. The coefficients of the second 
quadratic form will, however, in general, have non-zero 
variations, since otherwise the deformation would be 
a rigid-body motion, i.e. a trivial bending. 

Thus, the geometrical quantities, which are expressible 
by the coefficients of the second fundamental quadratic 
form acquire, under infinitesimal bending of the sur- 
face, definite increments which in general are expressed by 
the displacement vector U in a non-linear way. If the 
displacement vector has the form eU where « is a small 
parameter, then the increment 4 of a quantity of 
describing a property of the surface has the form 


Ad = «bA+ePA+... 


The coefficients of this expansion 64, 6A,... will be 
called the first, second, etc. variations of the quantity <A, 
and tt is evident that A is a homogeneous additive function 
in Uz 

Since we consider infinitesimal deformations of a surface 
it is a sufficient approximation to take Aol = edo. 
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In what follows we shall consider only the first varia- 
tions of the quantities describing some properties of the 
surface under infinitesimal bending. We shall therefore 
call them simply the variations of the corresponding 
quantities omitting the words ‘first’? and “under in- 
finitesimal bending of the surface’’. 

7.2. The relations (1.1) and (1.2) indicate that the 
variation of the first fundamental quadratic form 

I = ds? = aygdau* dx? (7.1) 
vanishes, i.e. 
6l=0, ie. dag=0 (a,B8 =1,2). (7.2). 


Hence, we have also 


64 = 0, @ = Ay, A—A 2 , (7.3) 
da®¥=0, (a,8 =1, 2), (7.4) 
OCog =O, Oc% =0 (a, fh = 1,2), (7.5) 


Oya =0, Oy =0 (a,8,4=1,2). (7.6) 
The last relations follow immediately from the formulae 


_ 1 Aja O0ag Cag A hy te 
a ’ Dus = 4 L'o8,y 9 (7.7) 


if the relations (7.2) and (7.4) are taken into account. 
We observe that the variation of a tensor field given 
on a surface is also a tensor field of the same rank, and 
the relations connecting the components of a tensor of 
various types (covariant, contravariant and mixed) are 
preserved also for the variations. For instance if f, and 7° 
are covariant and contravariant components of a vector 
belonging to the surface, then /f, = Qagf’. Hence, taking 
into account the relations (7.2) we obtain of. = @ag6f ? 
which proves our assertion. In a similar way this assertion 
can be proved for a tensor of an arbitrary rank. 
7.3. Making use of the Gauss equations (3.12) and the 
formulae (3.13) we obtain 
Oop 


al, > v bg vp 
Vopu == Ont =( oe nL r+ (+ “adu) ° 
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Changing the places of # and yu in this relation and sub- 
tracting one relation from the other we have 


rer ol. yp yp 
bap Diy — Dan Dpa oa a Bae apt sua— Land », Ay (7.8) 
ra aba y 7 
ae ape tL eB — Vand op =0. (7.9) 


The system of equations (7.8) is essentially equivalent 
to one equation 


Ola’ Olas 


aK = by Doo — Diz ~ Age aut 


+ IND 22—-LeP ns, (7.10) 
which is called the Gauss equation. The system (7.9) is 
called the Codazzi system of equations. 

We observe that with respect to the coordinate system 
consisting of the curvature lines, the Codazzi system of 
equations and the Gauss equation have the forms (3.35) 
and (3.36), respectively. 

Thus, the principal curvature K of the surface is ex- 
pressed by the coefficients of the first fundamental 
quadratic form and their first and second derivatives. 
Therefore, according to the relations (7.3) and (7.6) 
we have 


6K =0. (7.11) 


Hence, in view of the formulae (7.3) and (7.10) it follows 
that the variations of the coefficients of the second funda- 
mental quadratic form satisfy the following algebraic 
relation: 


Dy ODo0 + Doo 6b, — 201.4045 == 0 ° (7.12) 
The Codazzi system of equations contains only two 


independent equations which are satisfied by the three 


coefficients (b,,, Dy. = be, be) of the second fundamental 
quadratic form 


IT = Dagdatdat . (7.13) 
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We find from (7.9), taking into account the relations (7.6), 
that the variations of the coefficients of the form II 
satisfy the following system of differential equations: 


0001, fe 06D 15 
On? ogh 


ou Ox? 


+ Dh 6bj2—P db = 0, 


(7.14) 
+T%6b; —I'f.6b3, = 0. 


This system can be briefly written thus: 
V,6b,,— V, 6D,» = 0 9 V, bDo— V2 6045 = 0 ° (7.15) 


7.4, The variations of the coefficients of the form II 
can readily be expressed in terms of the components 
of the bending field. 

Considering the two mutually perpendicular unit vectors 
tangent to the surface 

dr dr 


$a (7.16) 


a ds 


and bearing in mind the relations 


Ixs=n, adUu=Vxadr, (7.17) 
we have 
ji pe: pk =r, 
ds dl (7.18) 


én = 6lxstlxdéds=—Vxn. 


In deriving the last relations we used the formula for 
the double vector product 


Ax (BxC) = (AC)B—(AB)C. (7.19) 


Further, the relations 
bog = Nag = — NP p (7.20) 
imply 
Obag = Onrag + nUsg = (VX n)rog+n(V X ra)g 
= Vnr.g+ nVrog+ nV eta = mVsra. (7.21) 
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We have taken into account here that the variation of 
the position vector r is the displacement vector U. 
Now, according to (6.1) and (6.3) 


Vz = Tar, = Cal™ rr, . (7.22) 


Hence, taking into account the relations ra Xrg = Cagn 
and bearing in mind the formulae (6.8) we have 


6bog = = CaaCpy LT” — = tag - (7.23) 


Thus, the components of the covariant tensor t.g con- 
sidered above (§6.2) represent the variations of the coef- 
ficients of the second fundamental quadratic form under 
an infinitesimal bending of the surface. 

Substituting the expressions (7.23) into (7.12) and (7. 15) 
we obtain the system of equations 


V.T™>=0 (B=1,2), DbepT®=0, (7.24) 


which was already derived above (§6.1) in a different way. 

Let the surface S have everywhere positive Gaussian 
curvature. Then, referring the surface to the isometric— 
conjugate net of lines we have 


601, i pa bBo ) Ody. — Oba, ° (7.25) 


Making use of the formulae (7.23) and (6.43) we obtain 
the formula 


i = — 


(8Do+ 7dD,2) , (7.26) 
expressing the variations of the coefficients of the second 
fundamental quadratic form in terms of the complex 
bending function. It should be observed that here 7%’ 
is the complex bending function which satisfies the equa- 
tion (6.40) and the condition (6.42). In the case of a simply- 
connected domain the conditions (6.42) are absent and 
w =w’'. 
7.5. Considering a smooth curve ZL on the surface and 
differentiating the position vector of the surface with 
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respect to the are of this curve we obtain the unit vector 
of the tangent 
dr dx 
a ite ie SS iar 
Differentiating this relation once more with respect to s 
and making use of the equations of Gauss (3.12) we obtain 
the so-called vector of the principal normal of L: 


er a? a4 , dx ‘i) dae dab 


(7.27) 


dst det tl Gy Gg )TAt oe Gy Gy > (7-28) 


where m is the unit vector of the principal normal and k& 
is the curvature of the curve LZ. It should be borne in 


=m = ( 


: ad : 
mind that the vector a and, consequently, its unit 


vector m are directed towards the concavity of the curve L. 
It is evident that the curvature k of the curve L is a non- 
negative quantity, ie. k>0. If k =0 on an arc of the 
curve L, then this are is a section of a straight line. The 
points at which k > 0 will be called the ordinary points 
of the curve ZL. In the vicinity of an ordinary point the 
curve is situated on one side of its rectifying plane. 

It is known that the curve L is uniquely determined 
to within a rigid-body motion, by prescribing the values 
of the curvature & and the torsion x. It should be borne 
in mind that k and x are functions of the point of the 
curve and are independent of the choice of the direction 
on the curve Z. This fact follows at once from the formulae 

ds @r dm db 


k=ms =m) n= sr ee (7.29) 


It is sufficient to take into account that as a result of 
a change of the direction on the curve, the directions 
of s and b change into opposite and m remains unaltered 
(it is always directed towards the concavity of the curve). 

Let us now consider at every point of the curve D 
also the triplet s,n, 2 having the same orientation as the 
triplet s, m, 6, l being the tangential normal of the curve L. 
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Let us denote by 9 the angle between the principal normal 
of the curve Z and the normal of the surface; we assume 
that —2 <0<a. The angle 6 takes a positive value if 
in consequence of a rotation of the triplet s, m, b about s 


(.) 


Fie. 1. 


through the angle 6 counter-clockwise, we obtain the 
triplet s,n, 2 (Fig. 1). In the converse case 0 is negative. 
It is readily observed that the following formulae hold: 


m=ncosé—lIsinO, b=nsiné+lcos6é, (7.30) 
n= mcos0+bsino, %%t=—msinO+bcosé. (7.31) 
We obtain from the relations (7.30) in view of (7.18) [14j] 


dm = Vx m—66b, (7.32) 
6b =Vxb+80m. (7.33) 


Differentiating the relations (7.31) and taking into 
account (5.13) we easily derive the relations: 


ds dn 

dg 7 Met — os, ds Mss ttl, 

il (7.34) 
ds 


= OgsS—T Nt 3 
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where 


ks =kcos0, o,=ksin6, monte, (7.35) 


These quantities have the following names: k,—the normal 
curvature of the surface in direction 8; os;—the geodesic 
curvature of the curve L and t,—the geodesic torsion of the 
curve L. 

Taking the scalar product and then the vector product 
of the equation (7.28) with nm and bearing in mind the 
formulae 


mn=cos0, mxXn=sind-s, nXr,=—Cyr’, (7.36) 


we obtain 
dat da? — ‘II 
ke = bcos 0 = dog = = =7) (7.37) 
2d a 
ean -(Ge+ A, o z) cyt”. (7.38) 


It follows that k; depends only on the direction of the 
tangent of the curve ZL and is entirely independent of 
its other properties. Multiplying the last relation scalarly 
by s and lJ and taking into account the formulae (6.13) 
we obtain 


2 mpd B 
oy = ksind = — (TS 1 ae ae) one 


ds? "°° % ds d 
Bat _, dardat 
a i) (7.39) 
dat pa da dat 
“ds? ds ds 


The curve for which o, = 0 is called the geodesic curve 
of the surface. Thus, the coordinates of the geodesic curve 
of the surface satisfy the equations 

dat pa doe dat _ 

ds? '"% ds ds 
If there is a straight line on the surface (k =0) it is 
obviously a geodesic line. If k 40 we have along the 
geodesic line sin = 0. This means that the principal 


(A =1, 2). (7.40) 
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normal and the normal of the surface are collinear along 
the geodesic line (and only in this case). 

7.6. THEOREM 5.9. Under an infinitesimal bending of 
a surface the geodesic lines are carried into geodesic lines 
of the deformed surface. 

This result follows at once from the equations (7.40) 
if the relations (7.6) be taken into account. 

We infer on the basis of (7.6) and (7.39) that the 
variation of the geodesic curvature of a curve vanishes i.e. 


60, = 6ksinO+kceos666 = 0. (7.41) 


This relation can also be obtained in the following way: 
Making use of the formulae (7.34) we have 


al al 3 oot 
do, = 3 (872) = a0: ar rs 
al a av 
= (Vxs) — Ar x1) = Fon a0. 


It follows immediately from (7.37) that the variation of 
the normal curvature is given by the formula 
6k, = dkcos 0— ksin 060 = dbagss8 . (7.42) 
According to the formulae (7.41) and (7.42) we have 
(1) 64 =6dk,cos6, (2) ké60 =—6k,sin@. (7.43) 
If L is an asymptotic line of the surface and k 4 0, then 
cos 9 = 0 along this line and (7.43) implies. 
THEOREM 5.10. Under an infinitesimal bending of 
a surface the variation of the curvature of an asymptotic 
curve vanishes. 
Substituting into (7.42) the expressions (7.23) and 
taking into account the formulae (6.13) we obtain 
dhe = Tals . (7.44) 
This formula can also be derived as follows: 


nis ds dés 
=(Vxm & tng xe) =m [iF xs) 


= n(T" larg x s*r,) = n(T”ls*cgan) = TP lady « 


31 
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We have employed here the formulae (7.18), (5.4) 
and (6.13). 
Taking into account the formulae (3.13) we have 

wy =U = Ing = — dag (7.45) 
Tt follows therefore that +, depends only on the direction 
of the tangent of the curve L and is entirely independent 
of its other properties. Therefore, both +t, and k, are 
quantities characterizing a property of the surface. Let 
us note the following relations which follow at once from 
the formula (7.45): 


T; =T~-s)) T=—TMH. (7.46) 


It follows from (7.45) that t,=0 for the principal 
directions of the surface (this very condition determines the 
principal directions of a surface). Consequently, t, = 0 
along the lines of curvature of the surface. In particular 
at the umbilical points (4, =k, 40) ts=0 for any 
direction. Therefore, on a spherical surface (and only on 
such a surface) ts = 0 everywhere. 

If the formulae (6.13) be taken into account, (7.45) 
implies that 


5t, = — ODagl*9? = T#la8p . (7.47) 
In view of (7.43) we have from (7.35) [14j] 
adéé d (sin? 
bx = Waa = OTs ae a ak,) . (7.48) 
This formula can also be derived as follows: 
dm dm dém 
dm dm dV 
dm adé0b aV add aé0 
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The formula (6.14) indicates that the vector hl lies 


in the tangent plane of the surface. Therefore it can be 
written in the form 


f-(B)e()- 


Now, in view of (6.14), (7.44) and (7.47) we have 


1 TI 1, = Oke , oo = T#1 83 = Ob. . 
Consequently, 
o- Okgl + dt58 . (7.49) 


In particular if we consider a surface of positive curva- 
ture, by means of the formulae (6.44), (6.13) and (7.49) 
we can express the variations of the curvature and the 
torsion in terms of the complex bending function, namely 
we have 


ks = —VaRe| ie) fall ; 


ét, = VaRe E "(2 aa: 


(7.50) 


Let U and V be two arbitrary fields of displacement 
and rotation and assume that they are continuous in 
S+. Then in accordance with the formulae (6.22) 
and (7.49) we obtain the identity 


J (wpdkg + us6r3)ds = 0, (7.51) 
L 
where u and wu, are the projections of the displacement 
vector U on the tangent and the tangent normal to JL, 
and 6k, and dt, are the variations of the normal curvature 
and the geodesic torsion of the surface, corresponding 
to the rotation field V. Taking into account the formulae 
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(7.48), (7.43) and (7.30) we can easily prove that the 
relation (7.51) is equivalent to the following: 


f (u,dk +u,dx)ds =0. (7.52) 
L 
If U and V correspond to an infinitesimal bending of 
the surface, ie. if dU = Vxdr, then we have 


f (028% + tg 6t6) ds =0 or f (ue 6%+ 


Dj Tj 
+ u,6x)ds =0 (7.53) 


(7 =0,1,...,m). 


We observe that one of these relations is a consequence 
of the other m relations. 

7.7. In this article we shall prove that a bending field 
of a surface may be completely described by two scalar 
functions which have a definite geometric meaning. 

If s, and s, are principal directions of the surface at 
@ point we have 


dn dn 


ia or (8, X 8 =n). (7.54) 


Denoting by x the angle of inclination of the unit vector s 
to s, we obtain 


s=s,cosy+s,siny, l=s,siny—s,cosy. (7.55) 


In view of (7.54) and (7.55) 


ey alge in ¥ — $,COS x) ale 5 OE i 
t= le == (s, Sin ¥— 8,008 x ig ONT ag 
= lia cos ¥— On fe COs 
= #1 75, SID LCORY 88 a6, YCO8Y. 
Since according to (7.54) 
dn dn 
ds, =—k,s,, ds, = —kys,, (7.56) 
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where k, and k, are the principal curvatures of the surface, 
we have the following new expression for the geodesic 
torsion: 


tT, = (k,—k,) sinycosy = sin2y. (7.57) 


Ia — ey 
2 


Thus, aS was already indicated above, at an umbilical 
point (k, = k, #0) the geodesic torsion vanishes for any 
a 3x 
4’ 4 
it takes the extremum values equal to F t), respectively, 
where 


direction. At a non-umbilical point (4, 4 k,) for 7 = 


k,—k 
T= =a : (7.58) 

Assuming that k, >k, we have 
%=VE, (7.59) 


where E = H?—K is the Euler difference. 

Thus VE is the maximum geodesic torsion at the point 
under consideration. The minimum geodesic torsion 
is —VE. 

It follows from the relation (7.57) that 


_ bky— dk, 
=o 


Ot, sin2y-+(kg—k,)cos2y¥6%, (7.60) 


where dy is the variation of the angle between the principal 


directions. Putting y = 0,5 in this relation we obtain 


q = Ot, = — dt, = (ky — ky) bx, (7.61) 
where 67, and 6t, are the variations of the geodesic torsions 
of the surface along the principal directions s, and s, 
(it should be borne in mind that before the deformation 
of the surface 1, = t, = 0). 

The quantity q will hereafter be called the geodesic 
torsion or simply the torsion of the surface under an 
infinitesimal bending. Obviously, q is a scalar function 
of the point of the surface. 
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Since 
6K = 6 (k, ke) sore k, bk, + k, dh, => 0 9 (7.62) 
26H = 6(k, +k.) = 6k, + 6h, , (7.63) 
we have 
6k, =kyp, dk, = —kgp, (7.64) 
where 
26H 6H 


SS SS k = k . 7.65 

P= yg meh (7.65) 

Evidently, p is a scalar. In view of (7.59) and (7.65) 
we have 


bu _ dV EB (7.66) 


i.e. Hp is equal to the variation of the maximum geodesic 
torsion at the considered povnt. 
We have also from (7.65) and (7.66) 


sH = ue bi) Dp (7.67) 


It the surface is referred to the coordinate system in 
curvature lines 


T = A?d#+ Bedy?, IL = Ath, dé?+B’k,dy?. (7.68) 
If for s we take the tangent to the curvature line 7 = const 
we have 


bo), Pe, Re, eee, 
Hence, in view of the formulae (7.42) and (7.47) 
6b 6b 
te gee, Ope? 
deestbeess een ade 
1 2 AB ’ 


or taking into account the relations (7.64) and (7.61) 
dby = byp = APkyp, 
bDag = — Daap = —BPkap , (7.70) 
bby, = —ABq. 
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With respect to an arbitrary coordinate system these 
formulae have the form [14k] * 


k,— ke 
2 


1 
OD op = (Hbop— Kap) p + 5(Caadp + Cpada) 4 ~ (7.71) 


In fact, for the coordinate system in curvature lines 
these relations are identical with the relations (7.70). 
Hence, they hold also in an arbitrary coordinate system 
on the surface, since both sides of these relations are 
components of a covariant tensor of rank two. 

Thus, the pair of scalar functions p and q the geometric 
meaning of which is defined by means of the relations 
(7.65), (7.66) and (7.61) completely describe the bending 
field of the surface. 

7.8. In the case of a surface of positive curvature it 
is convenient to deal with the scalar complex bending 
function 


w,=VKp+iq, (7.72) 


which in view of the formulae (7.71), (7.26) and (6.26) 
of Ch. IT is related to the complex bending function in 
the following way: 


wi, = ey’ . (7.73) 
This scalar function satisfies the following differential 
equation: 
0;0,—A,w',— Bw, = 0, (7.74) 
where 


A, =—0;In(Va/Ke*), B, = Be-%¥, (7.78) 


* The right-hand sides of the relations (7.71) constitute a sym- 
metric tensor apolar with respect to the tensor bag Relations 


between apolar symmetric tensors were established by Yefimov 
([33e]; see also [37], Ch. XIX, §86, art. 4). The relation oof’ gdb, =0 
expresses the property of apolarity of the tensors bog and Oba: 
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or 


050, — B,(z)w, =9, (7.75a) 
where 


wy, = Vay Kew, . (7.75b) 


Employing this equation we can now give one more (the 
fourth) proof of the rigidity of an ovaloid. 

Let the ovaloid belong to the class Ds», p> 2. If 
the bending field belongs to the class D,,», p > 2 then, 
obviously, w, ¢ D,(£), p> 2, and, consequently, w, « 


e C,(E), a =P. Moreover, in view of (3.68) near 


the point 2 = oo 
w, = 0([2|-4) . 


Hence, according to the generalized Liouville theorem 
(3.11) w, =0 which, evidently, means the rigidity of the 
ovaloid. 

Now, making use of the results of the preceding chapter 
we can obtain some conditions of rigidity of convex 
regular surfaces with edges. 

THEOREM 5.11. Let the surface S of positive curvature 
of the class Dzss,p (p > 2,kh>0) be bounded by m+1 
smooth curves L,, L,,...,Im of the class C1, 0<w<l. 
Assume that the following conditions are satisfied: (1) there 
is only a finite number of umbilical points of the surface 
on L; (2) the variation of the mean curvature is zero 
along L, 1.e. 

6H =0 (on L), (7.76) 


and (3) there is at least one point M, on L at which the principal 
directions are preserved under an infinitesimal bending, 1.€. 


q(M.)=9, MyeL. (7.77) 


Under these conditions the surface is rigid. 
PROoF. It is seen from the formulae (7.64) and (7.61) 
that the functions p and q are bounded everywhere on 


INFINITESIMAL BENDINGS OF SURFACES 459 


the surface. Therefore it follows from the formula (7.65) 
that 6H = 0 at an umbilical point of the surface, i.e. 
an umbilical point remains umbilical under an infinitesimal 
bending of the surface. Moreover, we have form (7.65) 


6H = 0(|k,— hal) . (7.78) 


in the vicinity of an umbilical point. Since p is continuous 
on 8S, (7.65), (7.76) and (7.77) imply the boundary con- 
dition 
p=0 (on L), g(M)=0, MoeL. (7.79) 
Hence, in view of Theorem 4.6 we have 
p=0, g=0. 


This completes the proof. 

Let us observe that this theorem does not hold for 
@ spherical surface. In this case 6H = 0 everywhere and 
the condition p = 0 on Z does not follows from (7.76). 

Let us also note that a simply-connected domain will 
not be rigid if the condition (7.77) is not satisfied, while 
in the case of a multiply-connected surface (m > 1) this 
condition may prove to be superfluous. As a rule a multi- 
ply-connected surface of positive curvature will be rigid 
only if the first two conditions of the theorem are present. 

We also observe that the theorem of rigidity proved 
above will be valid if we replace p for g, and conversely. 
Namely, instead of the conditions (2) and (3) we require 
that the following condition be satisfied: (2) along the 
boundary of the surface the principal directions are pre- 
served, i.e. 

q=0 (on L) ’ 
and (3) at a fixed point M, of the boundary, distinct from 
umbilical, 6H = 0. 

In other words we have 

THEOREM 5.12. If under a small deformation of the 
surface the principal directions are preserved along the 
boundary of the surface and, moreover, at a non-umbilical 
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point of the boundary the variation of the mean curvature 
vanishes, then the surface is rigid. 

7.9. Computing the normal curvature of the surface 
in the tangent direction s we have in view of (7.55) 


dn . dn dn , 

(Pe Sa Pee — (s,CO8 ¥ + s,8iN x) (Feces 787) 
=—s oN gs Pale in? 

i 1 ds, x S275," i) 


where x is the angle between s and s,. Hence, in view 
of (7.56) we have 


k, = k,cos*y +k,sin?y . (7.80) 


This formula is called the Huler formula. 
Making use of the formulae (7.61) and (7.64) we obtain 
from (7.80) 


Oks = 0k, cos*y + dk,8in® y + 2 (k.— k,) sin x cos 4 bx 
= (k, cos? y— k, sin? y¥)p—sin2yq , 
or, assuming that k, > k., 

dks = (VE+Heos2y)p—sin2yq. (7.81) 

Replacing in the above formula s by I we have 
dk, = (VE—Heos27)p +sin27q. (7.82) 

Adding the relations (7.81) and (7.82) we obtain 
4 (dks+6k;) = VEp = 6H. (7.83) 


Thus a half of the sum of the variations of the normal 
curvatures of the surface corresponding to two mutually 
perpendicular tangent directions is equal to the variation 
of the mean curvature and, concequently, tt is a scalar 
function of the point. 

From the formula (7.60) in view of (7.61) and (7.64) 
we obtain 


ov, = — Hain2yp—cos2zq. (7.84) 


INFINITESIMAL BENDINGS OF SURFACES 461 


Making use of the formula (7.49) we have according 
to (7.81) and (7.84) 


o = qs* + k*pt* , (7.85) 


where (see also p. 616) 
s* = — sin2yl—cos2ys = —s,cosy+s,siny, (7.86) 


k*e* = (VK + Heos2y)l—Hain2ys 
= —k,sinys,—k,cosys,, (7.87) 
and 
k* = Vkecos*y + Resin? . (7.88) 


The unit vectors s* and ¢* belong to two mutually con- 
jugate directions, and s* is the mirror image of the unit 
vector s with respect to the principal direction s,. More- 
over, s* and ¢* have the same orientation as s, and s, 
(Fig. 2). 


We recall that two directions tangent to the surface—s 
and t—which make with the principal direction s, the 
angles 6 and #@ respectively, are said to be mutually 
conjugate if the relation in, = 0 is satisfied, i.e. 


k,cos 6cos? + k,sin sind = 0. 
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§8. Conjunction conditions on the contact lines. Some criteria 
of rigidity of surfaces with edges. Bush constraints. Perfect 
clamping 

8.1. In investigating infinitesimal bending of  sec- 
tionally regular surfaces it should be taken into account 
that every curve of contact taking part simultaneously 
in the deformations of two adjacent regular sections of 
the surface, has a definite influence on the character of 
these deformations. The equations obtained in the pre- 
ceding sections indicate that to a large degree, the 
nature of infinitesimal bending is determined by the 
nature of the surface. It is sufficient to indicate that 
surfaces of positive curvature lead to equations of elliptic 
type and surfaces of negative curvature to equations of 
hyperbolic type. Therefore infinitesimal bending of 
one surface can be incompatible with those of another 
surface. On a sectionally smooth surface the deformation 
of one regular section is taken up by the adjacent section, 
by means of the contact line which taking part in two 
distinct deformations deforms itself in a definite way. 
This fact leads to relations on the contact lines between 
the quantities describing infinitesimal bendings of adjacent 
regular sections of the surface. Therefore the adjacent 
regular surfaces in general cannot undergo arbitrary 
infinitesimal bendings. Their deformations should be 
adjusted in accordance with the condition that the defor- 
mation of the contact line under an _ infinitesimal 
bending of one surface should be identical with the defor- 
mation under an infinitesimal bending of the other 
adjacent surface. 

Thus, the contact lines play the role of constraints re- 
stricting, in a definite way, the deformation of a sectionally 
regular surface. We shall see below that, with the help of 
contacting, certain constraints can be set up which make 
the surface rigid. 

The relations which should be satisfied on the contact 
lines will be called the conjunction conditions. Below we 
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shall give a derivation of these conditions in both geo- 
metrical and kinematical forms. 

8.2. Let Z be the contact line of two regular surfaces St 
and S-. Along I we consider besides the natural triplet 
s,m,b two more triplets—s, n+, [+ and s, n-, &- connected 
with the surfaces St+ and S-. We shall assume that these 
triplets have the same orientation as the natural triplet 
s,m,b (Fig. 3). 


Fig. 3 


Investigating infinitesimal bending of the sectionally 
regular surface S = S++ S8- we have, in view of the 
continuity of deformation 


U+=U- (on DZ), (8.1) 


where U+ and U- are the bending vectors of the surfaces 
S* and S~-, respectively. Differentiating the relation (8.1) 
with respect to the are of the curve Z and taking into 
account that dU = Vxdr we have 


V+xs=V-xs, ie. Vt—V-=-—ys, (8.2) 
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where y» is a function of the point of the curve L. Dif- 
ferentiating the relation (8.2) once more with respect to 
the arc s we obtain 


or, in view of the formula (7.49), 


6ke lt + drt s— bk, — bry s = —kum— tb » (8.3) 
where ki ,k;,t¢,t; are the normal curvatures and geodesic 
torsions of the surfaces S+ and S- along the curve ZL, 
respectively. This vector relation is equivalent to the 
following three scalar relations: 


dkt cos 0* — 8k; cos0~ =0, 


dkt sin 6* — 6k; sinO” = ky, (8.4) 
= d 
ét, —6t, = — 7 : 


According to (7.43) the second of the last relations yields 


ee aoe 
v= sme bkt — _ bky = 607—60t, (8.5) 

1.e. 
w= 69, where #=6-—6+. (8.6) 


It is readily seen that # is equal to the angle supplementing 
to x, the angle between the surfaces S+ and S-, i.e. it is 
equal to the angle formed by their normals n+ and 
n-: cos? = ntn- (Fig. 3). 
Thus, on the contact line the rotation vector has 
a discontinuity 
V+—V- = — 00s, - (8.7) 


where 60 is the variation of the contact angle. 
Making use of the relations (8.4) we have 


~ pind sin? 
= 60 = — aera Oks = a 
ks ke 


set Ss (8.8) 
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or, according to (7.43) 


ksind? 
| ok . 8.9 
ihe eo) 


The relation (8.6) can also be derived as follows: By . 
virtue of (7.33) 


6m = V+xm—6é66+b, édm=V-xm—60-b. 


whence 
(V+—V-) x m— 6(0+— 6-)b = 0, 
or 
6(6-— 6+) = 63 = bm(Vt—V-) = —pbms = p. 


This was to be proved. 
From (8.4) in view of (8.6) we have 


dki cos 0*— 6k; cos6” =0, 


8.10 
ét¢ — bry + an =0. ( ) 


These relations will be called the conjunction conditions 
along the contact line. They were derived in the author’s 
paper [14k]. 

The formulae (8.10) can also be derived in the following 
way. Since the curve Z belongs to both surfaces S+ and S- 
and the deformation is continuous we can write, in view 
of (7.43) and (7.48), 


6k = 6kz cos6* = 6k; cos” , 


déo+ _ , - _ d6- (8.10a) 
Ger. ds ° 


These relations immediately imply (8.10) if we take into 
account that 60 = d66- — 66+. 


8.3. In investigations of bending fields of sectionally 
regular surfaces it is therefore necessary to take into 
account not only the boundary conditions on the boundary 
of the surface but also the conjunction conditions on the 
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contact lines. This circumstance significantly complicates 
the problem. In this subsection we shall prove that even in 
the simplest cases we are faced with mathematical problems 
as yet very little investigated. 

Let S+ and S- be sections of ovaloids which are con- 
tacted and together constitute a closed but in general 
not convex surface. Let us now choose on S*+ and S- the 
isometric—conjugate nets of lines which map homeo- 
morphically these surfaces onto the domains G+ and G- 
of the plane z, possessing a common boundary J” which 
is a simple closed smooth curve; G- is an infinite domain. 
It is obvious that such nets always exist. In this case 
the contact contour L is twice mapped homeomorphically 
onto the curve J’, and to every point M of the contour ZL 
there correspond on J’ in general two distinct points ¢ 
and »(t) where »(¢) is the function establishing the homeo- 
morphic mapping of the curve I’ onto itself. 

If the domains Gt and G~ are not fixed beforehand we 
can introduce on the whole closed sectionally smooth 
surface a common isometric—conjugate coordinate system 
by means of which the surface S+ + S- is homeomorphically 
mapped onto the entire plane z. 

It should be borne in mind that on both surfaces the 
isometric-conjugate coordinates are introduced in such 
a way that the equations for the complex functions of 
displacement and bending have the form 

éw+Aw+Bo=0 (in G+G@), (8.11a) 
eyo’ — Aw’—Bo'=0 (in G+@-) — (8.11b) 
respectively. 

In the case under consideration the conjunction con- 
dition (8.10) or the equivalent condition (8.7) can also 
be written in the complex form, making use of the complex 
bending function #’ which satisfies the equation (8.11b). 
Introducing the function 


U"(2) = aVKo'(e), (8.11¢) 
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we transform the equation (8.11b) to the form 
a,U’'— BU’ =0. (8.12) 


In view of (8.11c) the formula (6.44) can be written in 
the form 


(8.122) 


Differentiating throughout the relation (8.7) with respect 
to the are of the curve LZ we obtain 
av+ aV- doo 
With the help of the formula (8.12a) this condition can 
also be written as follows: 


Ut) (di\+ Ue) 
| Tan (arr) Tove (F ) a 


= —km sp, zeI, (8.13) 


2Im 


where ¢ and z are points of the curve I’ connected by the 
relation ¢ = »(z). In general, in what follows the quantities 
supplied by the signs ‘“+-’’ and “—” refer to the points 
t= »(z) and 2 on J’, respectively. Besides, it should be 
born in mind that the right-hand side of the relation (8.13) 
is taken at the point z. Furthermore, U’+ and U’- are 
solutions of the equation (8.12) in G+ and G-, and they 
are continuous in G++J' and G-+T, respectively. Besides, 
at infinity the following condition should be satisfied 
(see §7.8) 

U’-(z) = 0(|z|“). (8.14) 


Multiplying throughout the relations (8.13) scalarly by 
the complex vector (@;n)+ and taking into account that 


(1) Qnajr =—1 aK, (2) %ndar=0, (8.15) 


32 
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we obtain on J’ the relation 
, r= FT / d wp 
U'*[o(2)] = ByU'-(e) + aU) + Pad + Be, (8.16) 


where f; are given functions of the point of the curve [ 
represented by the following formulae: 


2(an)+(esr)- dz 


1 K+ /a-/K- dt’ ’ 

2(0n)+(0,r)- dz 

p= eee t= v(z), 
Ve ove 
Raia (8.16a) 

LK AS 
ayy Dae m(o;n)t , 

\Krdt 

Be sant, t= (2) 


If we now consider the formulae (8.8) and (7.50) we 
obtain for 6% the following expression: 


sind Re of(7; 


ee 
ke yK- NG 


) U'-(2 i (on I). (8.16b) 


Introducing it into right-hand side of the relation (8.16) 
we arrive at the relation 


U'+[»(z)] = Br U'~(z) + BS U"-(z) + 
=e (2) 


+ pf Re (ae a}, (8.17) 


sind (5 |, 
ae ds ke | SF oa /K- ds 


a) +3 
BS = B.+ Bs — mere a) +3 5 ee ja) | (8.18) 


on J’. Here 


bf = 8+ 6s ——— 


sind =F 
ahi VK-\4 


sin? 
ki /K- 


B3 = By 
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Thus, the problem of the rigidity of a closed surface 
made up of two sections of ovaloids leads to the problem 
of the determination of a function U’(z) which in G+ 
and G- satisfies the equation (8.12), is continuous in 
G++I and G-+ J, while on the curve I the relation (8.17) 
and at infinity the condition (8.14) are satisfied. This 
problem will hereafter be called Problem H. It should be 
observed that this problem is reduced to an analogous 
problem for analytic functions if the surfaces S+ and S- 
are sections of convex algebraic surfaces of the second 
order, since then B = 0 (§4). Hence, it is of interest to 
investigate Problem H at first in the class of analytic 
functions. The investigation of this case, apart from the 
obvious geometrical interest, is worth attention also from 
the point of view of the general problem. If we make 
use of the formula (4.3) of Ch. TTI, §4, the general case 
can be reduced to the above particular form. This fact is 
in a full agreement with the geometrical nature of the 
problem. 

It was already indicated that, in general, we may 
confine ourselves to the case in which »(t) = t. It occurs 
if on the surface S++- S- (in general not convex) a common 
isometric—conjugate net of lines is introduced, such that 
these lines cross the contact line continuously but their 
tangents and the coordinate angle suffer discontinuities. 

It is readily observed that Problem H is a particular 
case of the problem stated in §10 of Ch. IV (problems 
(10.7)-(10.8)). If Problem H has only the trivial solution 
U’ =0, this means that the closed surface S++S- is 
rigid. If now a non-trivial solution of Problem H exists 
the surface is non-rigid. Applying methods of singular 
integral equations it can be proved that Problem H can 
have only a finite number of linearly independent solu- 
tions. Hence, a closed surface composed of two sections 
of ovaloids admits only a finite set of infinitesimal bend- 
ings. This result implies that every surface of the above 
indicated type can be converted into a rigid surface by 
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subjecting it to some (finite) number of additional point 
constraints (Ch. IV, §6). It is however possible to indicate 
some classes of surfaces which are rigid without additional 
conditions. This property is possessed, for instance, by 
all convex sectionally continuous surfaces and by a number 
of classes of non-convex surfaces (see §9 and §11). Ap- 
parently, in general, in the above type of surfaces, cases 
of non-rigidity are encountered much seldomer than 
cases of rigidity. In other words, as a rule such surfaces 
are rigid. This assertion however is of too general a nature 
and its mathematical content is not sufficiently definite. 
It is of interest therefore to carry out further researches 
on more definite geometrical and analytic criteria of 
rigidity of sectionally regular surfaces of positive curva- 
ture. Below, in §§9 and 11, some criteria of this kind 
will be given. 

We now examine the case in which the contact line 
coincides with the tangency line of the surfaces S+ and S-. 
In this case sin? = 0 (see Fig. 3) and the formulae (8.18) 
show that the condition (8.17) takes the form 


U'+[v(2)] = By U(z) +B, Uz), 2zeL. (8.19) 


An investigation of the solubility of this problem can 
be reduced to the analogous problem in the class of 
analytic functions. In fact, the required solution can be 
represented in the form (see §4 of Ch. IIT) 


U’-(z) = Gr(zjer"™® , if zeG, (8.20) 


U'-(2) =@-(z)e"™@, if 2eG, 


where ®+ and ®- are functions holomorphic in G+ and G-, 
respectively, and w+ and w- are functions of class C,(£), 


a= P=, p>2. Besides + is continuous in G++ 


and ©- is continuous in G-+TJ and satisfies at infinity 
the condition 
@-(z) = O(|z|+) . (8.21) 
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Introducing the expressions (8.20) into (8.19) we obtain 
@O*[v(z)] = a,(z)O-(z) + a,(2)O-(z), eel", (8.22) 

where 


a, = Bem O-) | ay = Bge™ OM) (8,08) 


The problem (8.22) when »(z) = 2 was investigated by 
N. P. Vekua, [14*b], for a system of analytic functions. 
His results imply that the problem can have only a finite 
number of linearly independent solutions of finite order 
at infinity. (In our case this order is k = —4). The prob- 
lem (8.22) for a, =0 but v(z) #2 was investigated by 
Kveselava, [39b]. It is seen from (8.23) and (8.16a) that 
this case occurs when 


) (=) =0 for t=(2). (8.238) 


In view of (8.15) this relation holds for tangency of the 
second order. It is readily seen that the condition (8.23a) 
is invariant with respect to a change of the coordinate 
system on the surface. In this case the investigation of 
the problem can be completed. 

In fact, the relation (8.22) takes now the form 


@*[v(z)] = a,(z) O-(z) . (8.24) 


Moreover, with the help of the formulae (8.23) and (8.16a) 
it can be found that a,(z) does not vanish anywhere on I" 
and the index x = 0. These conditions occur in two cases, 
namely: (1) if S++ S- is an ovaloid and (2) if S++8- 
are concave in the same direction. 

According to a theorem of Kveselava all solutions of 
the problem (8.24) having at infinity poles of a finite 
order are given by the formulae 


D*(z) = x (2) Pz) , eG, 


8.2 
D(z) = 4 (2) B(z2)+7(z)P(z), zeG-, (8.25) 
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where P(z) is a polynomial in z, ®, and ®, are functions 
holomorphic in G+ and G-, respectively, and are uniquely 
determined by the given polynomial P(z); also ®.(co) = 0 
and ®, = ®,=0 when P(z) =0. Finally y(z) is the so- 
called canonical solution of the problem, which does not 
vanish anywhere on the plane except for the point at 
infinity where the following expansion holds: 


x (2) =a +2 4..), ay #0. 


Since in our case x = 0, in view of (8.25) for the solution 
of the problem satisfying at infinity the condition (8.21) 
we obviously have P(z) = 0. Consequently, ®t = @ = 0. 
This completes the proof. 

In the case of simple tangency the condition (8.23a) is 
not satisfied. Then however a, and a, fulfil the inequality 


Ja,|> a} (on I’) 


Nevertheless it follows from the recent results of Bojarski 
that also in this case the problem (8.19) has no solution. 

Thus, it has been established that a closed surface 
composed of two sections of distinct ovaloids is rigid if 
the contact line is the tangency line. 

In conclusion we make the following two remarks: 

Remark 1. The problem investigated above can also be 
reduced to a problem of the form (10.5)-(10.6) stated 
in $10 of Ch. IV. To this end it is sufficient to map the 
surfaces St and S- by means of appropriately chosen 
isometric-conjugate coordinate systems, onto one (the 
same for both St and S-) domain G bounded by a simple 
closed curve I’. 

In §11.11 the problem of the rigidity of a non-convex 
surface composed of two spherical sections will be in- 
vestigated in this way. 

Remark 2. The method given in this subsection can also 
be applied to the problem of the rigidity of closed surfaces 
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composed of a finite number of sections of ovaloids 
So, Si,..-, Sm. For definitness let us assume that 8S, is 
an m-connected surface, i.e. Sy is an ovaloid with the 
openings I,,...,Lm contacted with simply-connected 
convex surfaces 8,,..., Sm, respectively. By an appro- 
priate choice of isometric—conjugate coordinates we can 
map homeomorphically the surface S, onto a domain G, 
bounded by simple closed curves I, /%,...,I’m, the 


curves I,,...,[%m being situated inside J',. Subsequently 
by an appropriate choice of isometric—conjugate nets of 
lines on 8S,, ..., Sm these surfaces can be mapped homeo- 


morphically onto an infinite domain G, bounded by the 
eurve J, and the domains G,, ..., Gm bounded by J, ..., Lm; 
respectively. In this case every contact line L; which we 
assume to be sufficiently smooth, is mapped homeomor- 
phically in two distinct ways onto the curve Jj, and to 
every point M of the curve ZL; there correspond on I; 
two points—z and t= >»,(z) where »,(z) is the function 
establishing the homeomorphic mapping of J” onto itself. 
Writing the conjunction conditions (8.7) in the complex 
form we obtain the boundary conditions of the form 


U;[vj(z)] = BY; Volz) + B3; Volz) + 
a dz\? dU¢(z) 
+ payRe |(F) Sh 


(2eIy3 7 =1,2,..,m), 


|: (8.26) 


where f7; are fully definite functions of the point of the 
contour J’=/,+...+Im, which are given by formulae 
of the form (8.18), U; satisfies the equation (8.12) in the 
domain G; and is continuous in G;+J/; (j = 0,1,..., m); 
at infinity Uj; is subject to the condition (8.14). The 
problem (8.26) is readily reducible to an equivalent 
singular integral equation of the ordinary type. Hence, it 
can be proved that the problem can have only a finite 
number of linearly independent solutions. 

Thus, sectionally regular surfaces (non-convex) com- 
posed in the way indicated above, can have only a finite 


474 GENERALIZED ANALYTIC FUNCTIONS 


set of infinitesimal bending (see p. 500). Therefore, such 
surfaces can always be converted into rigid surfaces by 
subjecting them to a finite number of point constraints, 
for instance by a rigid clamping of a finite number of 
points of the surface. 

If all contact lines are tangency lines the boundary 
condition (8.26) is simplified and takes the form 


O3[»,(2)] = Bry Uo(2) + Boy Volz), 2 I; (8.27) 
= Dy ag ON) 


An investigation of the solubility of this problem can 
also be reduced to the case of analytic functions. If it is 
possible to discover that the problem (8.27) has no non- 
trivial solutions satisfying the condition (8.14), this result 
is equivalent to the rigidity of a closed surface composed 
in the above indicated way along the tangency lines, of 
a finite number of convex surfaces. 

The problem of the rigidity of closed surfaces composed, 
in an arbitrary way, of a finite number of sections of 
convex regular surfaces leads to even more complicated 
boundary value problems for generalized analytic func- 
tions. Further researches on this topic are therefore of 
great importance. 

8.4. In the following subsections of §8 we shall consider 
cases in which in consequence of contact of surfaces there 
arise constraints ensuring the rigidity of at least one of 
the contacting surfaces. 

We shall say that the surfaces S*+ and S- are rigidly 
contacted along L if under infinitesimal bending of the 
surface the variation of the contact angle vanishes, 1.e. 


6b = 60-— 60+ =0 (along LZ). (8.28) 


Let us assume that at every point of the curve LZ we 
have either kt 40 or k; 0. For instance, if one of the 
surfaces S*+ or S- is of positive principal curvature the 
above condition is always satisfied. If this condition is 
satisfied the curve ZL is called the normal contact curve. 
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If at a point of the curve the condition ky =k; =0 
occurs this point is said to be a singular point of the 
curve L. If the curve Z has only singular points it is 
called the singular contact line. At every singular point 
the line is tangent to the asymptotic directions of the 
surfaces St and S-. 

In what follows until otherwise stated, we assume that 
the curve LZ is a normal contact line. 

Since according to (8.8) 


peo ie Se ney, 
8 ks 


the relation (8.28) holds if one of the following conditions 
is satisfied: 


(1) sin@=0 (along ZL), 
(2) kr AO, dks =0 or ky 40, Okt =O. 


Conversely, if sin@ #~0 the condition (8.28), in view 
of (8.29) and (8.10), always implies the conditions 
dks =0, Oks =0, Oty =édt, (along L), (8.292) 
i.e. 
dV+ —dV- =dr,s (along L). (8.29b) 

If the surfaces St+ and S- are tangent along a curve L 
then n+ = +n~ (on L) and consequently sind = 0, ie. 
68 = 0 along L. 

Thus we have 

THEOREM 5.13. The tangency line of surfaces is the 
line of rigid contact, i.e. under arbitrary infinitesimal 
bendings of these surfaces the tangency lines are preserved. 

In other words the tangency (along a curve) of surfaces 
is preserved under infinitesimal bendings. This is due 
to the fact that S+ and S- have a common strip with the 
basis LZ and consequently under infinitesimal bendings 
a rotation of an elementary area of the strip can be regarded 
as commom for S+ and S-. 

Since in the case under consideration (the surfaces are 
tangent) cos 6+—= + cos 6-, on the tangency lines of the two 
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surfaces which are not asymptotic lines or their envelopes, 
the following conditions are satisfied: 


éky = +6k,, dts =6t; (on L). (8.30) 


8.5. Let us assume that the curve Z for the surface S- 
is an asymptotic line or an envelope of such lines, and 
on the surface S* it is nowhere tangent to the asymptotic 
directions. Then 


cos8-=0, cosd*#0 (on LZ). (8.31) 


The second condition is always satisfied if St is a surface 
of positive curvature. Under these conditions the first 
relation (8.10a) yields 


dk = dkicos6™ =0, or oky =0 (on ZL). (8.32) 


Fie. 4 


In order to ensure the fulfilment of this condition it is 
sufficient to take for S- an arbitrary asymptotic strip 
with the basis Z, i.e. a strip containing LZ the normal 
of which coincides with the binormal of Z at every 
point of this curve (Fig. 4). 
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We shall hereafter say that the surface is bounded by 
asymptotic strips if every boundary curve of the surface 
is in contact with the corresponding asymptotic strip having 
as the basis the curve under consideration. 

Thus, under infinitesimal bending of a surface bounded 
by asymptotic strips, the variation of the curvature of the 
boundary contour vanishes (6k = 0). If, moreover, the 
boundary contour is not tangent anywhere to the asymptotic 
directions of the surface, then along this contour the varia- 
tion of the normal curvature vanishes (dk, = 0). 

We observe that the conditions of the last part of this 
assertion are always satisfied for ovaloids, since on these 
surfaces there are no (real) asymptotic directions. 

Let S be an ovaloid on which there are a finite number 
of openings and slits the contours of which we denote 
by L,, 1,,..., Im. Let these contours be contacted with 
the surfaces S,, S,,..., Sm, respectively, the contact of S 
with each of the surfaces S; being rigid (60 = 0) on these 
sections of L; which are not tangent to the asymptotic 
directions of the surface S;,. For this fact to take place 
it is sufficient that the contact lines Ly, L,, ..., Lm are the 
tangency lines (Theorem 5.13). In particular the surfaces S; 
can be very narrow strips. If sin? ~ 0, in a rigid contact 
the following boundary condition is satisfied: 


6k =0 or oOke=0. 


In this case the ovaloid with openings will be called the 
ovaloid with trimmed edges. In particular if the openings 
of the ovaloid are plane curves and they are contacted 
with asymptotic (plane) strips we have the so-called 
truncated ovaloid. It is known, [33a], that a truncated 
ovaloid is rigid. We also have the following theorem: 


THEOREM 5.14. Let a regular ovaloid S with openings 
In, Ly, ..., Lm be rigidly contacted with sectionally regular 
surfaces Sy, 8,,...,Sm along the contours of openings 
Ln, Ly, ..., Im, respectively; these surfaces are not tangent 
anywhere to 8 along Ly, L,, ..., Lm, i.e. sind? 4 0 everywhere 
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on L. In this case under an infinitesimal bending of the 
surface S* = 8+ 8,)+...+S8m the ovaloid 8 is rigid. 
PROOF. Since we assume that along the contact lines 
there is no tangency, the boundary condition (8.32) is 
satisfied; in view of the formula (7.50) it can be written 
in the form 
‘a 


6k, = — VaRe jee (ia) | =0 (on LZ), (8.33) 


where w’ is the complex bending function satisfying the 
equation 

C'(w) = dw’—Aw'—Bw'=0 (in G). (8.33a) 
Moreover, in view of its geometric meaning this function 
is evidently continuous in G+J° and satisfies also the 
conditions (6.42) ensuring the single-valuedness of the 
corresponding fields of displacement and rotation. 

The index of the problem (8.33) can easily be computed 
(§3 of Ch. IV). We have 

n = 2(m—1), (8.34) 
where m-+1 is the number equal to the connectedness 
of the surface. For definitness we assume that the contours 
of the openings of the ovaloid are smooth simple closed 
Jordan lines belonging to the class C,, 0 <u <1. More- 
over, we assume that the ovaloid belongs to the class Dyi3,p, 
» > 2,k>0. Then the coefficients of the equation (8.33a) 
belong to the class Di», p > 2 and the boundary I of @ 
belongs to the class C) (see Ch. II, §6.9). Hence, we can 
apply to the problem (8.33) all the results of the preceding 
chapter. 

Let us now consider the case of an ovaloid with one 
opening. Then m=0 and according to (8.34) n= —2. 
Hence, in view of Theorem 4.5 it follows that w’ = 0. 
This completes the proof of our theorem for m = 0. The 
case of a multiply-connected domain (m>1) will be 
examined below (§10.9). 

8.6. Assume now that two convex simply-connected 
surfaces S’ and S” with edges LZ’ and L” are contacted 
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with the third surface S, the boundary strips of which 8 
and So are asymptotic strips with bases LZ’ and L”, 
respectively. In this case, according to Theorem 5.14 
the convex surfaces 8’ and S” are rigid and S, in general 
is not rigid. 

Thus, the compound surface 8S, = 8’+8"+8, can 
undergo infinitesimal bendings only on account of 8). In 
other words the presence of S, in S, decreases rigidity 
of S, and enables S, to admit some bending deformations. 
Shells of such a structure can be of practical importance. 
The convex surfaces S’ and S’’ can carry the membrane 
loadings, the moments being taken up as bending defor- 
mations of the weakening strip Sy. 

8.7. The asymptotic strips with the basis Z lie on 
ruled surfaces of the form 


r =0(s)+[a(s)s+f(s)m]t, a@+f?=1, (8.35) 


where s is the length of are of the curve L, p = p(s) is the 
equation of the curve LZ, a and f are given continuously 
differentiable functions of the length of are s and ¢ is 
a parameter. The condition (8.32) can therefore be ensured 
by contacting the contours of the ovaloid with ruled 
surfaces of the form (8.35). 

We observe that for B =0,a—1 we have a ruled 
surface constituted by the tangents of the curve J, i.e. 
a developable surface with the edge of regression L. 
For a=0,8=1 we have a ruled surface constituted 
by the principal normals of the curve L. According to (8.8) 
and (8.10) the following conditions are satisfied on L: 


Okt =0, drt = dr; . (8.36) 


If 8+ is an ovaloid with the opening LZ then as we have 
seen above, it is rigid since along the opening dk, = 0. 
Hence ért; = 0 as well. Consequently, in view of the 
second relation (8.36) we have 


du; = 0. (8.37) 
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Thus, a contact of an ovaloid with a ruled surface of the 
form (8.35) along the contour of the opening, ensures not 
only the rigidity of the ovaloid but moreover it imposes 
certain constraints on the ruled surface, equivalent to the 
condition (8.37). 

8.8. We now consider ovaloids in contact with cylin- 
drical surfaces (Fig. 5). 


Fic. 5 


We can choose on the cylinder a coordinate system 
such that the first fundamental quadratic form has the 
form dé&-+dy? = ds*, and the lines 7 = const. are the 
generators of the cylinder. -Consequently 


k=O, ke = k(n) #0. (8.38) 
Let us examine the case in which the contour LZ com- 


pletely encloses the cylinder. Then the equation of the 
curve DZ on the cylinder has the form § = w(y) where o 
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is a single-valued continuously differentiable periodic 
function in 7. Taking into account the formulae (7.81) 
and (7.84) we have 


Ok, = —kyp-sin? y-— q-sin2y-, 


er aaa Saree 


ot =— 5 p-sin2y4-— g~ cos2y- , 
where y- is the angle between the tangent of Z and the 
generator of the cylinder, 7 = const. 

Eliminating p- from these equations we obtain (as- 
suming siny~ - 0) 


cosy 6k, —Siny Ot, =—q sing . 


According to (8.10) this relation can be rewritten as 
follows: 


cosy--cosOF oe 
oe ae ok; —siny -ét; —siny ds 


=—q-siny-. (8.39) 


Since k, = 0 it follows from the second equation (6.33) 
that q~ = (vm), i.e. along every generator of the cylinder q- 
has a constant value. Therefore if g- is given along 
a curve L’ situated on the cylinder S~ and enclosing it, 
the right-hand side of the relation (8.39) is also known 
on L. If we now express 6? in accordance with the for- 
mula (8.16b) and then 6k7 and 6ér; in accordance with 
the formulae (7.50), for the corresponding complex bend- 
ing function w’ which satisfies the equation (8.33a) we 
obtain the boundary condition 


dw’ ; 
Re la ds + bw | =f (8.40) 


where a,b,f are known functions of the point of the 
contour L, the explicit expressions for which can evidently 
easily be written down. If Z is a tangency line then a = 0 
and we have boundary conditions of the form Re[bw’| =f. 
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8.9. The conjunction conditions on the contact lines 
can also be prescribed in a kinematic form, i.e. in terms 
of the components of the displacement vector and the 
rotation vector. If we decompose the displacement 
vector U on the unit vectors of the tangent, principal 
normal and binormal of the curve L, then it follows from 
the condition of continuity of the vector U that 


ut = Us , Up, = Um , ue = Up . (8.41) 
But in view of the formula (5.16) 


dus 

a 
and the second relation (8.41) is a consequence of the first 
one. Consequently, on the contact lines the following two 


conditions should be satisfied: 
Us =Us , up =U ; (8.42) 


which will be called the kinematic conjunction conditions. 
Let LZ be the tangency line of the surfaces 8+ and S-. 

If these surfaces constitute together a smooth surface 

then obviously the following conditions are satisfied: 


C2; aaa <rer Sah. 645) 


If now S+ and S~ are tangent along LZ and do not together 
constitute a smooth surface, then we have 


ut =ua, w=+u (t=40 =l). (8.44) 


If a closed surface is considered, composed of a finite 
number of convex regular surfaces, then the condition 
of continuity of the displacement field U+ = U- on the 
contact lines leads to problems of the type considered 
above, in subsection 3. We shall not quote here the precise 
statement of these problems; they can easily be obtained 
by making use of the formulae (3.65) and (3.65a). 
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8.10. Let S~ be a ruled surface the equation of which 
has the form 
r=o(s)+A(s)t, (8.45) 


where p = p(s) is the equation of the directrix L, A(s) is 
a given unit vector of the generator of the surface which 
is a function of the length of are s of the curve L, t is 
a parameter equal to the distance taken with the appro- 
priate sign, from the point under consideration to the 
point of intersection of the corresponding generator with 
the directrix LZ. Let us represent the unit vector 4 in the 
form 

4(s) = a(s)s+ B(s)l++y(s)nt , (8.46) 
where a = As, 8 = Al+, y = Ant. Then it follows from the 
condition of continuity of the displacement vector that 


ut =oue+fuptyut =uz. (8.47) 
But we found above (Theorem 5.8) that uw, is a function 
only of the length of arc s of the curve JZ, i.e. uz is constant 
along every generator of the ruled surface S-. Let LZ, 
be a new orthogonal directrix of the surface S-. Let the 
surface S- be in contact along the curve L, with a rigid 
wall © orthogonal to S-. It is then evident that 4 is the 
normal of + and we have 


UW, =(2xr)s+Ci, (8.48) 
where 2 and C are constant vectors. In this case, in 


view of (8.47) and (8.48), we have the following condition 
on the contour L: 


uy = au; +fusrtyug =f(s) (f =@raA+Cr). (8.49) 


This is @ boundary condition of the kinematic type. 

Tf 8+ is a surface of positive curvature then introducing 
an isometric—conjugate net of lines, in view of (3.65) 
we can write the boundary condition (8.49) in the form 


Ao 
Kya 


Re |(a- tA?) w(z) + (v Ku), =f, (8.50) 


33 
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where /}, /?, Ay = y are the comyonents of the unit vector 4, 
A= Art +A.n*, and w is the complex displacement func- 
tion satisfying the equation 0¢w+ Aw+ Bw = 0. 

If y = 0 we have 


uy = aut +fuy =f. (8.51) 


In this case the ruled surface S- is tangent along L to 
the surface S+, and these surfaces constitute together 
a sectionally smooth surface. 

For a surface of positive curvature the boundary con- 
dition (8.51) has the form 


Re[(A!—i22) w(2)] =f. (8.52) 


We have thus arrived at the boundary value problem 
investigated in the preceding chapter. Making use of the 
results obtained there we can establish a number of 
criteria for the rigidity of ovaloids with openings, in 
contact with ruled surfaces (see also §10 below). 

8.11. Boundary conditions of the form (8.49) can also 
be obtained when the edge of a surface slides along another 
surface. This condition can for instance be set up by 
inserting into the openings bushes, the walls of which fit 
tightly the contours of the openings. In order to obtain 
these conditions in a natural way, on the basis of an 
examination of practicable mechanical and geometrical 
constraints, it is expedient to regard the surface as a thin 
elastic shell offering a considerable resistance to defor- 
mations of extension and shear and at the same time 
admitting infinitesimal bending deformations under com- 
paratively small external forces. We agree to call such 
a surface a flexible shell. . 

Let us consider a flexible shell S bounded by a finite 
number of piecewise smooth simple Jordan curves the 
union of which will be denoted by L. We shall regard 
the surface S as double-sided and one side will be con- 
sidered as positive, accordingly directing the normal nr 
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of the surface. As the positive direction on DL we take 
that which leaves on the left the positive side of the 
surface. Among the boundary curves constituting Z there 
may be both closed and open curves. The first will be 
called openings and the second slits. A slit has two edges— 
“the left edge” and ‘the right edge’—which will be 
denoted by the signs “+” and ‘—’’, respectively. Let 
Ly, ..., Lq be the slits and Li, ..., Lm the openings. Then 
the boundary of S is 


L=Lf+Ly +...4-Lg +Lg +2Qqyit+..+Im. 


Let there be inserted some elastic or rigid bodies into 
the openings and the slits; they will be called bushes. 
The union of the surfaces bounding the bushes will be 
denoted by 2. Assume that the surfaces 2 are in a per- 
manent contact with the surface S along the contour L, 
and in the course of deformation of S and 2 the contact 
is not violated. In other words we assume that the bushes 
fit the openings and slits so tightly that in the course of 
infinitesimal deformations there arise no clearences between 
the contour Z and the surface 2. This means that the 
displacements of the points of S and in the direction 
of the normal to »' are identical along the whole contact 
line, i.e. 

U=U, or u=% (on ZL), (8.53) 


where U and U are the displacement vectors of S and %, 
respectively, and v is the unit vector of the normal to 2 
(Fig. 6). 

Let us observe that the relation (8.53) represents the 
condition that the contours of the openings and slits of 
the surface S are in a permanent contact with the sur- 
faces 2, and these contours can displace, sliding along 
the surfaces 2. The surfaces 2 will therefore be termed 
the sliding surfaces and the constraints thus set up on the 
contours of the openings and slits of the surface S, the 
kinematic sliding constraints or the bush constraints. 


33* 
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If the normal displacement u, of a point of the contact 
surface 2 is prescribed along the contours of the openings 
and slits, the condition (8.53) can be written in the form 


Uy = M%Ujtnuu=f (on L), (8.54) 


where » = nv,»,= vl and I is the unit vector of the 
tangential normal of the contour ZL, n being the unit 
normal vector of the surface S. 


Fig. 6 


For instance, a condition of the form (8.54) occurs 
when the bushes are perfectly rigid bodies. If, moreover, 
their surfaces are ideally smooth then (8.54) is the only 
condition which can be obtained for a bush constraint, since 
in this case arbitrary infinitesimal displacements tangent 
to x are possible, which do not violate the contact con- 
ditions (8.54). 

If according to the formula (5.21) the normal displace- 
ment uw, can be put in the form 

_ 1 dus 


Uy = ke ds" + tg Ou, ) (8.55) 
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the relation (8.54) takes the form 


du 
Fe + Ay Uj — ks} ) (8.56) 
where 
dy = k,(m+ tg 0) = kcos(9— 9), cosOs=b. (8.57) 


Thus, we have obtained in a different way again the 
boundary condition of the form (8.49). 

If the surfaces 2 are orthogonal to s, = vw = 0, 
y= vl = 1, and the condition (8.56) takes the form 


wy =U,l =f. (8.58) 


8.12. A boundary condition of the form (8.56) can 
also be obtained by clamping the edge of the surface. 


Fic. 7 


Let a narrow boundary strip of the surface § be rigidly 
clamped between rigid walls of a sufficiently deep 
slit; we assume that the walls of the slit and the surfaces 
of the strip are ideally smooth (for instance there is a thin 
layer of a lubricant between them). Moreover, between 
the bottom of the slit and the contour ZL of the surface S 
there are fairly wide clearances (Fig. 7). Then the points 
of the contour L have only two degrees of freedom; in 
the course of deformation they can freely move along the 
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walls of the slit. Hence, along the contour LZ we have 
one condition, namely 


nU = nU, (8.59) 


where U and U are the displacement vectors of the points 
of the surface S and the walls of the slit. Assuming that 
the normal displacement of the walls of the slit is a known 
function of the point of the contour L we can write the 
condition (8.59) in the form 


ae om=f (on L), o=ksind, (8.60) 
where o is the geodesic curvature of the contour LD. 
The above constraint to which the boundary condition 
(8.60) corresponds, will be called a perfect clamping of the 
boundary strip of the surface (shell) S. 


§9. Some classes of rigid closed sectionally regular surfaces 


In this paragraph we shall prove the rigidity of a fairly 
wide class of sectionally regular closed surfaces of non- 
negative curvature. This class contains convex sectionally 
regular closed surfaces, and also a family of non-convex 
closed surfaces. To this end we make use of the con- 
junction conditions on the contact lines derived in the 
preceding section, and an important integral identity 
of Blaschke [10]. First of all we shall give a derivation of 
this identity. 

9.1. Let V and V be two rotation fields of a regular 
surface, bounded by a finite number of piecewise smooth 
curves [,, L,, ..., Im, the union of which will be as before 
denoted by L. The side of S towards which the normal 
is directed will be taken as the positive side of the surface. 
The positive direction on L is this which leaves the positive 
side of the surface on the left. 

Let us assume that the rotation fields are contmuous 
in S+Z and belong to the class Do,, p > 2. Moreover, 
we assume that the surface S belongs to the class C?. 
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Applying Green’s identity we can write the formula 


frva¥ = ff ce(rv%)d8, (y=. (9.2) 
L Ss 
But 


6%(rVV 5)q = C%(rVV op) + 6%(rV eV 5) + 6°(raV Vp) 
__ a6 =) op AA ry __ Hraa Fpy 
=€ (rV.V 5) =C¢ TaTprryzr, ST Cap Ca, mr P 


_ In deriving this relation we have taken into account 
the formulae (6.1) and (5.4), and also the following rela- 
tions: 


c%(rVV ep) =1V (VV) /Va = 0, 
~~ x ~~ 
e"rs5VV4 = — oF TV ror, = T* ¢agnV =0, 


where £% and T® are contravariant bending fields cor- 
responding to the vectors V and V. Consequently, we have 
the identity 


frva¥ = ff cope TT" nrdS , (9.2) 
L s 
valid for arbitrary two rotation fields V and V. If V= V 
we have the Blaschke formula 
frvay = Day (74 72 — (7)? arndS , (9.3) 
L Ss 


or, according to the formulae (7.23) 


if rVav =2 il ij = (Bb 60a — 8,2 60,.) rnd. (9.4) 
S 


L 


Taking into account the relations (7.70) we have also 
Jrvav =—2 [ {(Kp?+¢@)rnas. (9.5) 
L 8 


9.2. We now apply the formula (9.5) to the proof of 
the rigidity of an ovaloid [10]. 
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Assume that the ovaloid undergoes an infinitesimal 
bending the rotation vector V of which satisfies the 
conditions stated above. Let ZL be a simple closed piecewise 
smooth curve belonging to the ovaloid and dividing it 
into two sections 8S, and S,. Applying to both these 
sections the formula (9.5) and adding term by term the 
resulting relations we obtain 


i f (Kp?+@)rnd8 =0. (9.6) 


We have here taken into account that the sum of curvi- 
linear integrals along Z vanishes in view of the continuity 
of the vector V and its derivatives V.. Situating the 
origin of coordinates inside the ovaloids we have (the 
normal n being the outward normal) 


rm>0O (for 8). (9.7) 


Besides, the principal curvature K = k,k, > 0 everywhere, 
and we assume that k, and k, can vanish simultaneously 
‘only on a set of measure zero. Under these conditions it 
follows from (9.6) that Kp?+q? = 0, Le. p =q =0. (The 
latter relations can be proved by applying the reasoning 
which will be given below, on p. 492). This completes 
the proof of the rigidity of regular ovaloids. 

9.3. As was already indicated this method of proof can 
also be applied to a more general class of sectionally 
regular closed convex surfaces of non-negative curvature. 
Nevertheless, the previous reasoning cannot be carried 
over to a more general case without significant additions. 
Applying the formula (9.5) to regular sections of the 
surfaces and adding the relations thus obtained we arrive 
at a relation the right-hand side of which contains exactly 
the double integral (9.5) and the left-hand side is the 
sum of curvilinear integrals over the contact lines. As 
before, the rigidity of the surface follows immediately if 
it is proved that this sum vanishes. This is however not 
obvious. The difficulty is due to the fact that we cannot 


INFINITESIMAL BENDINGS OF SURFACES 491 


a priort regard the rotation field as continuous on the 
whole surface. The formula (8.7) indicates that this field 
can have discontinuities of the first kind on the contact 
lines. Nevertheless, we shall find below that this difficulty 
can be overcome with the help of the formula (8.7). We 
shall thus prove below the rigidity of a very wide class 
of convex sectionally regular surfaces. The proof given 
in this subsection was given in the joint paper of Bojarski 
and the author [12]. 

Let S be a closed convex surface composed of a finite 
number of surfaces of non-negative curvature. Let us 
divide these surfaces into three groups. Group I con- 
tains those for which k,=k,=0, ie. plane figures. 
Group II contains the surfaces of zero curvature for 
which one of the principal curvatures is almost everywhere 
positive. Finally, group III contains the surfaces the 
Gaussian curvature of which satisfies the inequality 
K > 0 and the equality sign may hold on a (plane) set 
of measure zero. 

We have seen above (§3.3) that infinitesimal bending 
of plane sections of the surface § is an indefinite problem. 
Nevertheless, we shall not exclude from our considerations 
the surfaces of group I, allowing them to have only trivial 
bendings 

U=28xr+C, v=2, (9.8) 


where 2 and C are constant vectors on each surface of 
group I. It is therefore evident that on eaeh surface of 
group I we have 


p=q=0 (everywhere) . (9.9) 


With respect to surfaces of group II we make the 
following additional assumption. Every asymptotic line 
of a surface of group II intersects at least at one point 
the boundary of a surface of group I or III. The contact 
lines of surfaces constituting S are assumed to be piecewise 
smooth. The union of these lines will be divided into two 
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groups, namely: (1) group a contains simple closed or open 
contact lines, (2) group # contains the contact lines on 
which there lies a finite number of points from which 
come out three or more contact lines. Let us agree to call 
these points vertices. Group / can consist of a number 
of connected sets f,,..., Bn, nm >1, and Bf, = 0 if 1 Ak. 
The curves of every group f; consist of a finite number 
of ribs, and each rib contains only two vertices—for the 
beginning and the end. We do not exclud the cases in 
which the rib is a closed curve, i.e. the beginning and the 
end coincide—the rib is a loop. On every rib and on every 
curve of group a, which we may call isolated ribs, we 
shall consider two edges—the left and the right, which 
will be denoted by the signs “‘-++” and ‘‘—’’, respectively; 
the direction on ZL leaving the left edge on the left will 
be taken to be positive. Denoting by LZ the union of the 
contact lines we shall denote by Z* and L~ the unions 
of the left and right edges. 

Applying to each smooth section of the surface the 
Blaschke formula (9.5) and summing the relations over 
all sections we obtain 


1 =—2{ f(Kp*+¢@)rnas = | rvtav+—rv-av- . (9.10) 
Ss Lt 


Here V* and V~ are the limiting values of the vector V 
‘from the left’? and “from the right’? of L. We shall as 
before assume that the origin of coordinates is situated 
inside S. Then rn > 0 and, consequently, 


Ir<o0. (9.11) 
We have to prove that the inequality sign cannot occur, | 
ie. C=O. Then it will follow that Kp?+¢=0, i.e. 


Kp =0,q¢=0.1f K>0, p =q =0. This means that the 
surfaces of group III are rigid. For the surfaces of group I, 
assuming for definitness that k, =0,h, 40 we obtain 
from (6.33) that k2B’p is independent of §, i.e. 


ksB’p =9(n), g=0. (9.12) 
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We now prove that g(7) =0. The boundary LZ, of the 
surface S, under consideration (of group IT) can evidently 
be represented in the form L, = L’+L” where L’ is the 
union of the boundary ares which are also boundary arcs 
of the adjacent surfaces belonging to the groups I and III, 
respectively; also none of the ares belonging to L’ contains 
an are of the asymptotic line 7 = const., nor they are 
tangent. L’ contains the boundary ares of the surface S, 
which are arcs of the line 7 = const. Let us denote by S,1 
and S,m the surfaces of group I and III, respectively, 
adjacent to S,. Since p=q=0 on Sy and Syi, it 
follows from (8.10) that 6k} = 0 on L’ (we assume that 
cos 6, #0 along L’). Since, according to (9.12) q=0 
on 8S,, (7.81) implies that p=0 on L’, since 6k* = 
= —k,sin*y-p = 0 on L’, and k,sin?y 40 on L’. But by 
hypothesis all lines 7 = const. belonging to S, intersect L’. 
Hence, in view of (9.12) y(n) =0. It is therefore es- 
tablished that if J = 0, then 


p=q=0 (on 8). (9.13) 


This proves the rigidity of every regular section of the 
surface 8. It follows from (9.13) that on every regular 
section of 8 the vector V takes a constant value @. In 
order to prove the rigidity of the whole surface in the 
large we have still to establish that @ has the same con- 
stant value everywhere on 8. But this fact follows from 
the relation (8.7), since in view of (9.13) and (8.8) 63 = 0 
on all contact lines. 

Thus, it remains to prove that in (9.11) the inequality 
sign cannot occur. To this end it is sufficient to prove that 


I>0. (9.14) 


The relation (9.10) can be written in the form 


I= f{ rvta(vt—v-)av* + f rv-a(vt—v-). (9.15) 


Lt xt 
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Integrating by parts we obtain 

frv-avi—v) = f arv(vt—v)— 

Lt Lt 

—~{vwt—v)ar+ f rvi—vyav- . 
Lt Lt 

In view of the formula (8.7) the second integral in the 
right-hand side of the above relation vanishes and the 


first integral is equal to the increment of rV-V* in moving 
once along all ribs in the positive direction 


b= f drv-(Vt—V-) = f drV-V* = (V-V4},,. (9.16) 
rt Lt 
Thus, the relation (9.15) has the form 
T=6+ frvt—v avis frvi-v yar, 
Lt Et 
or, bearing in mind the formulae 


Vi_V =—60s, dV* = dksl*+ér3s, 


st — "39, ong ———** 08 (9.17) 
: sin?’ sin?” 
xs=n*, Uxs=n, 


we have 


r= 6+ 50(dkt rn* + dkzrn-)ds 
L 


Oks 
-3—{ (& 
L 8 


Since rn* > 0, rn™ > 0, sind > 0, kx <0 (Fig. 8) we obtain 


2 
sind(kg rn* +kirn-)ds. (9.18) 


—\2 
=|, () sind(kg rn” +kgrn”)ds>0. (9.19) 
L 8 


It remains now to prove that 


6>0. (9.20) 
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For simplicity we shall confine ourselves to the case in 
which the surface S contains only ribs of group a. 
A proof of the inequality (9.20) for the general case is 
given in the paper [12] quoted above. 


(=0~6*>0) 


Fie. 8 


Obviously 6 = 6,+...+6, where 6; is the increment of 
rV-V* on the rib Lj. If A; and B; are the beginning and 
the end of the rib Z,;, then it is evident that 


6; = (1VV")p,—(V V") a, 


Since we assume that the vector Vis continuous on every 
regular section of the surface S it is evident that 6; = 0 
for every rib of group a. In fact, for a closed rib it is 
evident, since A; = B,. In the case of an open rib Va, = 
— Vins Vz, = Vis, and, consequently, we again have 6; = 0. 
Hence, 6=0. In view of (9.19), therefore, we obtain 
making use of (9.18) that I > 0. The last result, by virtue 
of (9.11) yields the required relation I = 0. 
We have thus proved 


THEOREM 5.15. A convex sectionally smooth surface of 
non-negative curvature is rigid if the contact lines are 
piecewise, smooth, simple, closed or open curves. 

We have indicated above that the theorem is preserved 
also in the presence of vertices and conical points [12]. 
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9.4. It is readily seen that in the preceding section 
essentially a more general theorem is proved. In fact, the 
preceding reasoning remains valid if (1) the condition of 
convexity is replaced by the requirement that the surface 
under consideration is star-shaped with respect to an 
interior point O; this, obviously, ensures the fulfilment of 
the inequalities rn+ >0,rn- >0 along 8S, and (2) it is 
required that on the contact lmes the following inequality 
holds: 

kirn”> +kzrn* <0 (on Z). (9.21) 


Thus, we have the following ([113]) 


THEOREM 5.16. Let us insert into the openings of 
a sectionally regular ovaloid S some ovaloids Sy, 8,, ..., Sn 
in contact with S along the contours Ly, Iy,...,Im of the 
openings. Assume that the surfaces Sp, 8,,...,Sm do not 
intersect. Further, assume that inside the surface S, = S+ 
+8,+...+8m there exists a point O (the origin of coordi- 
nates) from which the whole interior side of the surface 8, 
is visible. Finally, let us assume that the conditions (9.21) 
are satisfied on Ly,...,Im. Under these conditions the 
surface S, is rigid. 

Tt is easy to give examples of non-convex closed surfaces 
satisfying the conditions of the last theorem. Let us 
consider the so-called truncated ovaloid which will result 
if we cut off from a regular ovaloid a finite number of 
caps with plane contours Ly, L,,..., £m, and contact the 
latter with sections of a plane (covers). If we slightly 
press these covers inwards we can evidently obtain an 
infinite family of non-convex surfaces satisfying the 
conditions of the theorem. 

Let us note that the conditions of the last theorem 
are sufficient to ensure rigidity of non-convex surfaces of 
non-negative curvature, but they are by no means neces- 
sary. As it was indicated in §8.3 a non-convex surface S 
composed of two sections of ovaloids S* and S” tangent 
along the contact lines, is rigid. It is however readily 
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observed that such a surface is not starshaped with 
respect to an interior point and consequently does not 
satisfy the conditions of the theorem. It can be shown 
that these conditions are really not necessary, by examin- 
ing the example of surfaces of revolution (§11). Apparently, 
a closed and non-convex surface S, obtained as the result 
of contacting with an ovaloid S the ovaloids 8), ..., Sn 
imbedded into the ovaloid S and intersecting it only 
along one rib, but not intersecting each other, is always 
rigid. 

9.5. Contrary to the above way of contacting, a contact 
of for instance two surfaces S and S, of positive curvature 
so that they constitute a closed surface S and S, does 
not enter the interior of S (or S does not enter the interior 
of S,) can in general yield a non-rigid surface. Examples 
of such a contact of spherical segments and more general 
surfaces of revolution are given in §11 of this chapter. 

In this connexion we give a theorem on infinitesimal 
deformations of compound surfaces having a plane of 
symmetry. * 

Let the plane # cut off from an ovaloid S, in general 
sectionally regular, a simply-connected section St. By S7 
we denote the mirror image of S* with respect to the 
plane EH. Let us contact S* and S~ so that a closed surface 8, 
in general non-convex, is obtained. The plane EF is a plane 
of symmetry of SV. 

THEOREM 5.17. The surface S admits such and only 
such non-trivial infinitesimal bendings which at the same 
time are the sliding bendings for S* (S~) along the plane E. 

PrRoorF. Let us first consider the case in which 8* is 
a regular surface. The plane 0 # y of the Cartesian coordi- 
nate system is situated on the plane H. If Ut = (ét, nt, £*) 
is the displacement field of an infinitesimal sliding bending 
of S* along the plane Z, then it is evident that in view 
of the system of equations (2.3), setting at the points 


* This theorem was first proved by Bojarski. 
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of the surface S” symmetric with respect to H, U = 
=(&,n ,o) =(é*,7*, —£°) we obtain a new field 
U = U* on S* and U=U™ on S’, continuous on the 
whole surface 8 and trivial only when U* is trivial on 8*. 
Let on the contrary U=U* on St and U=U_ on S” 
be a continuous displacement field on S. Then the field 
U, = (61, my &) = (E(P)+E(P), WP) +0 (L’), O(P)— 
—C€ (P’)} where P’ is the mirror image of P with respect 
to H, is evidently a field of an infinitesimal sliding bending 
on S*. Thus, an arbitrary displacement field of the 
surface S generates a sliding field U, on S*. We shall 
now prove that under our assumptions the field U, is 
trivial only if the field U is trivial on S. The field U, = U— 
—4U, has the components (0,0,2) on ZL. According to 
a theorem on the truncated ovaloids * the field U, is 
a field of an infinitesimal motion ft. Hence U = 4U,+ U, 
is trivial if and only if the field U, is trivial. Moreover, 
we have proved that ¢ is identical with the component 
of the trivial field on Z, thus completing the proof. 

If we make use of the generalization of the theorem on 
truncated ovaloids to the case of sectionally smooth 
ovaloids, the proof given above makes it possible to 
establish the validity of Theorem 5.17 for sectionally 
smooth S* and S~. 

The required generalization of the theorem on truncated 
ovaloids is immediately obtained if the method of proof 
of Yefimov ([33a]) be combined with the method of proof 
of Theorem 5.15. 

We observe that the condition of convexity of S* is 
essential. We can compose of two spherical sections a sur- 
face of revolution S*, even uniquely projectable on #, 


* The remark that we can refer here to the theorem on truncated 
ovaloids was made by Yefimov. The original proof of Bojarski was 
in its later part in fact a proof (by a method distinct from 
Yefimov’s) of the required here theorem on truncated ovaloids. 

+ This fact follows also from Theorem 5.14 or Theorem 5.19 
{p. 515). It is sufficient to observe that U,,= 0 on L. 
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which is not a part of a convex surfaces, such that the 
surface S composed of S* and its mirror image S~ with 
respect to the plane #, is non-rigid. The appropriate 
example can be computed by the method of §10. 

The theorem is also not valid any more if S* has negative 
curvature on some of its sections. This means that the 
field U, can turn out to be trivial even if U is non-trivial. 


§10. Some classes of rigid convex surfaces with edges 


10.1. In the preceding sections we examined some 
classes of rigid closed surfaces and indicated many criteria 
of rigidity of surfaces with edges. 

In this section new criteria of rigidity will be pre- 
sented. We shall also consider some new forms of non- 
rigid constraints compatible with infinitesimal bendings 
and uniquely defining (non-trivial) displacement field. 

Surfaces with edges (open surfaces) are always non-rigid, 
ie. they admit non-trivial infinitesimal bendings if they 
are subject to no constraints. In fact, if we deal with a sur- 
face of positive curvature with edges, the rigidity problem 
is reduced to ascertaining whether there exists at least one 
complex function /K p + 4g, continuous and bounded on S, 
which, aS we have seen in §7.7, uniquely determines the 
bending field of the surface. But this function satisfies 
an equation of the form @w+Aw+Bw=0 (A, BeLp, 
p > 2) in the domain G onto which the surface is homeo- 
morphically mapped by means of the isometric—conjugate 
coordinate system. In the case of an ovaloid with edges 
this domain does not cover the entire plane and its bound- 
ary contains continuation. The equa indicated above 
therefore always has continuous bounded non-trivial 
solutions. But to every such solution there corresponds 
@ non-trivial bending field of the surface. Hence, surfaces 
of positive curvature with edges can be rigid only if some 
external constraints are present, which hereafter will be 
called rigid constraints. Obviously, not all constraints ensure 
rigidity of the surface. Every constraint evidently restricts 


34 
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the possible forms of infinitesimal bendings but does not 
always exclude them completely. Of special interest are 
the nonrigid bonds which allow only a finite set of infini- 
tesimal bendings, i.e. there exist a finite number of linearly 
independent displacement fields U™,...,U® which are 
compatible with the present constraints, and any displace- 
ment field compatible with these constraints is given in 
the form 
U =¢,U%+.,,,+¢,U®, (10.1) 


where ¢,,..., ¢, are arbitrary real constants. 

If at the same time all fields U™ are trivial the surface 
is geometrically rigid. In this case it is obvious that 
k <6. If, now, among the fields U™ there are also non- 
trivial fields the surface will be non-rigid. It will always 
be so if k > 6. If the surface admits a finite set of non- 
trivial displacement fields we shall say that the constraints 
present are almost-rigid. The non-rigidity of this kind can 
also be described by the fact that the constraints admit 
a finite set of bending fields. In other words, there exist 
a finite number of linearly independent complex bending 
functions wv’, ...,w’®, and any other bending function 
compatible with the constraints present is a linear combi- 
nation of the form . 


0 = 4+... +e’. (10.2) 


The number / can in this case be called the degree of freedom 
of the almost-rigid constraints present. 

Below we shall consider many examples of constraints of 
this kind. By imposing on the surface a number of new 
point constraints (Ch. IV, §6) almost-rigid constraints can 
always be converted into rigid constraints. 

When examining rigid constraints it should be taken into 
account that such constraints can possess various degrees of 
rigidity. If, rigid constraints being present, we impose new 
constraints on the surface, then evidently we obtain again 
rigid constraints. For instance, if a surface of positive 
curvature is in contact with an inextensible perfectly 
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flexible cord we shall have, as it was shown in §3.5, a rigid 
surface. If the same surfaces is in contact with one more 
inextensible cord and some other constraints are imposed, 
then it is evident that the rigidity of the surface will not be 
violated, and on the contrary, it will be increased. However 
it should be borne in mind that an increase of rigidity is 
not always expedient from the practical point of view. For 
instance, if the surface is a thin flexible shell and rigid 
constraints are applied, then every deformation of such 
a shell will result in appearance of extensions and shears, 
since infinitesimal bendings are excluded by the constraints 
present. This will create tension or compression and shear 
forces which under certain circumstances of concentration 
of stresses, can result in a considerable weakening and 
even destruction of constraints, or in creation of fissures 
and foldings. Thus, the presence of rigid constraints in 
certain cases can have a negative influence on the be- 
haviour of the structure, especially if the constraints have 
small elasticity and flexibility or if the shell has a small 
resistance on the deformations due to compression or shear. 
Therefore, imposing on the shell (surface) some rigid con- 
straints the above circumstances should be taken into 
account and constraints applied with circumspection. 
In connexion with these considerations we introduce the 
concepts of correct or optimum, and incorrect or super- 
optimum rigidity. By incorrect rigid constraints we under- 
stand constraints which admit certain relaxation remain- 
ing, however, rigid. For instance such rigid constraints 
are set up if a surface of positive curvature is contacted 
with an inextensible cord. If we shorten the length of the 
cord we do not violate the rigidity of the surface, although 
the constraints are obviously weakened. The concept of 
correct or optimum rigidity will be introduced on the basis 
of an examination of linear constraints of type R(U) = f 
where #& is a homogeneous additive operator associating 
with every displacement field U a function given on a set 
of points of the surface and belonging to certain family 
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of functions. Of such form are many constraints set up by 
means of contacting or inserting bushes into openings (§8). 
Let us assume that the condition R(U) = f enables us to 
associate uniquely with any given function / a definite 
bending field, the latter depending continuously on f, in 
a definite sense. Evidently, in this case for f=0 the 
bending field is reduced to the zero field. Under these 
conditions the constraints of the form R(U) =f will be. 
called correct constraints, and the corresponding rigid con- 
straints R(U) = 0 will be called correctly rigid, or optimally 
rigid constraints. 

We also observe that correct rigid constraints do not 
admit further weakenings, remaining rigid; but if they 
undergo weakenings entirely natural for the problem 
under consideration, new constraints result, which are 
always compatible with a displacement field of infinitesimal 
bendings of the surface. 

In general there are difficulties in establishing optimum 
rigid constraints in’ practice. This is due to the fact that in- 
finitesimal bendings of a surface are a very particular case 
of the general deformation of the surface and occur only 
if there are present geometrical and kinematical constraints 
of a very special type, the setting up and maintaining of 
these constraints requiring some special geometrical con- 
ditions and mechanical devices. In many cases, as we shall 
see below, such constraints can be set up by means of 
contacting surfaces and also by applying bush constraints. 
In the following subsections we shall investigate more 
thoroughly some classes of constraints which lead to the 
boundary value Problem A investigated in the preceding 
chapter. 

10.2. Let there be given at every point of the boundary L 
of the surface S a direction t tangent to S, making the 
angle y with the direction of the tangential normal J, 
y being a variable quantity, i.e. a function of point of the 
contour Z. Assume that along LZ at every point the projec- 
tions of the displacement vector U on the direction t are 
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given, i.e. 
UW = ujcosp+ussing =f (on LZ), (10.3) 


where f is a known function of point of the contour L. 
Subsequently the functions prescribed on Z will be re- 
garded as continuous in the Hélder sense. Since the 
vector U can be represented by means of the complex 
displacement function w satisfying the equation (3.59), 
in view of the formula (3.65) we have 

uy = Re GoFar = =t+i#, t= - i 
where f° are contravariant components of the vector t. 
The conditions of the form (10.3) can be obtained, as we 
have seen in §8, by contacting surfaces or by means of 
bush constraints. According to (10.4) the condition (10.3) 
can be written in the form 


10.4) 


Re foe =f (on). (10.5) 


Thus we have arrived at a problem which hereafter will 
be termed Problem A;: 


PROBLEM A;: It 1s required to find a solution w(z) of 
the equation 


é,0+A(z)wt+B(zjo=0 (in G), (10.6) 


which is continuous in G+I and satisfies the boundary 
condition (10.5). 

Let us call this problem the fundamental kinematic 
boundary value problem. It belongs to the group of prob- 
lems investigated in Ch. IV. 

10.3. Before proceeding to an application of the results 
of Ch. IV to the above problem, let us examine some 
properties of the functions A and B, and the contour I 
in terms of the degree of smoothness of the surface 8 and 
its boundary L. 

We assume that S+JZ is a section of a surface S, of 
positive curvature belonging to the class Dzis,, p > 2, 
k>0, the boundary curves Ly, Z,,..., Lm the union of 
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which constitutes the total boundary Z of the surface, 
being of the class 0%*7(0 <k’ <k,0<p<1). Under 
these assumptions, as we have seen in Chapter ITI (§6.8) 
a and pe D 41,,(G) where G, is the domain on the plane 
z= #+4ty onto which the surface S, is homeomorphically 
mapped by means of a homeomorphism 


x= “(E,n), y = 9(&, 7) (10.7) 
of the second fundamental quadratic form 
IT = A?k, d+ B*k,d7? . (10.8) 


Since by hypothesis A?, B®, k,, ky € Dyii the homeo- 
morphism (10.7) belongs to the class Dy,2,. According to 
the formulae (3.61) we readily observe that the coef- 
ficients of the equation (10.6) 


A(z), Blz)eDig(G@) (kK20, p>2). (10.9) 


Hence, in view of Theorem 3.2 every continuous solution 
of the equation (10.6) belongs inside the domain G, to the 
class Drip (G@ is the homeomorphic image of the 
surface S,). By virtue of the formula (3.65) we easily find 
that the corresponding displacement field U belongs to 
the class Dy» (@ ), and the tangent component of this 
field 


1 
a an 10.10 
aK (wn, +@n;) , ( ) 


obviously belongs to the class Dg1,p (Go). 

The boundary I of the domain @ which consists of 
the curves Jy,...,Jm representing the homeomorphic 
images of Lp,...,Lm, belongs to the class Ci *’. With 
respect to the angle » defining the tangent direction ¢ on 
the surface along L, we assume that it belongs to a class 
of (L) (k'’ >0,0<»<1). Then the function 


_ dz 


dle) == 


(10.11) 
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is evidently continuous in the Hélder sense along I’ and 
vanishes nowhere on J’. Hence, we can apply the results 
of the Chapter IV to Problem A;. Since we assume that the 
right-hand side f of the boundary condition (10.5) is 
Holder continuous, the solution of Problem A; belongs 
to the class Dr41(G), p > 2, inside G and it is continuous 
in the Holder sense in G+J° (Theorems 3.2 and 4.1). 

10.4. We now consider the homogeneous boundary 
value Problem Aj adjoint to A;. It can be stated as 
follows: 

PRoBLEM Aj. It is required to find the solution of the 
adjoint equation 


d;w’— A(z)w’'—Bi(z)w’ =0 (in G), (10.12) 


which is continuous in G+I" and satisfies the boundary 
condition 


Re way re = Re[w'(z)A,(2) Ai(z)] =0. (10.13) 
ds dt 

The necessary and sufficient condition of solubility of 

Problem A; consists in the fulfilment of the following 


relations (see Ch. IV, §2): 


fie =0 (g=1,...,)), (10.14) 
z A(z) 
where w; is the complete system of linearly independent 
solutions of the adjoint homogeneous Problem Aj and J 
is the number of solutions of this problem. 

According to the formula (6.45) we have 


tT = Tw = —yaRe jw") ue uae 


7 Ha , (10.15) 


where t’ is the direction tangent to S at the boundary 
point; it is perpendicular to t and txt’ =n. In deriving 
this formula we have made use of the relations 


ta =Cagt'® = #9 = FES. (10.16) 
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Taking into account the condition (10.13) we have 


de 
ds 1 ie 

Tw = wees we oe (10.17) 
pints t 
di 


where w’ is a solution of Problem Aj. 
In deriving the above relations we took into account 
the relationship 
ll cL (10.18) 
dt dt’ dt dt’ ya 
proved in §6 of Chapter II (formula (6.47)). 
In view of (10.17) the relation (10.14) takes the form 


fiThde=0 (j=1,..,l). (10.19) 
L 


We shall see in the next chapter that Problem Aj has 
a statical interpretation, since w’ is the complex stress 
function. But in the case of a simply-connected domain 
this function, as we have seen above in §6.6, can always 
be interpreted as the complex bending function connected 
with the rotation field in accordance with the for- 
mula (6.44). This formula implies that 
t’ a — 6k,sing + dt,cosp 

— dz dz 

— / ‘ _ 
= VaRe E (z) ds Z| . (10.20) 
Thus, in the case of a simply-connected domain the 
boundary condition (10.13) can be written in the form 


— 6k,sing+ dr.cosy = 0. (10.21) 


In the case of a multiply-connected’ domain the last 
condition is equivalent to the condition (10.13) only 
when the function w’ is subject to the additional con- 
ditions (6.42). Only then the function w’ is the complex 
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bending function. The boundary condition 6k, = 0 (on L) 
which was examined above, in §8.5, is a particular case 


of the condition (10.21). In this case g = * i.e. t coincides 


with s. 
10.5. The index of the boundary value Problem A; is 


equal to the increment of arg S when the point 2 moves 


once around the contour J’ of the domain G in the positive 
direction (§3 of Ch. IV). This number will be denoted by 7. 
Let us call two directions t and t* tangent to S direc- 
tions of the same class (for instance directions of the 
class t), if m= +. Let g* be the angle between t 
and t*. If the absolute value of this angle at every point 
of L does not exceed 2, i.e. |p*| < x it is clear that ¢ and t* 
are of the same class. If t belongs to the class J (for in- 
stance if it coincides with I or s) it is evident that 


UyM=y=Nn=1—-mM. (10.22) 


If moreover the angle y* is Hélder continuous, i.e. 
g* « C(I’) and its norm in the metric of C,I) satisfies 
the condition C,(y*, I’) < « where ¢ is a sufficiently small 
positive number, we shall say that the direction t* is the 
normal perturbation of the direction t. 

Let us now consider Problem A; with the boundary 
condition 


Re jor | ai ia (10.23) 
where w* is a solution of the equation 
dzw* + A*(z)w*+B*(z)w* = 0, (10.24) 


continuous in G+J/, A* and B* being functions of the 
class L,(4+J), p > 2, belonging as well as A and B to 
a compact in Ly(G+ JI) family of functions, and satisfying 
the conditions 


Lj(A—A*,@<e, L,(B—B*,@)<e, p>2, (10.25) 
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The right-hand side of the boundary condition (10.23) 
satisfies the condition 


Ci—f*,l2)<e, O<r<1. (10.26) 


Thus, we pass from Problem A; to another Problem Ay 
by varying the coefficients of the equation and the 
boundary condition, as well as the right-hand side of the 
boundary condition. Let us call the boundary value 
Problem Ay the normal perturbation of Problem Ay. 

We shall now prove that 7f Problem A; 1s quasi-correct, 
then every Problem Ag for sufficiently small values of « 
4s also quast-correct. 

In fact, quasi-correctness of Problem A; means that 
= 2n—m+1>0 and =0 (Ch. IV, §6.4). Then ac- 
cording to Theorem 6 of Bojarski (Appendix to Ch. IV) 
I~ = 2n—m+1 and consequently Uj = 0. This was to 
be proved. 

For n> m—1 Problem A; is always quasi-correct and 
for n<m-—1 it is in general incorrect. Therefore for’ 
n > m—1 Problem A; is said to be normally quasi-correct 
problem. 

It should be noted that the investigation of the prob- 
lem of the normal correctness of Problem A; is of con- 
siderable geometrical importance. An elucidation of this 
problem enables us for instance to examine the degree 
of stability of properties of the constraints (10.3). For ex- 
ample, if they are compatible with infinitesimal bendings 
of the surface it is interesting to know whether this property 
is preserved under a small perturbation of parameters 
determining the constraints. In practice constraints are 
always set up approximately; it is therefore important to 
know the extent of influence of errors which can occur in 
setting up the constraints, on the character of deformation 
of the surface (see also Ch. VI, §5.12). 

10.6. We now procceed to the investigation of the 
problem of solubility of Problem A;. Let us denote by 
and i; the numbers of solutions of the homogeneous 
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Problems A; and Aj. In view of Theorem 4.8 these numbers 
are connected by the relation 


y—-Y =2n+1—m, where n=. (10.27) 


We first consider the case in which » <0. Then ac- 
cording to Theorem 4.5 = 0 and consequently 


= —Int+m—1. (10.28) 


Thus, im presence of bonds of the form u=O0 the 
surface is rigid if m< 0. But rigid constraints of this type 
are not correct. Under normal perturbations they are 
carried into constraints of the form w+ = f* which are not 
always compatible with infinitesimal bendings of the 
surface. The adjoint homogeneous Problem Aj has 
i; = —2n+m—1 solutions w;*(t) (7 =1,..., —2%+m—1) 
and consequently the following relations should be 
satisfied: 


| rue =o (j=1,..,-2n+m—1), (10.29) 
L ‘* 


These relations obviously do not hold for an arbitrary 
continuous function f*. Hence, for n< 0 the rigid con- 
straints w= 0 are incorrect. It should be observed however 
that for normal perturbations of the form us = 0 the property 
of rigidity of the constraints u,= 0 is preserved. 

We note that the case examined above occurs for 
ovaloids with three or more openings (m>1) if the 
direction t belongs to the class l or s. Then % = 1—m < 0 
and the homogeneous of the form 


u=O9O (on L) (10.30) 
are rigid. 

Let n> m—1. Then according to Theorem 4.10 the 
homogeneous Problem A; has exactly 1, = 2n+1—m 
linearly independent solutions, and the non-homogeneous 
Problem A; is always soluble. 
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Consequently the displacement field satisfying the con- 
ditions of Problem A; has the form 


2n+1-—m 


U=U+ >» ay, (10:31) 


k=1 


where U, is a displacement field compatible with the 
conditions of the non-homogeneous Problem Aj, 
U,, ..., Usn4i-m are linearly independent displacement 
fields satisfying the homogeneous boundary condition 
u=0 on ZL, and d, are arbitrary real constants. Thus, 
Problem A; in the case under consideration (n > m—1) 
is quasi-correct. Making use of the results of §6.3 of 
Chapter 4 we can make the problem correct by adding 
new point conditions. 

Let us arbitrarily fix k interior and k’ boundary points 
of the surface, denoting them by M,,..., M;, and Mj, ..., 
..., My, respectively. The numbers & and k’ are subject 
to the following conditions: 


(1) Qk+k’=2n+1—m, (2) k’>m, (10.32) 


and on each of m arbitrarily chosen boundary curves 
(the number of them is m-+1) an odd number of points 
are fixed. In §6 of Chapter 4 such a set of fixed points 
was called the normally distributed (k, k’) set. 

Let us now additionally prescribe at the points MM; 
and M; the tangential component of the displacement 
vector U, ie. let us additionally impose on the surface 
such constraints that they prescribe at these points the tan- 
gential components of the displacement vector. Taking 
into account that the components of the vector U in the 
direction t at the points Mj should be given in accordance 
with the boundary condition of the problem, the above 
indicated additional conditions can be put in the form 


u(M;) = 4; , v(M;) =); iS Tat ts 


, 10.33 
uy( Mj)= Cj (j =1,..., k ) ’ ( ) 
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where u and v are the tangent components of the displace- 
ment vector, and a;,b; and ¢; are some given real con- 
stants. 

The boundary value Problem A; with the additional 
point conditions (10.33) taken into account, is a correct 
problem. This problem always has a solution and a unique 
one, the solution depending continuously on the data of 
the problem. These assertions readily follow from the 
results of §6 of Chapter IV. Thus, for n > m—1 Problem A, 
with the additional conditions (10.33) is normally correct. 

It remains to examine the cases of 


0<n<m—-1l, m2P1. (10.34) 


It is observed that these cases can occur only for multiply- 
connected domain, ie. for ovaloids with two or more 
openings. 

For n = 0 two cases can take place, namely: (1) j = 0 
or (2) l, = 1. Accordingly, in view of (10.27) (1) §¥ = m—1 
or (2) l; = m. Hence, for m>1 Problem A; is incorrect 
in both cases. In the first case (l;= 0) the constraints of the 
form u, = 0 are rigid but not correctly rigid. In fact, for so- 
lubility of the normally perturbed boundary value problem 
ue = f* conditions of the form (10.29) should be satisfied, 
the number of which is not smaller than m—1 (m> 1). 
In a similar way we find that in the second case (4; = 1) 
Problem A; is not quasi-correct. For m = 1 (ovaloid with 
two openings) in the first case (l; = 0) Problem A; always 
has a solution which is unique. In this case it is correct 
for normal perturbations of the bonds. This fact follows 
from Theorem 6 (Appendix to Chapter 4). 

For m = 1 and i, = 1 Problem A, is evidently incorrect. 

If for n=0 Problem A; has a non-trivial solution 
(4 = 1) the corresponding displacement vector U has the 
property that its tangential displacement field does not 
vanish anywhere, either inside or on the boundary of the 
surface. This result follows immediately from the for- 
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mula (10.10) if it is taken into account that w 40 in 
G-+T, since it is a solution of the homogeneous Problem A; 
with zero index (Theorem 4.6). 


10.7. It should be observed that among non-trivial 
solutions of the homogeneous Problem A; the number 
of which for n > m—1 is 2n+1—™mM, there may be trivial 
displacement fields. Since the number of such fields does 
not exceed six we have 


THEOREM 5.18. If 2n—m> 5 Problem A; has at least 
2n—m—B5 non-trivial solutions to which there correspond 
non-trivial displacement fields. Consequently, in this case 
the surface is not (geometrically) rigid. 

Now, if 2n—m <5 it can turn out that all displacement 
fields, or a part of them, compatible with the boundary 
condition m= 0 are trivial. In the first case the surface is 
(geometrically) rigid. 

Thus, the inequalrty 


2n > m+5 (10.35) 


is a sufficient condition for the non-rigidity of a surface, 
and the inequality 
2n<m+5 (10.36) 


is a necessary condition (but in general not sufficient) of 
geometrical rigidity. 

In particular, for m= 0 a (simply-connected) surface 
is certainly not rigid if n > 2. If however 0 <1 < 2, then 
in presence of only the constraints of the form u4=0 the 
surface is not kinematically rigid, since Problem A; has 
2n+1 solutions. Nevertheless, the possibility of geometric 
rigidity is not excluded, since in this case the necessary 
condition 2n+1< 6 is satisfied. 

10.8. We now consider separately the case of Prob- 
lem A; in which the direction t belongs to the class of the 
tangent s or, which is equivalent, to the class of the 
tangential normal ! of the contour Z of the surface. In this 
case, according to (10.22) n = m = 1—™m. For definiteness 
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let us consider the boundary condition u; =f which, as 
we have seen in §8.11, can be set up with the help of 
bush constraints. Inserting into the openings of the ovaloid 
rigid bushes the surfaces of which are orthogonal to the 
ovaloid and tightly fit the contours of the openings, we 
have along every boundary contour the following con- 

dition: 
uwm=f; (on L;) (7 =0,1,...,m), (10.387) 

where 
fj; = l@jr+lC; (7 =0,1,...,m). (10.38) 


Here 2; and C; are constant vectors. 

These conditions express firstly the presence of a con- 
tinuous contact between the surfaces of the bushes and 
the contours of the openings, and, secondly, the fact 
that the surfaces of the bushes can displace only as rigid 
bodies. If the surfaces of the bushes are ideally smooth 
the contours of the openings of the ovaloid can freely 
move (slide) along these surfaces. Under these conditions 
the constraints of the form (10.37) will be called orthogonal 
ideal bush constraints or else orthogonal sliding constraints. 

Since in what follows we shall consider only bush con- 
straints of the above type, the words ‘‘orthogonal” and 
“ideal” will usually be omitted. 

Besides constraints due to the presence of contact be- 
tween the surfaces of the bushes and the contours of the 
openings of the ovaloid, which we shall call internal con- 
straints, there can exist also external constraints between the 
bushes imposing certain restrictions on their configuration. 
These external constraints can be represented in the form of 
a number of equations or inequalities containing the com- 
ponents of the vectors 2; and C;. Such relations will be 
termed the conditions of external constraints. It is natural 
to assume that these constraints do not oppose the motion 
of the whole system of the bushes and the ovaloid in the 
large. In other words the conditions of external con- 
straints permit a change of the vectors 2; and C; on 
2;— 2 and C;—C where 2 and C are arbitrary constant 
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vectors. This means that one of the bushes can be regarded. 
as fixed. Therefore we shall hereafter assume that 


2=0, CG=0. (10.39) 


Assume that the conditions of external constraints make 
it possible to express the remaining 6m constants—the 
components of the vectors 2; and C; (j =1,...,m)—by & 
independent parameters a,, ..., a,. Then we shall say that 
the bush constraint has k degrees of freedom. For k = 0 the 
constraint is said to be the rigidly connected bush constraint. 
In this case the union of the bushes constitutes one 
rigid system of bodies. For k = 6m we have an entirely 
free bush constraints. In this case the external constraints 
between the bushes are absent and the right-hand side of 
the boundary condition of the problem has the form (10.38) 
where 2; and C; are entirely arbitrary constant vectors. 

As the independent parameters a,, ..., a, we can take k 
components of the vectors @; and C;. Then the remaining 
6m—k components of these vectors are fully definite 
functions of the already fixed k components. In the case, 
in which 2; and C; are linear homogeneous functions of 
the parameters a,,..., 4% the bush constraints is said to be 
linear. 

In the case of a rigidly connected bush constraint, 
taking into account the assumption (10.39) we have the 
homogeneous boundary condition 


um=0 (on LZ). (10.40) 


The index of this problem is n =1—m. For a simply- 
connected surface m = 0 and the index n = 1. Acccording 
to Theorem 4.11 the problem has three linearly independent 
solutions. The adjoint homogeneous problem is that with 
the boundary condition (see (10.21); in our case » = 0) 


6t, =0 (on L), (10.41) 


the index of which is n = — 2. Consequently, the problem 
stated above has no solution. In general the boundary 
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value problem (10.21) has no continuous solution in the 
case of a simply-connected domain if the direction t 
belongs to the class L. 

Returning to the problem (10.40) we examine the case 
m=1. Then the index n = 0 and two cases can occur, 
namely: (1) the problem has no solution and (2) it has 
one linearly independent solution. Finally, for m> 1 the 
index is negative and the problem has no non-trivial 
solutions. Thus, we have the following. 

THEOREM 5.19. In presence of a rigidly connected bush 
constraint the ovaloid with one opening admits three linearly 
independent displacement fields U, U, U®, an ovaloid 
with two openings is either rigid or admits one non-trivial 
displacement field. Finally, an ovaloid with three or more 
openings is always rigid. 

If it turns out that U, U™, U™ are trivial displace- 
ment fields, i.e. 


UV! — gyri EM 


; (10.42) 
(j =1, 2,3), 


an ovaloid with one opening in presence of the constraint 
u = 0 is geometrically rigid. Hence, it is of interest to 
give examples when this takes place. 

Let the contour of the opening be a plane curve and 
assume that the tangential normal of this curve is per- 
pendicular (at all points) to the plane of the curve, similarly 
for instance to the hemisphere. Situating the coordinate 
plane ovy in the plane of the opening we easily find that 
the trivial displacement fields 


UMP =e,, U% =e, U® 2exr, (10.43) 


satisfy the boundary condition wu; = 0. 

It can also happen that only one or two of the three 
fields U, U, U®™ are non-trivial. In the case of a doubly- 
connected domain (m = 1) it is possible to give an example 
in which the bush constraints are compatible with trivial 
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displacement fields. For instance, a sphere with two 
parallel plane (circular) openings admits a rotation about 
the axis in presence of bush constraints. As bushes, in this 
case cones with vertices at the centre of the sphere may 
be taken. 

No matter whether the condition (10.42) is satisfied 
or not, we can ensure rigidity of an ovaloid with one 
opening in presence of the constraints u; = 0 by adding 
point conditions of the form 


u(My)=0, v(M,)=90, wu, (Mi) =0, (10.44) 
or | 
ul Mi) = 0, rg BZ) = 0. (Mh) = 0, (10.45) 


where M, is an interior and M;, Mz, M3 are boundary 
points of the ovaloid, which can be fixed in an entirely 
arbitrary way. It is important to note that under these 
conditions an ovaloid with one opening is optimally 
rigid, and for ‘m > 1 the rigidity is not correct. 

In the case in which the bush constraints have k degrees 
of freedom, 0<k<6m, it is necessary to investigate 
Problem Ay; with the boundary condition of the form (10.37) 
where 2; and C; are given vector-functions of the para- 
meters Gy, ...) A. 

Let m> 1. Then the adjoint homogeneous Problem Aj 
has in view of (10.28) 1; = 3m—3 solutions. Hence, the 
necessary and sufficient condition of solubility of Prob- 
lem A; is the following: 


mm 
» fttBas =0 (10.46) 
j=l L; 


p=1,...,3m—83), 
where 


1 ; Agel Z dz 
1B = Ful), Maz — (10.47) 
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Here wi, are solutions of the homogeneous Problem Aj, 
ie. solutions of the equation (10.12) satisfying the boundary 
condition 


d 
Re wes 7a =0 (onl). (10.48) 


According to the formulae (10.38) the relations (10.46) 
take the form 


m 
D> @)Mjy + CiFip = 0  (p =1,...,3m—3), (10.49) 


j=l 


where 
1 ; 
Fp = : | woleyrsde ’ 
Py 


(10.50) 
Mip =; | wsle)r x rzdz. 


ry 


The mechanical meaning of these expressions will be 
elucidated in the next chapter. 

Thus, the fulfilment of the system of relations (10.49) 
is a necessary and sufficient condition for the existence 
of the solution of Problem A, with the boundary con- 
dition (10.37). In other words, an ovaloid with three or 
more openings admits an infinitesimal bending in presence 
of bush constraints with k degrees of freedom if and only if 
the parameters a,,..., a, determining the location of the 
bushes compatible with the external constraints, satisfy 
the system of equations (10.49). 

This system of equations can be either linear or non- 
linear with respect to the parameters a,, ..., dm. Let us as- 
sume that we have linear bush constraints. Then the vectors 
2; and C; are linear homogeneous functions of the para- 
meters a,,..., a,. Let @ be the rank of the matrix of the 
system (10.49). 

Ii @ =k it is evident that the system (10.49) has only 
the trivial solution 2;= C;=0 (j =1,...,m) and con- 
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sequently in this case the surface is rigid. If now e<k 
the system (10.49) has k—o solutions which can be rep- 
resented as follows: 


Aj = 07,8, +... + Cine Br—g (j=1,...,%), (10.51) 


where ¢; are definite constants and f,,..., B,-, are in- 
dependent parameters which we shall call the allowable 
coordinates of the system of bushes. To every system of 
values of these coordinates there corresponds a definite 
configuration of the bushes, and to every such configura- 
tion (and only to this configuration) there corresponds 
a definite (and unique) non-trivial displacement field 
compatible with the constraints present. Denoting by 
u™, ..., U* the displacement fields corresponding to the 
allowable coordinates (1,...,0),(0,1,...,0),...,(0,0,...,1), 
respectively, the general solution of Problem A; in pre- 
sence of external bush constraints has the form 


U = p,U%+...48,-U"™ . (10.52) 


It is readily seen that U™,...,U%® are linearly in- 
dependent vectors. If we now add to the prescribed con- 
ditions kK—@ more, suitably chosen additional conditions 
(for instance point conditions) we can obtain that Prob- 
lem A; has a unique solution. In particular, these (ad- 
ditional) conditions can so be chosen that the surface 
becomes correctly rigid. 

We now emphasize some results which readily follow 
from the above considerations. 

(1) In presence of external bush constraints with k degrees 
of freedom an ovaloid with three or more openings is cer- 
tainly not rigid if k > 3m—3. Then there exist k—e > 
>k—3m+3 different configurations of the bushes to 
which there corresponds definite linearly independent 
displacement fields U™,...,U“; the displacement fields 
corresponding to other allowable configurations of the 
system of bushes are given by the formula (10.52) where 
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Biy +++) Be-g are allowable coordinates of the system of 
the bushes. 

(2) In presence of external bush constraints with k degrees 
of freedom the surface can be rigid only if the necessary 
condition k <3m—3 (m>1) ts satisfied. 

This condition, however, can turn out to be insufficient. 
It would be of importance to give an appropriate example. 

Finally, we examine the case of a doubly-connected 
domain (m = 1). Then n = 0 and the homogeneous prob- 
lem either has no solution or has one solution. In the 
first case the surface admits always a non-trivial displace- 
ment field compatible with an arbitrary bush constraints 
u =f. In the second case such a displacement field exists 
only if the following (one) relation is satisfied: 


2,.M,,+C,F,, =0. (10.53) 


Finally, let us observe that if the following relations 
were valid: 
F;; = 0 ’ M;; a 0 (10.54) 
(Gj =1,...,m; 7=1,..., 3m—3), 


the condition (10.49) would obviously be satisfied always. 
But the relations (10.54) imply that the statical field 
satisfying the boundary condition (10.48) is a bending 
field which satisfies the boundary condition (10.41). In 
the next subsection we shall prove that the geometrical 
problem with the boundary condition (10.41) has no non- 
trivial solution. In other words an ovaloid with edges, in 
presence of constraints of the form (10.41) is rigid. It follows 
that the fulfilment of all relations (10.54) simultaneously 
is impossible. Hence, the boundary condition (10.37) is 
incompatible with an infinitesimal bending if the values 
of the constant vectors @; and C; are arbitrary. 

10.9. We now investigate the geometrical boundary 
conditions of the form (10.21) which, as we have seen 
above, can be written in the form (10.13) where w’(z) is 
a solution of the equation (10.12) and subject to the 
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additional conditions (6.42). The last conditions ensure 
existence of single-valued fields of displacement and 
rotation, which can be obtained by means of quadratures 
from the formula 


o = 2Im Ee "4 (10.55) 
In the case of a simply-connected surface the conditions 
(6.42) are always satisfied and therefore the problem is 
reduced to the determination of a solution of the equa- 
tion (10.12) which is continuous in G+J' and satisfies 
the condition (10.13). If the direction t belongs to the 
class I the index » = —2 and, as it was already indicated, 
the problem (10.21) has no non-trivial solution. 

Let us now investigate the case m>1 assuming as 
before that t belongs to the class J. If we do not take 
into account the condition (6.42) ensuring single-valuedness 
of the fields of displacement and rotation, we have the 
boundary value Problem A; adjoint to the kinematic 
Problem A;. This problem has a statical interpretation 
which will be elucidated in the next chapter. Since the 
index of Problem A; is n =1—™m, in view of the for- 
mula (10.27) the number of linearly independent solutions 
of Problem Aj; is l’ =3m—3 (m>1). Denoting by 
wi, ..., wy, the complete system of solutions of Problem Aj, 
the general solution of this problem has the form 


w= cw,+..teupy (UU =3m—3). (10.56) 


In order to obtain the solution of the homogeneous 
problem (10.21) it is necessary and sufficient that w’ 
satisfies the relations (6.42) which can be written in the 
form 


8m—-8 3m—8 rxt 
29 Janae do J wh = de = 0 (10.57) 


oe ee m) . 
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In deriving the above relations we have taken into account 
that for the solutions of Problem Aj the formula (6.45) 
takes the form 


Aa 2) 
A4(2) 


Thus we have a homogeneous system of 6m equations 
for the determination of 3m— 3 real constants ¢, ..., Csm—s- 
If this system of equations has no non-trivial solutions 
then (and only then) an ovaloid with m-+1 openings sub- 
ject to the constraints expressed by the boundary condition 


1, 
z 


Tw =F ) t,  Ar(z) -% (on LZ). (10.58) 


— dkgsing+dr,cosp =0 (on DZ), (10.21) 


is rigid. It was already noted above that we assume 
that the angle g is Hélder continuous and its absolute 
value does not exceed x, i.e. 0 < |p| < a. In other words 
the direction ¢ belongs to the class l. 

For brevity this geometric problem will hereafter be 
denoted by By. 

Taking into account the formula (10.58) the rela- 
tions (10.57) can be written thus: 


3m—3 3m—8 
> 4 fTBeds=0, So [TQrxeds=0 (10.59) 
j=1 Ty j=l Ty 

(K=1,..., m), 
where 
A,(z) 
A(z) 


(k =1,...,3m—8). (10.60) 


Tie, = = wi(2) 

We shall consider the case when the boundary condi- 
tion (10.21) has the form 

6kg =0 (on LZ). (10.61) 

As we found in §8.5 this boundary condition corresponds 


to an ovaloid with trimmed edges. In this case @ =5 
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and, consequently, t = s,t’ = —l. Then the conditions 
(10.59) take the form 


m—8 38m—3 
doy frRa=0, » o fTRrxdr =0 (10.62) 
j=1 Ly jul Dy 

k=1,...,m). 


We now consider the case of an ovaloid with two 
openings. Then m=1 and the index n= 0. According 
to Theorem 4.6 in this case the homogeneous Problem Ay, 
either has no non-trivial solutions or has one linearly 
independent solution. In the first case the geometric 
problem with the boundary condition (10.61) evidently 
has no non-trivial solutions, i.e. if this condition is satisfied 
an ovaloid with two trimmed openings is rigid. Assume 
now that Problem A; has one non-trivial solution, i.e. 
there exists a complex stress function w’ which satisfies 
the boundary condition 


Tw = —VaRe fe (| —0 (on L). (10.63) 


It was however indicated above that to the geometric 
condition (10.61) there correspond only these solutions 
of the problem (10.63) which additionally satisfy the 
conditions 


(1) fTa@dr=0, (2) | Tayrxdr =0, (10.64) 
aK Ty 
and in view of (10.60) 
Tay =; 10'(zye2, (10.65) 


where #, is the angle of inclination of the tangent of I 
at the point z. But in view of Theorem 4.6 a non-trivial 
solution w’ of Problem Aj, if such exists, does not vanish 
anywhere in @+J. Consequently, Ti) #0 everywhere 
on L (it is to be borne in mind that we consider for the 
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time being the case m = 1 and the index of the problem 
is zero). 

Let us now take the origin of coordinates inside 
the ovaloid and let us consider the cone described by 
the position vector r(JZ) when the point M describes 
the contour Z,. Let e be the unit vector of an axis passing 
through the vertex of the cone (the origin of coordinates) 
and situated inside the opening Z,. Multiplying scalarly 
the second relation (10.64) by e we obtain 


f{ Tay(rxs)eds = 0. (10.66) 
Ly 


However, this is impossible. In fact, the vector rxs is 
directed along the normal of the cone and consequently 
it makes with the unit vector e either always an acute 
angle or always an obtuse angle. Hence, the sign of the 
mixed product (r xs)e does not change along L,. Since Ts) 
does not vanish anywhere on L the sign of the integrand 
in the relation (10.66) does not change along L,. Con- 
sequently, the relation (10.66) is impossible. This proves 
that the conditions (10.64) cannot be satisfied simul- 
taneously if Ts) 40 everywhere on ZL. In other words, 
the homogeneous geometrical problem (10.61) has no non- 
trivial solution in the case of a doubly-connected domain. 

This result implies that an ovaloid with two trimmed 
openings is rigid. 

We now examine the case of an ovaloid with three 
openings (m= 2). The index of the problem is » = 2 
and the homogeneous Problem Aj has three linearly 
independent solutions. We shall now prove that in this 
case every solution of Problem Aj at least on one of the 
boundary contours is everywhere different from zero. Ac- 
cording to the formula (4.17) of Chapter 4 the number of 
boundary zeros of the solution w’(z) of Problem Aj does not 
exceed 4, since n = 2. According to Theorem 4.7 there is 
an even number of zeros of w’(z) on every boundary 
contour. Since in the case under consideration there are 
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three boundary contours it follows that at least one 
contour is always free of zeros of w’(z). Consequently, in 
view of (10.65) the corresponding tangent force Tas) 4 0 
everywhere on this contour. Now, as before, we prove 
that the second relation (10.64) cannot hold on the appro- 
priate contour. This completes the proof of the assertion 
that the problem (10.61) in the case of a triply-connected 
surface has no solution. 

Hence, an ovaloid with three trimmed openings is rigid. 

The above reasoning cannot immediately be applied 
to the general case of m> 2. Nevertheless, also in this 
case it can be proved that an ovaloid with trimmed 
edges is rigid. In the case of a truncated ovaloid, i.e. when 
the openings are plane curves, the proof was given in > 
a different way by Yefimov [33a]. 


§11. Infinitesimal bendings of surfaces of revolution 

In this section we examine some problems of rigidity 
of surfaces of revolution. The comparative simplicity of 
the equations in this case makes it possible to investigate 
in more detail the problems of rigidity, not only for 
surfaces of revolution of positive curvature but also 
for a class of surfaces of mixed type. The global reduction 
to the canonical form of the equations of infinitesimal 
bending can readily be carried out in the case of surfaces 
of revolution. In consequence we obtain, in general, 
equations of mixed type in canonical form, and on the 
basis of geometrical considerations it is possible to establish 
in a natural way the character of singularities of the 
coefficients and the conjunction conditions on the curves 
of degeneracy of the type of equations. 

11.1. We consider a surface of revolution having the 
equation 

e=ecos?, y=esind, z= (@), (11.1) 

where 9(o) is a single-valued continuous function having 
sectionally continuous derivatives of the order m>3 
in the interval 0 < @ <a, where a may be infinity. 
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Thus, we examine a surface generated by a revolution 
around the axis oz of a plane curve intersecting every 
straight line parallel to the axis oz at not more than one 
point. The first and the second fundamental quadratic 
forms are given by the formulae 


ds? =(1+%)det+ eae, of =9%, (11.2) 


de 
a a 7 (11.3 
Vito? Vi+¢" 
Hence 
_ gp” 7 op’ +9'(1 + ’?) 
“eae OE Gee OM) 


Assume that 
@ 
Sy a f V[x(e)ide, x -£ (11.5) 
Qo 


and g, is so chosen that the intergal is convergent. In 
general we assume that gm’ and »’’ can vanish only at 
isolated points and that the integral is convergent for an 
arbitrary @, 0 < @ < a. Under these conditions it is evident 
that (e@) increases monotonically from m= 7(0) to 
Na = 4(a), and both 7 and 7, can be equal to — co and +00, 
respectively. 
In the new variables € and 7 we have 


I = ds? = A’d& +4 B'dr?, 


IL = keds? = A(de + e(n) dr?) , (11.6) 
where 
1, if K(n)>0, 
e(n) =signK(y)=;, 0, if K(y) =0,} (11.7) 
—1, if K(n)<0, 
Zz ee: _ ¢ _ ev1+¢? 
A=o, B= A=*, gare (11.8) 


and J is the length of section of the normal to the surface. 


§26 GENERALIZED ANALYTIC FUNCTIONS 


On the lines (parallels) where K = 0 the coefficient B? 
has a discontinuity. 
On the basis of the formulae (3.34) we have 


Peahar eh, a= se: 

A dy o dy res 
: A dA » 14B (11.9) 
n= Be ay 2B ay: 


Here @ is understood as a function in 7 represented by 
the relation (11.5). At the points where K = 0, I; and 
I}, have discontinuities and Ij, vanishes. 
We can now write the basic equations of the infinitesimal 
bending of surfaces of revolution in the following form. 
System of equations for the displacement field (3.39) 
and (3.40): 


ou Ov ou , Ov 
— E —_—_— 


aE aa , op Ee (11.10) 
uy = 3 (5p + P| = ee (11.11) 
where 
b =< a o= zn, (11.12) 
i= BaF, Daa = ty, (11.13) 


and Ua) and 4) are the physical components of the displace- 
ment vector along the meridian and parallel. 
System of equations for the bending field (6.33): 


ou’ ou a Ls 

Oe ee os _— + —-+ pu’ =0, (11.14 

0E an + ev 0, «&(n) dn | OFT u >» ( ) 
where 


u=-—e(n)Ap, v0 =—AB? IT”? = —Bg. (11.15) 
Characteristic equation (5.34): . 


Cw Cw 
aye + (0) Gee t Mn) =0, (11.16) 
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1 
w=({K| 40, v=Vn, (11.16a) 
1 A 


1 1 1 
M=—7 a5) A= |K\ (+9) * = [KI ‘eos8, (11.17) 


and. @ is the angle between the normal of the surface and 
the axis of revolution, — 5 <6 <F. 
The equation (11.16) has three trivial solutions 
A, p=Ag'cos8?, v=Ag'sing, (11.18) 


which are proportional to the direction cosines of the 
normal to the surface. 

11.2. In solving the system of equations (11.10). and 
(11.14) the conjunction conditions on the parallels where 
K = 0 should be taken into account. They follow from 
the continuity of the deformation (in the vicinity of such 
a curve of degeneracy, the surface is regarded as smooth). 

Let K = 0 on a parallel 7 = 7’. Bearing in mind the 
geometrical meaning of the quantities uwq) and uy, as 
well as p and q (see §7.7) we have to regard them as con- 
tinuous on the above line. Then we obtain from (11.13) 
and (11.15) the following conjunction conditions: 


tt |y—0 — U|n’+0 — 0 ; Oly —0 = B|n’+0 = 0 ’ (11.19) 


oe _, 3’ D’ 
Ppa Gnas (5), = (5) ag’ (21-20) 
t/a n 


If K(n’) = 0, K’(y’) 4 0 it is easy to prove that near 
the point 7’ the function M has a singularity of the type 


M,() 
M(n) =—*2 11.21 
(7) (7—n’P? ( ) 
where M,(7) is @ continuous function, and 
; 7 
M,(’) = (11.22) 


rr 
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Thus, the problem of the determination of the displace- 
ment field or the bending field of a surface of revolution, 
leads in an entirely natural way to the problem of the 
global investigation of properties of solutions of equations 
of mixed type, both for the system of partial differential 
equations of the first order (11.10) and (11.14) and for 
the equation of the second order (11.16). The type of 
these equations depends on the sign of K(y). As K(n) > 0 
the equations are of elliptic type, as K(n) < O0Oand K(n7) = 0 
they are of hyperbolic and parabolic type, respectively. 
On the lines of degeneracy (K(7) = 0) the conditions 
(11.19) and (11.20) should be accounted for, for the 
systems (11.10) and (11.14), respectively; for the -charac- 
teristic equation of the second order (11.16), taking into 
account the continuity of the rotation field we have the 
following conditions: 


or 


(\K|#o)+ = (|K[fo)- , 


__q % rz P a — (11.23) 
VK gKo)) = [VIR Z KF) 
In addition, if the surface is sectionally smooth and open 
the conjunction conditions on the contact lines should 
also be taken into account, as well as the boundary con- 
ditions representing the constraints present. 

In particular, if M(7)=0 we obtain the simplest 
typical equation of mixed type of the second order 


aw Aw 


The importance of the global investigation of the 
properties of this equation was first indicated by La- 
vrentyev [47a]. Fundamental properties of the solutions 
of (11.24) and a number of boundary value problems 


INFINITESIMAL BENDINGS OF SURFACES 529 


for this equation were investigated in the papers of Bit- 
sadse [9]. From his results it is possible to derive a number 
of conditions of rigidity for surfaces of revolution of the 
mixed type. | 

It is easy to verify that the relation M(7) = 0 is satisfied 
for instance by the following surfaces of revolution: 


ple) =yt+aloVe+ f+ flog(ot+y e+ Fl, 
plo) =y+aloV o— B—flog(o+ypo— B)|, (11.28) 


Pal) = yal ov = e+ Paresin 5 ’ 


where a, B, y are real constants. 

It is also easy to indicate geometric problems which 
can be reduced to the Tricomi problem [85a, c]. 

Important criteria of solubility of boundary value 
problems for equations of the second order with a line 
of degeneration were first indicated by Keldysh [40b]. 
By applying his results a number of conditions can be 
derived which ensure rigidity of a surface of revolution 
bounded by parabolicity lines (lines on which K = 0). 
Further generalizations on one hand and more definite 
results for equations of more particular form on the 
other hand, of the above results were presented in the 
papers [16a], [43], [56b], [66b], [83]. 

It is of a considerable interest to carry out a further 
investigation of mixed problems and boundary value 
problems with a line of degeneracy for equations of the 
second order (11.16) or for the systems of equations (11.10) 
and (11.14), taking into account definite properties of 
the coefficients of these equations. In particular it would 
be interesting to investigate properties of solutions of 
the equation (11.16) when the coefficient M(n) has the 
form (11.21). * 


* It is well-known that for the mixed-type equations (or with lines 
of degeneracy), problems are stated mainly in connexion with pro- 
blems of gas dynamics. It is of a great importance to connect more 
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11.3. In the case of a surface of revolution bounded 
by the parallels 7 = const it is of interest to determine 
solutions of the equation (11.26) periodic with respect 
to & (the period being 2x). This problem leads to an in- 


vestigation of ordinary differential equations of the form 
ay 2 11.96 
ay t Lele +M(n)ly =0 (11.26) 


(n = 0,1, ..., e(y) = signK(7)) . 


An absence of bounded solutions of these equations 
(except trivial) is a criterion of rigidity of the surface. 
In particular it is of interest to investigate the cases when 
the function M(y7) has singularities of the form (11.21). 


11.4. In the following subsections we shall derive some 
criteria of rigidity of various families of surfaces of 
revolution. The results stated below ware obtained by 
Metskhovrishvili [52], Bojarski [11h] and Sun Che- 
shen [81], many of these results being published here in 
complete form for the first time. 

The function y(@¢) has so far been regarded as single- 
valued. This is equivalent to the fact that the correspond- 
ing surface intersects every straight line parallel to the 
axis of revolution at not more than one point. It is desirable 
however to eliminate this restriction, since it is not satisfied 
for, say, closed surfaces of revolution. 


closely this range of problems with problems of the infinitesimal 
bending of surfaces, and with the membrane theory of shells (see Chap- 
ter VI, §5). In many cases the comparative simplicity and clearness 
of these geometrical and mechanical problems can suggest a number 
of properties of the reguired solutions as well as some new methods 
of investigation. The examples usually quoted from gas dynamics 
have a great practical importance; they had a considerable influence 
on the progress of this important chapter of partial differential 
equations; they do not have however such a clear meaning. As we 
have seen above the statements of these problems follow from simple 
geometric consideration for the systems of first order equations 
(11.10), (11.14) and for the equation of the second order (11.16). 
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In such more general cases we can regard the surface 
a8 a union of open surfaces of revolution of the above 
considered type, which are in contact along the parallels 
bounding them. Writing the appropriate equations of 
infinitesimal bending for each of these surfaces we should 
complete them by the conjunction conditions representing 
the continuity of deformation along the contact lines. 
Thus, the problem is reduced to the solution of a set 
of systems of partial differential equations (11.10) and 
(11.14) or equations of the second order (11.16), taking 
into account the above indicated conjunction conditions 
on the contact lines and the boundary conditions repre- 
senting the external constraints present. 

However, for a number of surfaces of revolution, it is 
possible to introduce coordinate systems making it possible 
to write down the equations of infinitesimal bending for 
the whole surface, without splitting it up into sections, 
[41a, b]. This is the case for instance for ovaloids of 
revolution and the torus. We start with the case of 
a torus. 


11.5. The equation of a torus can be written in the 
form 


xv = 1(1+ ecosy)cosé , = 1(1+ ecos¢)sin? , r = asing, 


where a is the radius of the circle generating by rotation 
the torus, ? the distance of the centre of rotation from 
a 
U 
torus, p internal latitude of the torus, # the longitude of 
the meridian of the torus; for a full toruu0<o< 22,0 < 
<I <2 In. 

In this case the first and second fundamental quadratic 
forms of the surface of the torus have the form 


the centre of the circle, « = — the eccentricity of the 


I = ds? = dg? +P(1+4+ scosp)*de , 
II = ady* + lcosy(1+ ecosp)d&® . 


36 


532 GENERALIZED ANALYTIC FUNCTIONS 


Consequently. A=a, B=1(1+ecosy), e< 1, and ac- 
cording to (3.34) 


rn =0, ri=0, Pi = ) rh =0, 
Pete: esing rhe sing (1+ ecos¢) 
1+ «cosy ’ e é 
Since 
;-i!i k -t — 008? __ 
ae a eR, U(1+ecosg)’ 


the systems of equations (3.39) and (6.30) for a torus 
take the form 
Ou ee ov 
dp cosy od 
ou , 1+ <ecos@ ev 
oo E 


+tangu = 0, 
(11.27) 
rene =0, 


— COsp Fe 24 2singN, =0, 


1+ecosp San sel ree) 


We also have 


_ bu = ECOSP 
oe Tel ~ 1+ ecosp oe 


The characteristic equation has the form 


e ey 


ogo Toren =0Q. 


ae F(a + c0osp) set 
We now prove that the surface of a (full) torus ts 
rigid with respect to infinitesimal bendings. The necessary 
and sufficient condition is that the system of equa- 
tions (11.28) has no solution continuous on the whole 
torus, ensuring the single-valuedness of the displacement 
field. 
Geometrical considerations imply that solutions of the 
system (11.28) continuous on the whole torus should be 
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periodic functions in g and #@ the periods being equal 
to 2x. It can be proved however that all such solutions 
of the system (11.28) have the form 


N,=N,=0, HA, = c(1+ ecosq)~, 


where ¢ is an arbitrary constant [52]. 
The condition (6.24) takes in our case the form 


[Tods = [ Hidr =0, (11.29) 
L L 


where e,, e,, e; are the unit vectors of Cartesian coordinate 
system (e, is the unit vector of the axis of rotation). 
Taking for the integration line the circle = 0 we can 
write the condition (11.29) in the form 


Qn 


2 
e, { ha eg _ 
°J (1+ecosy)? ‘J (1+ecosy)? 


0 0 


This condition however is not satisfied, since 


2n 
f cosy(l1+ecosy) "dp AO as Ee #0. 
0 


The last result proves that the surface of a full torus 
does not admit infinitesimal bendings. The proof gi- 
ven above was obtained in the paper [52a]. In this 
paper conditions were also given for the rigidity for 
various sections of a torus, and problems of membrane 
equilibrium of a torus were examined [52a, b, ec]. 

11.6. In this subsection we shall consider some cases of 
bush constraints on surfaces of revolution. We shall make 
use of a special coordinate system in which the axis of 
rotation of the surface coincides with the oz-axis. The 
points of the surface will be determined by the pair (z, @) 
where # is the angle of revolution. Then the position 
vector r=r(z,#) of the surface § under consideration 
can be represented as follows: 


r=2k+o(zje(@), wm<2<%m, O<9<2Qa, 


36* 
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where (2) is the meridian of the surface, k the unit vector 
of the rotation axis, e(#) the unit vector perpendicular 
to k, which as # varies describes a circle with the axis k 
and the length of arc 3. Let g(#) = k xe(#). The displace- 
ment vector U can be decomposed with respect to the 
triplet e, g, k, 


U=U(z, 0) = uve+vg+wk. (11.30) 


Then it is readily seen that the basic equation dUdr = 0 

is equivalent to the following system of partial differential 

equations of the first order for the components uw, v, w, 
[41a], 

o'(z)U,+w,=90, 
vetu=0, (11.31) 
0(2) s+ e'(2)(ue—v) + We = 0. 

Eliminating u(z,0) and w(z,%) from this system we 
obtain 

— 0'(2) Veo + O(2)Ve—0'(2)0 =9,  (11.31a) 

The equations (11.31) and (11.31a) may have no singular 

lines when 2->% Or 2%. 
Eliminating u from the system (11.30) and introducing 
new unknowns a and f in accordance with the formulae 


a= w—9'%s, pao (11.32) 
we obtain for a and f the system of equations 
dg= pps, %=—9Bz (11.33) 
and 
(pBo)o + (QBe)z = 9, (11.34) 
where 
p=-e0'e, q=e. (11.35) 


Let LZ, and Li be two parallels of the surface 8, z=% 
and z= 21, respectively, 2 <%< 21 <%, bounding the 
strip 8, of the surface S. Let us assume that along ZL, and 
Li the surface S, is subject to bush constraints determined 
by a surface 2 (see §8.11). We shall not assume that 
the surface is a surface of revolution but wé do assume 
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that the normal v of 2 along L = £,+L; lies in the plane 
of the vectors k,e ic. » = »,k+7,e where », and v, are 
some functions of point of the curve LZ. According to §8.11 
if 2’ is fixed the conditions of bush constraints have the 
form Uy = 0 on JZ, or 

wy, +ur,= 0. (11.36) 
In the variables a and £ the last condition has the form 


Fa+F2Be = 0, where %, = = By = 9'%—%. (11.37) 
Let us now assume that the surface 8, under consideration 
is a sectionally regular convex surface. Let 2;,,7 = 2,..., n— 
—1, 4< 4% < 241<...< 2, = 2 be a sequence of the 
break points of the meridian @ = e(z). Let LZ; be the 
parallel z =z; and I, the interval (2;_,, 2). Then, inside 
Ij, 0'"(2) <0, ie. 

p2>0, gq>0 (11.38) 
and 

ot (z:) > o'~(%) , (11.39) 

where the signs ‘+’? and “—” denote the derivatives 
from the left and from the right, respectively. 

Let U be a displacement field continuous on S, and 
belonging to the class C? in every strip between the 
parallels L;, and L,;, and moreover satisfying the bush 
constraints (11.37) on LZ. 

Multiplying the equation (11.34) by B we obtain 


ps + 9bs= (pBoB)ot (GBeB)s - 


Integrating this relation over the rectangle R;:%;_,< 
<2<%, 0<0< 2x, we have 


JI; = J J (p65 + 962) dede = J J U(asB)o— (aoB)e]d0 de 
4 4 


= f{ adp+ f ad, 
Ly 


Ti, 


the integration in both integrals being performed in the 
direction positive with respect to R;. Summing these 
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relations with respect to + and denoting the limits of 
the quantities a and f on ZL; from the right and from the 
left by the signs ‘‘“—’’ and ‘-++’’, respectively, we obtain 


0<J= ee f adp+ S f(a-dp-—atdp+)— faap, 


Ly ime L; Li 
(11.40) 
the integration in all integrals in (11.40) being performed 
in the same direction as on I,, i.e. in the direction of 
decrease of the quantity #. 
In view of the continuity of deformation we have in 
view of (11.33) 
a-dp-—atdft = (a~—at)dp- 
= —[9’~(%)— 9't(#)]fod0 on L,, 
which yields 
fa-dp-—atdp+ <0, 4=2,...,n-1. (11.41) 
Ly 
From the boundary condition (11.37) we obtain 
faap=—fucds ond — f adp =f potas, 
In Ih . Ty ly 


where 


We now assume that 
#<O0 on EL, and wed on Ty, (11.42) 

Then 

fadp<o and —f adg<o. 

1 is 
It follows from the last equation in view of (11.41) that 
J <0. On the other hand, however, in view of (11.40) 
J >0. Hence, J=0, and fs = B, = 0; it can easily be 
verified that the last result is possible only for trivial 
infinitesimal bendings. 
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If the contour L; is absent, i.e. when the section 8S, is 
simply-connected and a bush constraint is given only on L, 
and satisfies the conditions (11.36) and (11.42), then 
making use of the property of smoothness of the func- 
tions a and @ in the vicinity of vertices of the surface, 
it is readily observed that also By = f, = 0. 

Thus, we have proved 

THEOREM 5.20. A section 8, of a convex sectionally 
regular surface of revolution bounded by one or two parallels, 
does not admit non-trivial infinitesimal bendings if it is 
subject to bush constraints generated by a surface X satis- 
fying the conditions (11.42). 


Fic. 9 


If n is the inward normal of the surface S and ¢ is the 
angle between » and n it is readily derived by making 
use of the relation cot 6 = o’(z) where 6 is the angle 
between n and k, that the condition (11.42) is satisfied 
wt % 
2 2 

In Fig. 9 the appropriate region of change of the gener- 
ators l of the surface 2, orthogonal to the normal vector », 
is shaded. If all generators of the boundary strip of the 
surface 2 along the edge L are situated in the indicated 


if p >= as y,>0, or p< = as 4, < 0. 
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region, the bush constraint under consideration is cer- 
tainly rigid. In the opposite case, as will be proved below, 
the bush constraint can turn out to be non-rigid. This fact 
however will occur in general only in exceptional cases. 


11.7. If », and », are constant along Z,, ie. when the 
boundary strip of the surface 2 passing through the 
contour L coincides with the strip of the cone of revolution 
the axis of rotation of which is the oz- axis, the assertion 


Fig. 10 


proved above can be significantly strengthened (at the 
same time the proof is simplified). Namely, in this case 
the cones X and 27 (obviously in the case under con- 
sideration all surfaces X' can simply be regarded as cones 
of revolution) which lead to non-rigid constraints can be 
described more precisely. In this case both cones passing 
through ZL, and L; are completely determined by the 
angles 6, and 6;, respectively, between the generators 
of the cones and the oz- axis (Fig. 10). It is obvious then 
that 

4 cot6, on IL, and t= cot 6; on Li. (11.43) 


2 2 
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THEOREM 5.21. For an arbitrary 6, there exists a se- 
quence O;%, cot 0;4->—0'(21) when k->oco, such that the 
constraints determined by the cones 2, and Xi y (61 = Ox), 
respectively, are non-rigid. If for a fixed cone X, the cone 2; 
does not coincide with any of the cones given by the formula 
(11.48) (0; = 61,,) the bush constraints determined by the pair 
of cones (2,, 21) are rigid. 

PRooF. Let us expand the function v(z,%) in the 
Fourier series with respect to #, [41b]: 


o(2, 8) = »* ppet® . 
k=—oo 
The coefficients yp, of the above expansion, in view 
of (11.31) satisfy the equations 


o(z)pe +(K®-1l)yo’ =0 (k=0, +1,...). (11.44) 


The condition of bush constraints (11.36) yields the fol- 
lowing boundary conditions for the functions y,(z), for 
every k: 


oy. t+ o'(K®—1)y,.+ky,cotO=0 for 2e=2, (11.45) 
and 
ovet o'(k®—-1)y,+hy,cot6=0 for z=2,. (11.46) 


If the equation (11.44) for k > 2 has no continuous solu- 
tions in the interval (z,, 21) which satisfy the boundary 
conditions (11.45) and (11.46), then it is evident that the 
bush constraints under consideration are rigid. 

If the contour LZ, is absent, i.e. if the section of the 
surfaces under consideration contains a vertex, the 
boundary condition (11.45) on LZ, has to be replaced by 
the condition of boundedness of the solution of the equa- 
tion (11.44) for zz). In view of the conditions @(z) = 0, 
e’(%) = +00 this leads to the relationships 


vil) 0'(Z) 9 


veto) = vito) = 0; TE 


aS eZ. (11.47) 
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Integrating the equation (11.44) over the interval (z,, 27) 
we obtain 


, 
! 


, 4 
YkO— Pro’ [= — i? i pro dz , 
2! 


which in view of (11.45) leads to the condition 
Zi 
wul24) (0'(21)-+ cot 61,4) — (0'(%,)+-eot 6) = f yeo"de. (11.48) 
2 
In view of the homogeneity of the equation (11.44) and 
the boundary conditions (11.45) we have taken above 
with no loss of generality »,(2,) = 1. 

Thus, if the angle 6), satisfies the condition (11.48) the 
bush constraints under consideration are non-rigid; in fact, 
taking for y,(z) a solution of the equation (11.44) with 
the initial conditions 


o'(%) — ML o'(a) + cot 41) 
0 (2) 


we find that this solution according to (11.48) also satisfies 
the second boundary condition (11.46) and does not 
vanish identically. On the other hand, since the function 
cot@ takes real values in the interval (0,2) the rela- 
tion (11.48) for any fixed 6, determines a sequence of 
angles 6}, ic. cones 2%, k =1,2,..., which added to 
the cone 2, set up non-rigid bush constraints. 

Tf LZ; is absent [81], the relations (11.48) are regarded as 
conditions determining a sequence of angles 6, for which 
the bush constraints set up by the cone 2 are non-rigid. 
In accordance with (11.48) these conditions take, the form 


ye) = 1, pela) = 


b] 


, 


o'(%) +eot On = — J yele)e"(2)dz. (11.49) 


It still remains to prove the last assertion of the theorem. 
For simplicity we shall confine ouiselves to the case in 
which ZZ; is absent. Our condition »;(z,) = 1, the con- 
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ditions (11.47) and the equations (11.44) imply imme- 
diately that y,(z) is monotonous and 0 < y,(z2) <1 in 
the interval (z,, 2). Further, taking into account (11.47) 
we obtain from (11.44) an integral equation for y, 
2 u 
vn(2) =i [fe asan. (11.50) 


26 26 

It is however readily observed that in view of monotonic 
behaviour of y,(z) the assumption (2) > a> 0 for 
a sequence k;->oo in an interval 7,<%<2<z< % at 
once leads to a contradiction with the equation (11.50). 
Hence, inside the inerval (2,, 2o)y,(2) 90 uniformly. But 
then, according to (11.49) 0’(2,)+ cot 60,,70. This com- 
pletes the proof. 

In particular, we have also proved that o’(z,) + cot 6: > 
> 0. Now, from (11.49) it is possible to obtain for o’(2,) + 
+ cot 6,, an upper estimate [81]. In fact, we infer imme- 
diately from the equation (11.44) that wie) -=5 
for all 2,<2< 2. Substituting this estimate in (11.49) 


we have 
* Z—z 
0 < 0 (4,)+cotO.. < =f : x (2) dz 
1 0 


#1 


= —o'(a) 2), (11.51) 
— 2% 


It is readily observed that the last inequality has the 
following simple interpretation. Let us denote by 2, 
and 2, cones whose generators are perpendicular at the 
point A to the curve e = e({z) and the straight line OA, 
respectively (Fig. 11). Then the generators of all cones 2, 
which set up non-rigid bush constraints are contained bet- 
ween the generators of the cones 2, and ; (see Fig. 11). 

11.8. In some cases—when the equations (11.44) can 
be explicitly solved—the formulae (11.48) make it possible 
to find exact values of the angles 9, corresponding to 
non-rigid bush constraints. 
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Below we shall give examples of calculations of the 
angles 6;,. To begin with let us consider the case of in- 
finitesimal bendings of a spherical section. We shall here 
apply a method distinct from that of the preceding section; 


Fie. 11 


the method of functions of a complex variable will be 
employed; in the general case it was given in the preceding 
sections. 

Let (&, 7) be an isometric—conjugate coordinate system 
on the sphere. It is known that such a system occurs if 
the sphere is projected from the south pole on the plane 
of the equator. Put ¢ = +n, € and 7» being connected 
with the geographic coordinates on the sphere by the 
formulae 


¢ =tan 3 ef , (11.52) 


where #@ is the latitude and » the longitude. 

Let (2, y,2) be a system of Cartesian coordinates in 
space. The equation of the sphere S of radius r with 
centre at the point (0,0, q) referred to the isometric— 
conjugate coordinate system has the form 


+o #02) a4.2— 4), (11.53) 


rary =r(EES, Lees te ieee 
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Let us also write the expressions for the coefficients agg 
of the first fundamental quadratic form and the deter- 
minant a: 


4yr2 = 
Ay) = og = rl +tey ——4 Va 5 Aye = Qo, = 0 . (11.54) 


On the basis of the formulae (3.65a) we now obtain the 
following expression for the displacement vector: 


U= Re| — 20(¢)m, + (01¢)— ) n| y (11.55) 


where n is the unit vector of the inward normal, ©(¢) 
a function holomorphic in ¢ which according to (3.65b) 
and (11.54) is related to the complex displacement function 
by the formula 
P(0) = Ne: + wi +e) ; (11.56) 
V a 4r 

The condition ®=0 is sufficient but in general not 
necessary in order that the infinitesimal bending cor- 
responding to the function ®(¢) be trivial, i.e. that the 
displacement field U be identical with the field of an 
infinitesimal motion. 

Let us also note the following expressions for the 
vectors r; and n: 


1G —#(1+-24) = 
oat ay a a cea ee OT 
: ares (14+¢¢)? — (1+20)? rm, ( ) 
—n an (te i(g—) a 
1+00’ 140° 142) 


In a displacement of the centre of the sphere S along the 
z- axis the expressions for nm; and n remain unaltered. 

Employing the formulae derived above we examine the 
sliding of a spherical section along two co-axial circular 
cones (Fig. 12). 


(11.58) 
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The parallel edges of the section S will be denoted 
by £, and L,. Let 6, and 6, be the latitudes of ZL, and L, 
in geographic coordinates. Let us imagine that into the 
openings bounded by the curves LZ, and L, two circular 
cones +, and 2, are inserted, their axes coinciding with 


Fig. 12 


the z- axis. The situation of 2, and 2, is completely 
determined by the angles a and # the orientation of which 
is taken to be counter-clockwise so that the angle a in 
Fig. 12 is regarded as negative. Evidently, we have 
6,-z<a< 0, and 6.—x<f< 6. The equality signs 
correspond to the case in which one or both cones 2, and 
+, degenerate into cylinders with generators parallel to 
the z- axis. For a = 8B = 0 we obtain orthogonal constraints 


to which Theorem 5.19 may be applied. If a= 5, 


p= 0-5 the cones degenerate into planes and we have 


the case of slliding along parallel planes. 
Let v, and », be unit vectors of the normals of 2, and 2, 
at points of the contours LZ, and L,, respectively. Then 
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the condition of bush constraints takes the form (we assume 
that the cones are rigid and fixed) 

Ury,=0 on Jy, 

U.=0 on kk, 
where U is the displacement vector given by the for- 
mula (11.55). Let n, and n, be inward normals of 8 on the 
edges DZ, and L,, respectively. It is clear (see Fig. 12) 
that. 


(11.59) 


74%, = ane on I,, (11.60) 
nyv,=sinb or T,. 
Similarly, it is readily observed that the following ex- 
presions for the components of the vectors v, and », hold: 


= (AGO A,i(€—£) » ae. Js 


20, ’ 2 
Mees i ) at 
i(e— . 
no 8, “2a? non 
where ‘ 
A, =~—cos(@,—a), », =sin(0,—a), (11.62) 


A, = —C08(6,.—B), v= sin(0,—f). 
Hence, taking into account (11.57) we obtain for the 
scalar product —my,;, the following relation: 
tr 2 air 
— Rey = ——— 5 [A,(1— 07) — 2% 0,) = - (11.63) 
es(1+ @:)° 4 (1 +93)" 


(¢=1,2). 
Taking into account the expression (11.55) for the 


components of the displacement vector, in view of (11.50), 
(11.63), the condition (11.59) takes the form 


Re(@y;,+G’)=0 on YX (ie. [ft] = 0;, 


é=1,2), (11.64) 
where 
yy = Zhe sin (1 + 1) 
(1+ 01)*sina 
2[v2—sin B(1 + 03)] 


(1+ 93)’sin B 


2= (11.65) 
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and © = @(¢) is a function holomorphic in the ring 9, < 
< |¢|< @,, which determines an infinitesimal bending of 
the section S. Thus, the determination of all infinitesimal 
bendings of the section S subject to the bush constraints 
described above, is reduced to the determination of all 
functions ® = ®(2) holomorphic in the ring e, < |é| < @, 
in accordance with the condition (11.64). 

By the substitution @=CW we can transform the 
condition (11.64) to the form 


Re(¥P;+6W") =0 for |f]=e, (11.66) 


where };=1+ 70%; taking into account the relations 
2 


sin 6; = La cos 6; = at we find that 
+ gi 1+ Qi 
~ _ sin(a— 9,) ~ _ sin(f— 4) : 
aligert eR foae Ta (11.67) 


For the determination of ¥(f) we have the boundary 
value problem of the form (11.66). Expanding ¥(¢) in 
the Laurent series in the ring @, < |f| < 0. 


+00 


wit)= Di att, (11.68) 


k=—00 


it is easy to show that this problem has a non-trivial 
solution if and only if 


+k) Feb) _ (e\* 
F—Bjetk) (2) ee 


for an integer k. The number k = 0 always satisfies the 
condition (11.69); this is a solution of the problem if at 
least one of the numbers 7, or }2 is different from zero. 
If both vanish we obtain two linearly independent solu- 
tions. Obviously, in both cases the solutions are eliminated 
by the number of degrees of freedom which the section 8 
possesses under the above described constraints. The sec- 
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tion S has non-trivial infinitesimal bendings only if 
(11.69) is satisfied for some k> 1. 

We examine in detail the case in which the cone 2, 
is absent. Then we may take 6, = e, = 0 and our problem 
is reduced to the determination of all functions holo- 
morphic in the circle |¢| < 0 = @, in accordance with the 
boundary condition 


Re[®fy+@]=0, y=. (11.70) 


The function 
P,(f) = ay +a,0 + a0? (11.71) 


is a solution of (11.70) if the coefficients a), a,, a, satisfy 
the system of equations 


(ye? +1)(a,+4,) = 0, 
VA + a(2 + yo?) = 0 . 


Thus, for ye?+1 40 we obtain three linearly independent 
solutions of the problem (11.70). The remaining solutions 
of this problem can be sought for in the form ® = CY, 
Im ¥(0) = 0. Then (11.70) takes the form 


Re(Yy+oH")=0 on [fl=0, y=1lt+ye?. (11.73) 


This condition is identical with (11.66). Hence, (11.73) 
has a non-trivial solution only if 7 = —k for a positive 
integer k. All solutions of the problem (11.70) are given 
by the formula 


(11.72) 


D(C) = OC) + a,Ck+3 , (11.74) 


where a, is an arbitrary complex number distinct from 
zero only when the condition Y = —k is satisfied, i.e. 


sin (6— B) 


for an integer k. Obviously, we should have k > 1. Three 
solutions of the form (11.71) yield three trivial displacement 
fields corresponding to the three degrees of freedom of the 
section as a rigid body under prescribed constraints. For 


37 
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a fixed value of @ there exists a sequence of angles such 
that for B = f, the section 8 has two linearly independent 
non-trivial infinitesimal bendings. We have always f; > 0 
and £,->0 as k-oo. For 6 < 0 the problem has the same 
number of solutions as under purely orthogonal constraints, 
when # = 0, i.e. three trivial bendings corresponding to 
the three analytic functions ® = if, ¢?—1, 4(f?+1). 

The same facts are discovered in a detailed investigation 
of the condition (11.69). The whole reasoning concerning 
the condition (11.75) can here be repeated; in particular 
if }, and }2 have the same sign, (11.69) cannot be satisfied 
for any k >1. 

11.9. Let us consider an ellipsoid of revolution S with 
the contour LZ, the meridian of which has the form 0(2) = 
= cy R?—(z—R)*, 0 <2 <2,, where c>0, R>0 are arbi- 
trary constants. The following theorem is valid: 

THEOREM 5.22. If the generators of the cone setting up 
a bush constraint on the opening z = 2, of the surface S make 
the angle 

6, = cot Ss » k>2, (11.76) 
ky R?— (2,— RB)? 
with the z- axis, the surface 8 is not rigid. In all other 
cases the surface S is rigid. 

PRoor. The equation (11.44) for ow surface can be 

written in the form 


phi(z) — (k®—1) Peay: yz) =O0. (11.77) 


The change of the variable 


R-z= Rtanht (11.78) 
leads to the following form of (11.77) 
viet 2thyet pr- Vy, = 0. (11.79) 


Let o,(t) = coth-y,; then (11.79) takes the form 
Pe — hg, = 0. (11.80) 
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The linearly independent solutions of this equation have 


the form 

Te Se. eon (11.81) 
Hence, for two linearly independent solutions of the 
equation (11.79) we have 


Ve =e, oye =e. (11.82) 


Since t->-++ co as ¢-0 only the solution ye is the required 
one. 
The solution of the equation (11.31) can be written as 
follows: 
a 
v(t, 8) = . (aycosk + bysin kd) — 


k=0 


Gey (11.83) 


ay es ee 
1a tw (1-4), 


Since yf(z) should satisfy a boundary condition of the 
form (11.45) we have 


{e[k-+ tan ht — (1 — i#)tan ht] + ~ cot Ble -# 9 on L, 


ke? 
os ht 
i.e. 

R—k(z,— RB) 
ky R8— (2,— RP 
This completes the proof of the theorem. 

Let us observe that it follows directly from (11.84) 


cot 6 = —¢ (k>2). (11.84) 


that when 2, = R+2, k=2,3, the surface S admits 


sliding along the plane z= 2,. In the case of the sphere 
(¢ = 1) this result was proved first by Rembs [75]. 
In an analogous way we can prove the following theorem: 
THEOREM 5.23. Let us consider a surface of revolution 8 
the meridian of which has the form o(2) = Oz, 0<2<%, 
where0<a<1; C>0 128 an arbitrary constant. 


37* 
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If the generators of the cone make the angle 6; given by 
the formula | 
1+2a(k?—1)+p/4(k®?—1) a(a—1)41 
= re oe ns 1 
2k a4 


k>2, (11.85) 


60; = cot} 


with the z- axis, the surface S is not rigid. In all other cases 
the surface S is rigid. 

The results of this article were obtained by Sun’ Che- 
shen [81a]. 

11.10. We found in §8.2 that in some cases the con- 
tacting of two surfaces of positive curvature into one 
closed surface by imbedding one into the other, leads to 
rigid non-convex surfaces. Below, making use of the 
equation (11.44) this problem will be investigated in more 
detail, for surfaces of revolution [11h]. 

THEOREM 5.24. Let 8, and 8S, be two co-axial convex 
sectionally smooth surfaces of revolution contacted along the 


Fia. 13 


common parallel L into one closed surface S for which L 
is a rib. Let S, be situated inside 8, so that the whole surface 8 
lies on one side of the plane of the parallel L. Then the 
surface 8 is rigid (Fig. 13). 

PROOF. We shall confine ourselves to the case in 
which S, and S, are smooth surfaces (of the class C?). 
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Let 0; = 0@,;(2), 
uA eM, 
Q1(%o) = @a(2o) 
ef <0, t+4=1,2 
be the parallels of the surfaces S, and S,, respectively. 
According to our assumptions we have 


&<% and = (%) < e,(2) 
for 2@<2<%. 


Let U; be a displacement field on S; satisfying the con- 
dition 

U,=U, on OJ. (11.86) 
Decomposing U; in accordance with the formula (11.30) 
and making use of the condition (11.86) we obtain form 
the system (11.31) for the components y,4 besides the 
equations 


yecoit(—l)y.ce =0, *=1,2, 
b=1,2,3,.., (11.87) 


also the following conjunction conditions for z = 2p: 


Yrl2) = Yral2o) 
01(2) Yx,1(20) A+ 01(20) Pi,1(%0) 
= 02(%) Pr,2(%o) A+ Colo) Pee(%o), A=KF-1. (11.88) 


Our task is to prove that the systems (11.87) under the 
conjunction conditions (11.88) for k >1 have no solutions 
distinct from zero. 

In what follows we shall fix k and we shall set pp:= ;, 
4=1, 2. 

Let (2%) = y.(2) 4 0. In view of the homogeneity of 
the equation (11.87) and the conditions (11.88) we may 
assume that ,(%) = y.(%) = 1. Boundedness of »,(z) at 
the point 2 = 2 implies the relation 


vile) =0, ee as 2-2 and yz) =0. (11.89) 
t 
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Further, making use of the familiar fact that in view of 
the conditions 0// < 0 the solutions of the equation (11.87) 
admit neither positive maximum nor negative minimum, 
it is easy to show that y,>0 and y,>0 as <2 <2, 
both functions being convex downwards and strictly 
tz 


i 


increasing, i.e. yj(z) > 0. It is also readily observed tha 
also increase, i.e. 

(2) > 0. (11.90) 
In fact, (yjo:—yi0%)’ = —Ko/y;> 0, ie. the function 
yioi— vi os = 07 (#2) increases; but for z= 2% it vanishes; 
hence, for z> a it is everywhere 7 


Multiplying the first equation (11.87) by @ a , the second 


by i and subtracting the results we obtain 
2 


(vipe—Yrp2) = —A a 0, eiee— e20,)', A=k-1. (11.91) 


Integrating this relation over the interval 2, < 2 < %, 
taking into account the conditions (11.89) on the end 
2= 2, and integrating by parts we obtain 


ed ; ae 

=i f (BY) (oie~oberde=a fede, (11.92) 
v 1 
22 23 


where 


~ Oy wk ) [ (eno) — 4(2q)) A— 0 (20) (vs (20) — yi(zo)) | 5> «i $1793} 


and g denotes the integrand of the integral (11.92). We 


transform g as follows: 
Wy Pe’ 2 iV 1 L\/ 
a) Ol alt) fale af 
a (@2— ai)(#) (7) O1 i O22 1 


ela a 
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The first term of the expression thus obtained is negative. 
The integrals of all other terms are also negative. 
In fact, 


--/[e By] mlm al <) 


since ae > 0, y,>0 and the first bracket is also 


positive. Thus, we have established that J <0 if only 
all terms in the expression for y do not vanish identically. 
Now, in view of the boundary condition (11.88) J = 0. 
Hence, all three terms in the expression (11.94) vanish 
identically; it readily follows now that for k>1, y,=0, 
which contradicts the assumption. 

Thus, the theorem is proved. The case of sectionally 
smooth surfaces is tackled in a similar way. 


Fic. 14 


We observe that it is possible to prove by a somewhat 
more complicated reasoning that if three co-axial surfaces 
of revolution are contacted as in Fig. 14, the closed 
surfaces S thus obtained is rigid. 

If the surface S is composed of S, and S,in such a way 
that S, and S, are situated on distinct sides of the plane 
of the rib LZ, then the surface may be non-rigid. If 8S, 
is the mirror image of 8, with respect to the plane Z of 
the rib L, S will be non-rigid if and only if the surface 9, 
admits sliding bendings along EH (see Theorem 5.17). 
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We now give three examples of contacting of two 
surfaces into a closed non-convex surface. These examples 
make possible an exact characterization of the cases of 
rigid and non-rigid surfaces. The first and the third ex- 
amples were given by Bojarski. The second was worked 
out by Sun’ Che-shen. 

11.11. Contacting of two spherical sections. This ex- 
ample will be computed by the method of §11.8. 

Let 7, and 7, be radii of the sections 8, and S,, re- 
spectively. The equations of S, and 8S, will be taken in 
the form 


c+e i(€-¢) 1-2 
r=" ae nel? 
aD: _ (11.95’) 
A(c+é) ia(Z—C) gq BAC 
r(C) = 1, ; = 4 aa =fy 
Wott’ M+ r, +E 


where [Ci <0, A= oy = tan 2 (Fig. 15). Taking the 
2 


equation of S, in the form (11.95’) we obtained that in 
the parametric representation of S, and 8, the para- 
meter ¢ varies in the circle |¢| << @ and in both cases to 
a point of the boundary ¢, |¢| = e, of this circle there 
corresponds the same point of the common edge of the 
sections 8, and Sy. 

From the formulae (11.55) for the displacement vectors 
U, and U, of the surfaces S, and 8,, making use of the 
conjunction condition U, = U, for |¢| =e, after some 
transformations we obtain the relations 


avn Re (1, wet) 2V 72 eo (w,— woe 4) : | 


1+ ¢ - 2 + 2 
2V7 no (u Kopi | = ay re) Re | i(r +e ‘|, 
1+¢ 2 P+ @” 2 
= ~e@]  2ayra ee 
—2V Rolf +t! =e | = au re ne wg + ut =f F 
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where w, and w, are the corresponding functions holo- 
morphic in the circle |¢|< 9. Thus, the problem of the 
determination of all infinitesimal bendings of the surface 
S = 8,+8, including also the trivial bendings, is reduced 
to the determination of the pairs (w,, w,) of functions 
holomorphic in the circle |¢|< 0, which satisfy the 
boundary conditons (11.95). Introducing new unknowns 


Vr lte _ vi, 
Vr, B+ VT, 


we find that the two equations (11.95) are equivalent to 
the condition 


W, = Ws; D = wW,— W, 


Re {iZd}=0 on ({tl=e, 
whence 
6? 


@ = A+ 06+ o? ; 


where a) is an arbitrary complex and C a real constant. 
Substituting w, = #,+@ into the third equation (11.95) 
we obtain for w, the non-homogeneous condition 


ee Pre A Bhs eset 


Since the function 


o(c) = m+ O,c+¢, 


where 
_ —_(it@?)Ac _ _ a (1+ e%A 
“= "Gaara ot 2 ade’ 
is a solution of the non-homogeneous problem (11.96) 
and the function 


B(f) = bp +10.0— byl? 


is a solution of the homogeneous problem (11.96) for 
arbitrary constants b, and OC, (C, is real), we obtain 
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from (11.96) for the function 7(f) where %, = v-+3-++- 
+¢y(¢), a boundary condition of the form 


Re[y(o)+ véy¢'(2)] =90, Imyz(0)=0, 
_4-¢ 
aa or 
We found in §11.8 that the problem (11.97) has the fol- 
lowing solution distinct from zero: y,(¢) = a,¢*; a, is an 


(11.97) 


arbitrary constant only if y = ae where & is an integer 


and k > 0. In this case the problem (11.97) has exactly 
two linearly independent solutions. All pairs (w,, ws) 
which are solutions of the problem (11.95) are given by 
the formulae 


w, = O+[0 +34 oulONl, ; 
; (11.98) 
Wy = [w+D +6y2(0)] a 


in which the term y;(¢) is present only if 


244 k+1 
=o where gi@=Z7-5, (11.99) 


k 
where k is a positive integer. If (11.99) does not take 
place the formulae (11.98) yield six linearly independent 
displacement fields which evidently should be identical 
with the six-parameter family of infinitesimal motions 
of the surface 8. 

For every fixed o, S is non-rigid only for a countable 


sequence of values of 6, 01% = ; E13 in particular, 
a k— 


always 01,4 > = if 0, < the surface S is convex. 
1 2 

For k-oo we have eur ie. non-rigid surfaces are 
2 


encountered only in the non-convex case; for a fixed @, 
there is only a countable number of such surfaces, and 
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they accumulate on approaching the sphere (2 = =| 
2 


in Fig. 15 tan 2 = a2] ; 


11.12. Let us consider a closed surface of revolution 
composed of two spherical sections S,, 8S, and a cylinder 7 
the meridians of which are given by the formulae (Fig. 16) 


oz) =VR—(2—2)*5— on(z) = VR (2 +44); 


0 =VR—W=VR_K, h, = Fy Sy he = 2,— 2% 


Fig. 15 


respectively. S, and Z are contacted along a circle Z 
with center z= % (on the z- axis) and radius 0,(%) = @. 
T and &, are contacted along a circle L, with center at 
2 = —@, (on the z- axis) and radius 0,(— 2%) = 0. 

Let us denote by U,, U,, U, the displacement vectors 
of the surfaces §,, 8, and 7, respectively. 
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In view of the continuity of the displacement vector U 
of the surface S = 8,+7+8,, on the contact lines LZ, 
and ZL, the following conditions are satisfied: 

U,=U,; on , 
U,=U, on kk, 
ie. 
Uy(%p, O) = Usgl%o, 9), —-Vy(Zoy B) = Vg(%, V) , 
W(2o, F) = Ws(%, 9) , (11.100) 
Us(— 2%, P) = Uxl— 2%, 9), — Us(— 2p, B) = V9(— 2%, #) , 
Wa(— %, BP) = We(— 2, B) . 


p3 (2) 


Fig. 16 


Making use of the formula (11.83) the solutions of the 
equation (11.31) for the surfaces S,, 8, can be written 
in the form 


0,(2, 9) 
< _ > \2 =_— nh7l @—21 
eB (11.101) 
a\"9 


. 2 an A-l eteg 
= > (cosh + of? sin ke) ye) Pi h ( he ) 
2 
0 
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and the solution (11.31) for the cylinder 7: 
03(2, 2) 


oo 


= > ay 2 + BY) coskd + (aPe+ pO) sink®]. (11.102) 


0 


Taking into account (11.30) we obtain from (11.100), 
(11.101) and (11.102) 


Pay Maa es Ce 2 -2) 
1 
(= 15-2); 


ap(— k++ zee Sa h) Von ha® (11.104) 


(a crane l, 2) ) 
(i) hs\? ietan n-1(72) () (i) 
Ch 1-(7) e Ra! = — ay %+ fy (11.105) 
2 
(a a, 1, 2) ; 


_af{ ht 
a oe ee) — Vaal? (11.106) 
2 
(¢= 1,2). 


In view of the relations (11.103)-(11.106) we have the 
following 
THEOREM 5.25. For our surface 
S = 8, +7T+8, 


non-trivial bendings exist only if one of the following con- 
ditions is satisfied: 


Et. R. 
(1) => and hg == (k = 2,3, ys 
_1Ri-M{ 1 1 
(2) *0 _ k ae ae kh,— R, ai kh,— RB, 
for 


k> max [34] |) +2 =e 
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PRooF. (1) It is almost obvious since from (11.104) 
and (11.106) we obtain af? = 0, i=1,2, & > 2; substi- 
tuting into (11.103) and (11.105) we cannot uniquely 
determine the other constants, ie. af, c, pe? 
vanish at: all. 


(2) It follows from (11.103)-(11.105) that 


do not 


i ai ra tan na) = z of Ps tan n-1(7?) 


1 2 
0) 25 (sae (11.107) 
(ae VR—W)’ 
The relations (11.104)-(11.106) imply that 


a aie k tan Ue Ce itan n-4 z) 


] 2 


(4) 
ye oe de eg | | 
= VR 7 (oR MEE: . (11.108) 


Now, from (11.107)-(11.108) 
Ri-hi{ 1 1 |= 
(2) see 1 
On E oh la RB, Eh, — ms 


1 1 @) 
foreceiteeeeteeees tae eee bi- 
ih, —R, ob 7 ae ze remain arbi 
trary and consequently the remaining constants are also 
not determined. 

Since 2 > 0 we have 


1 1 
Eh, —R, ' ihj— By 


2 2 
Hence, if z = ct 


>. 


From the last relation restrictions on & follow readily. 
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(3) If 2, = 0 we obtain from (11.103) and (11.105) 


———.— h 
al? V3 (2) Ps tan n-4( 7) 
= of /1-(BY -(3 R) rental (11.109) 


From (11.104) and (11.106) we have 
_y (ha 
afi) (-2+ 3H) ge R) 
R, 


. a(t 
= of («3 | ae). ackio) 
2 


From (11.109) and (11.110) 
x Viele) eo 
nea ae 
2 R, 
Ayth, 1 =e 
Bek & (kK =2,3,...), 
In these cases all constants remain arbitrary. 
In the particular case when R, = R, = 1, % = 2%, non- 
trivial bendings exist only if one of the following con- 
ditions is satisfied: 


, 1 , 
(l’) h=ay—-~=-, k=2,3,..3 


k ? 

1—-}? 1 1 
anes el ee > fl = 
i(kh—1)?  * Abe ae 

We observe that the quantities 2 ensuring existence 
of non-trivial bendings have an upper bound. For instance, 
for the case Rk, = Rk, =1, 2,=2%, the upper bound is 
given by the formula 


(2’) a= 


1—F 


(ah) fs] +9-2) 


: 1 
ie. for h # q %> z the surface S is always rigid. 


z= 
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11.13. Let r=r(z), 24<2<0, be the meridian of 
a convex surface S, 7(0) = ry > 0. 

Let us consider a family of convex surfaces of revolu- 
2 
A 
is a function satisfying the conditions 0(0) = 17), e(z)> 0, 
eo’ <0 in 0<2< 2%, o(%) = 0. 

Let y(z) be a solution of the equation y7+ 
+ (k®—1)r’’y, = 0 in the interval 4.<2<0, and y;(z) 
a solution of the equation yp; e+ (k®—1)0’’y, = 0 in the 
interval 0<2< 2%, regular for -=2, and z= %, re- 
spectively, and satisfying the condition y,(0) = 7,(0) = 1. 
Then it can readily be verified that the surface 28,—the 
result of contacting S and 8, —is non-rigid if and only if 


er ee AO 
(k?—1) r'(0) + 79 xx(0) 

For k->co we have n> oa In particular if this ratio 
is negative there exist among the surfaces. 2S, at most 
e'(0) 

If (0) > 0 
there exist a countable number of non-rigid surfaces. 
Non-rigid surfaces accumulate as 2S, tends to a smooth 

surface (i.e. 7/(0) = 03(0)). 
In all three examples, as a rule, in the case of con- 
tacting into a non-convex surface the compound surface 


is rigid. Non-rigidity is a comparatively rare case. 


tion S, with the meridian e,(z) = o( ) A> 0, where 0(z) 


a finite number of non-rigid surfaces. 


CHAPTER VI 


PROBLEMS OF THE MEMBRANE THEORY OF 
SHELLS 


In THIS Chapter we shall consider problems of the mem- 
brane theory of shells; we shall also elucidate its con- 
nexion with the theory of generalized analytic functions 
and the problem of infinitesimal bendings of surfaces. 
As it was already indicated in the preceding chapter 
every infinitesimal bending can be interpreted as a mem- 
brane equilibrium state of stress of a shell. Hence, many 
formulae and relationships established in the preceding 
chapter admit a purely mechanical interpretation. More- 
over, many results presented there acquire a natural inter- 
pretatation only after its mechanical nature is revealed. 
This is true for instance in respect of the integral relations 
(6.17) and (6.20) of Ch. V, and also some boundary value 
problems dealt with above. It is sufficient to note that 
the boundary value problems for a bending field have 
a definite statical interpretation (§5.11). Besides, it will 
be proved below (§3.2) that infinitesimal bendings of the 
middle surface of an elastic shell can be regarded as 
a deformed state corresponding to a purely bending state 
of equilibrium stress. 

In the first two sections of this chapter the basic 
equations of the general theory of shells will be derived. 
The following sections are all devoted to problems 
of the membrane theory. Main results obtained on this 
topic are given in §5 where in particular we reproduce 
results contained in §9-of the author’s paper [14a]. Princi- 
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pal attention is given to the formulation of conditions 
ensuring the existence of a membrane state of equilibrium 
of a shell; convex shells with an arbitrary number of 
openings are considered. We establish a number of peculiar 
properties of shells depending on the number of openings. 
We note here some results of §9 of [14a]. It was proved 
for the case of a convex shell with one opening, free of 
surface tractions, that the membrane state of equilibrium 
does not always occur if the distribution of forces along 
the openings is prescribed in accordance with an arbitrary 
law (obviously, tangential forces are not prescribed). In 
such a shell in this case a non-zero force field cannot 
exist if the normal forces vanish on the boundary. For 
a convex shell with two openings there exist cases when 
under an arbitrary distribution of normal forces on the 
contour the membrane state occurs in the shell. Similarly, 
it is possible to give examples in which the last fact does 
not take place. Finally, in the case of convex shells with 
more that two openings the membrane state of stress 
is possible under an arbitrary law of distribution of normal 
forces along the contours of the openings; in a shell with 
m(m > 1) openings there can exist exactly 3m—3 linearly 
independent (non-zero) membrane states of stress if the 
normal forces on the contour are absent. These results 
remain valid if in place of the normal forces on the contour, 
the force in an inclined direction is prescribed at every 
point; it is sufficient that the absolute value of the angle of 
inclination of the force to the principal normal does not 
exceed x (this angle may be a continuous function of point 
of the contour). In the same section (§5) we investigate 
problems of stability of the membrane state, the stability 
being understood in a sense used in engineering practice. 
Tt is known that if the problem is examined purely mathe- 
matically, the states of membrane equilibrium of a convex 
shell with edges are not stable. A violation of the mathe- 
matical conditions of existence of the membrane state, 
however, does not imply that the corresponding moment 
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state differs significantly from the membrane state. In 
many cases such states can practically be regarded as 
membrane states, since the moment components due to the 
appropriate stress fields are small and in practical problems 
may be neglected. Essentially it is on this fact that all 
practical applications of the membrane theory are based. 
It is evident however that the moment components may 
not be neglected for all violations of the mathematical 
conditions of the membrane state. Therefore, an attempt 
is made in §5 to investigate some general principles 
enabling us to estimate the bounds of the practical ap- 
plicability of the membrane theory. * 


* An extensive literature is devoted to the problems of the mem- 
brane theory of shells. First of all we mention the classieal work 
of Love [50] where in particular problems of the membrane theory 
and infinitesimal bendings of surfaces are dealt with. General and 
particular problems of the membrane theory of shells and its con- 
nections with the infinitesimal bending of surfaces are investigated 
in the works of Vlasov [18], Goldenveyser [27], Novozhilov [65], 
Rabotnov [74], Sokolovski [80] (a fafrly complete bibliography up 
to 1947 appears in [28}). In these works problems mainly of practical 
interest for shells of a special kind were solved. The choice of the 
shape of the shell and the boundary conditions were mostly deter- 
mined by the possibilities of the method applied. A long time ago it 
was observed that in many cases the above problems are reduced to the 
Cauchy—Riemann system of equations, [80], [18a,b], but comparatively 
small benefit was derived from this fact, except for some problems 
for a closed spherical shell, [18a], [27a]. General methods of the 
theory of functions of complex variable developed mainly in the 
works of Muskhelishvili [60a, b] have only recently been introduced 
to the theory of shells. In papers of the author these methods were 
applied to the basic problems of the general (bending) theory of 
shallow shells, including spherical and cylindrical shells [14b] (see 
also [65*a, b, ec], [78*a, b]). Goldenveyser investigated some pro- 
blems of the membrane state of stress of spherical shells with edges 
[27a]. A general method of investigation of the basic problems of 
the membrane theory of convex shells was elaborated by the author. 
In the paper [14a] fundamental problems for convex shells of an 
arbitrary shape and with an arbitrary number of openings were 
solved in a general form; some results obtained there were already 
mentioned above, in the introduction (see also [4)]). 
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In the treatment of the fundamentals of the general 
theory of shells we shall make use of tensor methods. 
In the investigation of problems of the membrane theory 
of shells of positive curvature we shall employ complex 
functions of stress and displacement, and also properties 
of generalized analytic functions. 


§1. Forces and moments due to the stress field 


1.1. By a shell we understand an elastic body bounded 
by two surfaces S+ and S~ situated on distinct sides and 
at equal distances h > 0 from a surface 8. We shall assume 
that S*+ is situated on the side of the positive normal n 
to S. The surfaces S+ and S~ will be called the “upper” 
and the “lower” surfaces of the shell, and 8 is said to be 
the middle surface. The positive number 2h is called the 
thickness of the shell. The thickness is assumed to be 
small in comparison with other dimensions of the shell. 
If the middle surface S is not closed the shell is bounded 
also by lateral surfaces the union of which will be denoted 
by 2. We shall assume that the surfaces S and 2 are 
orthogonal. Let Z be the union of the lines of intersection 
of 8 and 2; it is obvious that this line is the boundary 
of the middle surface 8. It is also called the boundary 
or the edge of the shell. 

If Q is a point of the shell we can take for its coordinates 
the three numbers * #!, #7, 2 where z!, a are the coordi- 
nates of the basis of the normal to S from the point Q, 
and z is the length of this normal with the appropriate 
sign; 2 > 0 if the point @ is situated in the direction of 
the positive normal to S, and z < 0 in the opposite case; 
obviously, —h <2 <h (Fig. 17). 

Let us denote by r=r(a', 2) and n= n(a’, a), re- 
spectively, the position vector of a point (a1, #*) of the 
surface 8 and the normal unit vector to S at the point 


* In this case it should in general be assumed that the shell is 
sufficiently thin. 
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(x', 2). Then the position vector of the point Q(a', 2, 2) 
is given by the relation (Fig. 17) 

R= r(a#, #)+2n(az1, @). (1.1) 


Hence, we have immediately that the base vectors of 
the special coordinate system am, a?,z2 are the following: 


oR 


Ra = 7g = Fam arp (a =1, 2), 
aR (1.2) 
a ee 3 os 
Ry = 5 n (a = 2) 


Fre. 17 


We now compute the square of the distance between 
two neighbouring points Q(a', 27,2) and Q’(#'-+ da!, a+ 
+dz?,z+dz). We have 

ds? = dRdR = R,R, dai da = gy,datda , (1.3) 
where 
Jap = Jpa = RaRg = deg—2zdag+ 2" bibs (a, B =1, 2), 
3 = Jn = 93 =IJa= 9, Yg=1l. 

Evidently, g.g is a covariant tensor of rank two for 
an arbitrary fixed value of 2. Since the mean curvature H 
and the principal curvature K of the surface are given 
by the formulae 

a BiB 22 — bie 
QH=B=k+k, K=2P@ BP =k, (1.5) 


2 
11 Ao2— Aye 


(1.4) 
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we easily find 
R, RR, = Vg = V guides = gr 
= |/a(1—2He+ Kz’) = fa(1—kyz)(1—haz). (1.6) 
The system (1.6) indicates that the ratio g/a is inde- 
pendent of the choice of the coordinate system «', 2 


on the surface S. 


Let us consider the contravariant tensor of rank two 
gu — 28 | ge? = gl 91a 


g g 
g3 = Pi = 7B = g@ =-0, ge=l, 


,P= @ ’ (1.7) 


and also the reciprocal base vectors of the system w', a, 2: 


R'=g"R, (i=1,2,3). (1.8) 
Tt can easily be shown that 
R'R, = 6, R'Rk= 4g", (1.9) 
R, x R, = y/gR°, R,x Ry =gR (1.10) 
R, xR, = gR°. 


1.2. Let us consider on S two neighbouring points 
M (#, a) and M’(a#1+da!, #?-+dx?) connected by an in- 


finitesimal are MM’. Let s be the unit vector of the 
tangent to the arc MM’ at the point M, and - the unit 
vector of the tangential normal of the are MM’; we have 
i=sxn. Denote by 2 the area of the normal cross- 
section of the shell, which is perpendicular to I and con- 
tained between the neighbouring normals to S at the 
points M and M’. Let Py (x', a, z) be the force resultant 
of the stresses on the area 2”; it is applied at the point 
with the coordinates 2, «?, z. Then to the element of the 
area 2” contained between the lines z = const, z+dz = 
= const and denoted hereafter by dZ%, the following 
force due to the stresses is applied (Fig. 18): 


Pole, x, 2) ax P 
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Denoting by Ty ds the resultant vector of these forces 
we have obviously 


h 
Ty ds = | Pola,a,2)dXt, ds =|MM’|. (1.11) 
-h 


The vector Ty is called the force applied to the lateral 
area 2? with the normal / (Fig. 19). Apparently, the 
force is taken per unit lenght. 


n 


Hdl 


Fie. 18 


Denoting now by My ds the resultant moment of the 
forces Py) dX; with respect to the point M (v1, v) of the 
middle surface S, we evidently have (Fig. 19) 


h h 
Mods = {nx Polat, a, 2)ddt = nx { Pozddt. (1.12) 
—h —h 


The vector My is the moment of the stresses applied 
to the lateral area with the normal l. The vector My 
is also taken per unit length. 

The set-the force Ty and the moment My —are 
statically equivalent to the system of stress forces applied 
to the lateral area 5". It is usually assumed that in a suf- 
ficiently thin elastic shell the stress and deformation 
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states do not alter significantly if a continuously distri- 
buted system of stress forces on every lateral area 2? 
is replaced by a statically equivalent system of stress 
forces. Hence, in the investigation of the deformation 
of an elastic shell we usually confine ourselves to the 
determination of the force field Ty) and the moment 


Fig. 19 


field My. In many cases in this way a practically ad- 
missible approximation is obtained. The field of stress 
forces can be computed in accordance with the formulae 


1 
Po (x, x, z)= a bole m0") +- 


3: 


+ ORs 


My(2', x) x n(o, xu). (1.13) 
The first term of the right-hand side of the above relation 
is called the membrane component of the stress field of 
the shell; the second term is called the moment component 
of this field. 

1.3. In what follows, when the direction I coincides 
with the direction of the reciprocal base vector r*, instead 
of P ()) Tw and My we shall write P, (a)9 Twa), Ma); 
respectively. 
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Let dZ; and dZ3 be two rectangles constructed on the 
vectors ndz, R,dx? and ndz, R,dz', respectively. The corre- 
sponding areas are obviously given by the formulae 


dS} = |R,|da%de = Vgydarde = 2 disse 

ech (1.14) 

dS! = |R,\datde = V/9,,dade = fy de, de , 
‘11 


where ds, = Y/a,,da1, ds, = V/a,,dx are elements of arcs of 
the coordinate lines #? = const. and 2! = const., respecti- 
vely. For simplicity it is assumed that da! > 0, dz*> 0, 
dz> 0. 

On the basis of the above formulae we obtain from (1.11) 


h h 
VT = | Pw V9nde, Vout, = f Poy V onde. (1.15) 
= 5 Bs 


Since 
Ay = Ga, dg =a", Ju = 99", Iu =I", (1.16) 
introducing the notation 

T!=)a"T), T? = Va®Tw, (1.17) 


Pi=Vg@Py, P?=VGPo, (1.18) 
we have 
h 


--; ay/G = 
m= | P Vie (a =1,2). (1.19) 


In a similar way we obtain 


h 


- h = 
M* = [nxprey/Lar = nx [ prey/fa, (1.20) 
—h 


-h 
where 
M1 =Va"Ma,, M?=ya®Mg. (1.21) 
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1.4. Since, according to the formula (1.6), g/a is in- 
dependent of the choice of the coordinate system on the 
surface, we shall see later (p. 574) that in passing from 
one coordinate system 2, 2?, 2 to another system 2', x, 2 
the vectors T° and M* transform in accordance with the 
formulae 
: a pOk* mag wp E* 

T=T 4, M*=M?.. (1.22) 

We shall now prove that the forces and moments 
applied to a lateral area &’ with the normal I are given 
by the formulae 


Ty) =Tla, -My=M*l. (la=Ira). — (1.23) 


We now choose a new coordinate system 2}, x?, such 
that the lateral area 5’ with the normal I lies on the 
coordinate surface Zz! = const. Then, obviously, 


7 1 oz 
moe ete eS hr, 
A] at dae 
i.e. 
yl 
a= woe a=1,.2)% 
Vat da 


According to the formulae (1.17) and (1.22) 


rT 1 @,. P 
Vm Via ~t 


In a similar way we can obtain the second formula (1.23). 


Ty = Ty = 


§2. Basic system of equilibrium equations of a shell 


2.1. We now consider an infinitesimal prism 8 con- 
structed by means of the vectors R,da', R,da? and R,dz 
with common vertex at the point Q(a', a, 2); for de- 
finitness we assume that da! > 0, da > 0, dz > 0 (Fig. 20). 

Let dZ* be the side of the prism on which «* = const, 
ad" the side passing through the ends of the vectors 
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R,dz! and R,da?, | denoting the unit vector of the outward 
normal of this side. Since according to (1.10) 


R,dz x R,dv = /qg R°datdz , 
R, da? x R,dz = | g/Rdatde , (2.1) 


R,dz x (R,da! —- R, da?) = 1a5", 
we have = " 
ldd! = |g Ridatde + Vg R?da'dz (2.2) 


(0,3 az)as" 


Fic. 20 


or, bearing in mind the formulae (1.14) 


1 2 
lds” = ee 5) + ae add? (2.3) 
an } gt V g” 
us, _ = 
: ast = Vids", dX? = /gBlids’, (2.4) 
where 
i — IR, =l—2bil,, 1,=lr. (2.5) 


On the prism 8 the following surface forces are acting: 


Py dd’, — Pad d!, — Poy dE?, — Poy d 3, (Pow oa Fiala. 


(or4 
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Besides we have the body force Fdr; d* is the area of 
the basis of the prism and dr its volume. Equating the 
sum of these forces to zero we obtain 


Py dS'= Py dS! + Ped d*— Po dedS*+ Far. 


Dividing the above equation throughout by d&" and 
taking into account that 


dt 


(1) dr=dedd* and (2) aa> 


0, 
when the prism contracts to a point, we obtain in view 
of (2.4) and (1.18) the relation 


Py = VE Palit V92P@le = P*li. (2.6) 


Since Pq is independent of the choice of the coordinate 
system, for two arbitrary coordinate systems 2', a, z and 
x1, 27,2 we have 

Py = Pl, = P*i;. (2.7) 


E 78 
Taking into account that I, = bom we obtain 


Since I is an arbitrary direction tangential to S we have 
the relation : 

pe OL _ 

ia Se men (p= 152) (2.8) 

Thus, the vectors P* are transformed in passing from 

a coordinate system a1, #,z to an arbitrary coordinate 
system Z!, 22,2 according to the law of transformation 
of the differentials dz, i.e. as contravariant vectors. 
Therefore, the vectors P’ will be called the contravariant 
vectors of the stress forces. If these vectors are deter- 
mined, the formulae (2.7) yield at once the physical 
stress forces. 
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The formulae (1.19), (1.20) and (2.8) imply at once 
the relations (1.22) employed above in the derivation of 
the formulae (1.23). 

2.2. Resolving the vectors P* with respect to the base 
vectors R,, R,, R,; we obtain 


P'=p"R, (i=1,2,3; P=P,, R3=n), (2.9) 


where p” = P*R® is a contravariant tensor of rank two. 
This tensor is symmetric, ie. p® = p™. 

In fact, this property can easily be proved in a Cartesian 
coordinate system; but the property of symmetry is 
invariant with respect to the choice of the coordinate 
system. 

In view, of (1.2) we obtain from (2.9) 


P* = (p“—zp*b§)ra+p'n. (2.10) 
Substituting these expressions into (1.19) and (1.20) we 
_ have 
T° =T'r,+Tn, M°=M*r, (a=1,2), (2.11) 


where 


oe h = 
T? = fo — zp dé) Ve, T= i Ve, (2.12) 
-h 


h 


M*® =cf8"%, S*%= [ot snapyey/Sae, (2.13) 


—h 
and ¢° = ¢,,a™. 


The contravariant tensors of rank two 7%, M” and 
the contravariant vector TJ” will be called the contra- 
variant stress tensor, contravariant moment tensor and the 
contravariant shear force vector, respectively. 

The force and the moment acting on an area with 
the normal J, in view of (1.23) and (2.11) can also be 
represented in the form 


Tw = N+ His + Tin ; (2.14) 
My = Gi+ Ms ; (2.15) 
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N, and H; are called the normal and tangential force, 
respectively, 7; the shear force, G; and M; the twisting 
and bending moments, respectively. 

It is readily observed that these quantities are given 
by the following formulae: 


=T* lls, Hy= TP lass, T= Tle, (2.16) 
G, = M? lglg =—S” las, My = M%l,83 = S* lalg. (2.17) 


2.3. The basic system of equilibrium equations of 
a continuous medium can be written in an arbitrary 
coordinate system in the vector form 


1 0 ygP f 
V g oak 


1 F=0, (2.18) 


where F is the body force. The validity of this relation 
in a Cartesian coordinate system is obvious. But in view 
of the property (2.8) of the vectors P* (it should be borne 
in mind that P? = P? = P,) it can easily be established 
that the left-hand side of the relation (2.18) is entirely 
independent of the choice of the coordinate system. 
Consequently, the relation (2.18) is valid in an arbitrary 
curvilinear spatial coordinate system. 

Multiplying both sides of the relation (2.18) by yg/adz 
and then integrating with respect to 2 we obtain 


weaG J ‘ Vie 2)+ 
h 
ae a 
g I ae = 
+py/8 _ at [PV eno 


or, in view of the formula (1.19) 


1éeyar 
Va ee 


+ X(a, w) =0, (2.19) 
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where 
X = (14+2HA-+ Kh?) P,(a', a, h) —(1— 2H + Kh?) x 


h 
x Pat, a, —h)+ f (1—-2H2+ Ke*) F(a, a, 2)dz. (2.20) 
—h 
Tt follows that for thin or shallow shells we may put 
with a sufficient degree of approximation 


h 
X = P(x, 22, h)—P,(x', a, —h)+ f F(at, a, 2)dz. (2.21) 
~h 


Thus, X is the resultant vector of the surface and body 
forces measured per unit area. 

The vector X can be regarded as a known function of 
the point (z', x?) of the surface S, for it can be expressed 
by the surface forces P,(a', a, h), P,(@!, #2, —h) and the 
body force F, which are regarded as known. In particular, 
X = 0 if these forces are absent. 

Taking the vector product of equation (2.18) with the 
vector zVgn we have 


O — 0,0 — 
—_(z/qP* —(VqP* / a 
nx oA (@VgP )tnxe (ygP)tnxey gF=0 
or 
© nx P's Vgy—n xPey~g+ in x P®z /g)— 
out i 0% 
—nxPyg+nxFzV¥g=0. (2.22) 
Taking into account the relations 
an, =—2b0r, = Ri-ra, nm=R,, R,xP*=0, (2.23) 


we have 


—n, xX P*2|/g—-n xP? yg =V/ g(r. X P’—R, x P*— 


—R, x P*) = V/g(ra x P’—R, x P*) = ya V é ra XP". 
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Hence, the relation (2.22) takes the form 


el a (nx P's Vf] trex i+ 
+ (nxpey/ 9) snxtey/S ao. 
oz a a 


Integrating the above relation with respect to z and 
taking into account the formulae (1.19) and (1.20) we 
obtain 


A +r XT + Y= 0, (2.24) 
where 


Y = h(1—2HA+ Kh*)n x P,(x!, v?, h)+ 
+h(1+2Hh+ Kh?)n x P,(a!, 2, —h)+ 


h 
+ fnxF(L—2H2+Ke)edz. (2.25) 
—h 


For thin or shallow shells we may assume with a suf- 
ficient degree of approximation that 


Y = hnxP,(2', x, h) + 
A 
thn x P,(v!, 2, —h)+ f nxFede. (2.26) 
-h 


Thus, Y represents the moment resultant of the surface 
and body forces measured per unit area. Obviously, Y is 
a given vector function of 2’, a. 

The equations (2.19) and (2.24) constitute the basic 
system of equilibrium equations of a shell. Making use 
of d’Alembert’s principle we can also derive the system 
of equations of vibrations of a shell. We shall not however 
write it down here, since it will not be used in the sub- 
sequent considerations. 


2.4. The vectors X and Y which appear in the equations 
(2.19) and (2.24), are functions of position on the middle 
surface. As was already indicated above the first vector 
is the resultant vector of the surface and body forces 
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and the second the resultant moment of these forces 
acting on the shell. Thus, in the theory of shells instead 
of a given distribution of the system of external body 
and surface forces we consider the statically equivalent 
system of forces X and moments Y measured per unit 
area and distributed over the middle surface. It is assumed 
that such a redistribution of the external load does not 
significantly distort the real state of stress of the shell, 
ie. it is assumed that the error due to this distortion 
does not exceed practically allowable limits. It is difficult 
however to indicate a criterion enabling us to say exactly 
when such an approximation is practically allowable. In 
making such an assumption we usually put forward an 
argument based mainly on direct intuition; also, in as- 
sessing such an assumption, successful results of a practical 
application of the theory of shells are taken into account. 
In fact, we can consider these assumptions to be close 
to reality for a fairly wide class of thin elastie shells if 
the external load is distributed sufficiently continuously, 
both along the thickness of the shell and on its surfaces. 

If on some sections of the shell a strong concentration 
of the external load occurs (for instance there are con- 
centrated forces applied at some points), then, in the 
vicinity of these sections, a calculation of a shell in ac- 
cordance with the formulae (2.19) and (2.24) can give 
results significantly distinct from the actual state of 
equilibrium. 

The system of forces applied to the lateral surfaces 
is also replaced in the theory of shells by the force 
vector Ti) and the moment vector Ma) where lL is the 
tangential normal to the boundary of the shell. 

If the vectors X and Y vanish identically, ie. if the 
external body and surface forces are together equivalent 
to zero in every elementary volume of the shell, we say 
that the shell is free. In a free shell the state of stress is 
due only to the forces Ty) and the moments Ma) acting 
on the contour of the shell. 
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The system of equations (2.19) and (2.24) in the case 
of a free shell has the form 


1 ayer _ Jey aM xT? =0. (2.27) 

Va dx Va axe ‘ 
The same equations are valid when there are concentrated 
external forces acting on the shell. But in the vicinity 
of the points of application of these forces we cannot 
in general regard the forces Ty) and the moments My) 
as bounded. Moreover, in these cases, at least in the 
vicinity of the strong concentration of the external load 
the stress state of the shell cannot in general be established 
to a sufficient approximation knowing only forces and 
moments. 

As a rule in the theory of shells the moments of the 
external forces Y are neglected, i.e. it is assumed that 
they vanish. In what follows we shall always assume 
that 


0, 


Y=0. (2.28) 
The following reasoning can be presented in support of 
this assumption: Firstly, in most cases the forces applied 
to the “upper” and “lower’’ surfaces of the shell are 
directed normally (or almost normally) to this surface 
(for instance a hydrostatic pressure). Consequently, under 
these conditions the moments of the forces Ps; and Ps 
vanish. The body force F especially for a thin shell, 
varies insignificantly along the thickness of the shell. 
Hence, the integral appearing in the relation (2.26) can 
be assumed to vanish. Thus, the basic system of equa- 
tions (2.19) and (2.24) will be taken in the form 


sve 4+X=0, (2.29) 
orn 4-1,xT* = 0. (2.30) 
a a 


In what follows the vector X representing the resultant 
vector of surface and body forces acting on a shell will 
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be called the surface load. Thus, the forces acting on the 
lateral surfaces of a shell and statically equivalent to 
the force Tq) and the moment Mj, will not be reckoned 
among the external surface forces. The forces and the 
moments acting on the lateral surfaces of the shell will 
be called the contour forces (Tq) is the contour force or 
the contour load, My is the contour moment or the contour 
couple). 

2.5. Making use of the formulae (2.11) the system of 
vector equations (2.29) and (2.30) can be written in the 
following form: 


V.T?— T+ X’—0 (p=1,2), (2.31) 


VT" + beg T?+Z=0, (2.32) 
V.M*—T’c& =0 (B=1,2), (2.33) 
M” bop -+ Cop T® = 0. (2.34) 


In deriving these equations we employed the Gauss for- 
mulae 


rop =Tepritbepn (a, 6 =1,2), (2.35) 
and the relations 
on 
ag = Ma = — bar = —Vorg (a=1,2). (2.36) 


Thus, the system of vector equations (2.29) and (2.30) 
is equivalent to the system of six equations (2.31)—(2.34) 
which contains ten unknown quantities: four components 
of the stress tensor J", T", T#, T®, two components of 
the shear force J), T? and finally four components of the 
moment tensor M4, M?, M2, M. 

The body and surface forces will be regarded as known. 
In other words the following quantities will be prescribed: 
the vector field X on the middle surface of the shell, 
the forces Ty and the moments Mp along the boundary 
of the shell. Thus, the free terms of the equations (2.31), 
(2.32) are given, and along the edge of the shell the normal 
and tangential forces, shear forces, twisting and bending 
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moments-altogether five boundary conditions are pre- 
scribed. We therefore have a system of six equations 
with ten unknown functions subject to five boundary 
conditions. In general these conditions are insufficient for 
a unique determination of the unknown quantities. Con- 
sequntly, the problem of equilibrium of a shell is in general 
case statically indeterminate, i.e. the equations (2.29) 
and (2.30) completed by all five natural boundary con- 
ditions are insufficient for the determination of the quan- 
tities describing the state of stress of a shell. In order 
to give this problem a mathematically determinate form 
it is necessary to add some additional assumptions on 
the nature of the distribution of stresses in the shell, 
which establish a number of new relations between the 
unknowns, such that when added to the original equa- 
tions (2.29) and (2.30) they make it possible to construct 
a complete system of equations. We have in mind a system 
of equations which together with some definite boundary 
conditions and some other conditions resulting from the 
geometrical and physical content of the problem make it 
possible to find all the unknown quantities. In the deri- 
vation of the additional relations we should base on some 
physical or geometrical assumptions taking into account 
certain properties of actual shells. One of the usual ways 
consists in establishing by means of certain hypotheses 
relations between the components of forces and moments 
on one hand and the components of the deformation 
tensor on the other hand. For instance, in the case of 
elastic shells, this is achieved by the linear Hook’s law 
and some additional hypotheses of geometrical and 
statical nature (for example the so-called Kirchhofi—Love 
hypothesis). However, many considerable difficulties arise 
in this way, which are still not overcome. One of these 
difficulties consists in the fact that there is no uniformity 
in the problem of the choice of the above mentioned 
hypotheses. Various hypotheses forming the basis of the 
derivation of the above relations lead to structurally 
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distinct differential equations and boundary conditions. 
In the equations, besides the principal terms, secondary 
terms frequently appear whose presence does not con- 
siderably influence the accuracy of the computations but 
greatly complicates the problem and significantly de- 
creases the practical efficiency of the equations thus 
obtained. The complexity of the problem consists in the 
fact that it is difficult to propose methods making it 
possible to seperate the secondary terms in the equations 
from the principal ones, in order to eliminate the former. 

So far there is a great lack of coordination in the prob- 
lem of the choice of the hypotheses forming the basis 
for constructing the equations of the shell theory. This 
results in the setting-up of various systems of equations 
and relations, and frequently it is very difficult to decide 
what are the advantages and defects of one system with 
respect to another one. Hence, there may be cases when 
problems of a similar physical content lead to significantly 
distinct equations. All these facts deprive the mathe- 
matical theory of shells of the completeness and internal 
unity which are inherent in many other branches of 
classical mechanics. The construction of a general theory 
of shells cannot be regarded as complete until a sound 
general scheme of basic equations is found. But a solution 
of this problem in such a general way is connected with 
obstacles not easy to overcome. 

The point is that shells play various roles in engineering 
structures. In various structures shells are subject to 
various loads and hence it is impossible to find a general 
scheme which would contain all possible practical cases 
and would lead to satisfactory results from both the 
mathematical and physical point of view. In the state 
of stress in a shell under the action of external loads, in 
some cases the forces prevail, moments being negligible; 
in other cases, conversely the state can be a purely moment 
state, the forces being negligible. Most frequently, of 
course, we encounter the cases when neither moments 


584 GENERALIZED ANALYTIC FUNCTIONS 


nor forces may be neglected; they should however be 
connected by relations which are to be established in 
order to construct a complete system of equations of 
the theory of shells. Moreover, if the shell is subject to . 
non-stationary external loads the character of the state 
of stress can change considerably in the course of time. 
In some cases the shell may be regarded as an elastic 
body and the Hook’s law may be employed. But in many 
cases it is necessary to apply non-linear relations and 
also take into account the possibility of exceeding the 
yield point and the occurrence of plastic zones. All these 
facts indicate that it is difficult to embrace all cases in 
one scheme if the aim is to construct a general sound 
mathematical theory which at the same time would be 
sufficiently effective for practical applications. Hence, 
without giving up investigations aimed at a further 
improvement of the general principles of the theory of 
shells, it is necessary at the same time to examine various 
typical classes of shells and construct for them appropriate 
mathematical theories. Such is the case for instance for 
the plane problem [60b] and also for prismatic shells [147]. 

One such typical case of the state of stress in shells 
is the membrane state of stress. In this case a system 
of equations is obtained which when completed by ap- 
propriate boundary consitions admits a unique solution. 
In other words, the membrane state of stress is a statically 
determinate problem. 

In the following section we shall present a derivation 
of the basic equations of the membrane theory of shells 
and we shall consider some other related problems. 


§3. System of equations of the membrane state of stress of 
shells. Geometric interpretation 


3.1. Let a shell be in the membrane state of stress, 
i.e. the following conditions are satisfied: 


M’*=0 (a=1,2), ie. M¥=0 (a,8 =1,2). (3.1) 
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Under these conditions the system of equations (2.31)- 
(2.34) takes the form 

VT! +X —0 (B=1,2), dy l?+Z=0, (3.2) 

T=.T? (a,p=1,2), (3.3) 

T* =0 (a=1, 2). (3.4) 

Thus, in the membrane state of stress both the moment My) 

and the shear force nTy = T; vanish on every lateral 


area 3", Consequently, the force vector on every area 2° 
is given by the formula 


Ty = Tl, = T? lars , (3.5) 
or 
Ty = NI+Ms, (3.6) 
where 
Ny,=T%lals, Hy = T?% lass ; (3.7) 


_ Nj, and H, are the normal and tangential forces. It readily 
follows from the formula (3.7) that 


Ng=N-y, M=H-y. (3.7a) 


Moreover, taking into account the symmetry of the 
tensor T we have 
H, = —H,. (3.8) 


Thus, the tangential forces on two perpendicular areas 
have the same absolute value but opposite signs. 

The symmetric tensor field T” which satisfies the 
system of equations (3.2) will be called the non-homo- 
geneous statical field if the components of the surface 
forces X* and Z do not identically vanish at the same 
time. The field 7” will be called the homogeneous statical 
field if X° = Z = 0. A homogeneous statical field satisfies 
the system of equations 


VT =0 (B=1,2), dgT®=0 (1% = T*). (3.9) 


It is evident that a general non-homogeneous statical 
field corresponding to a given field of external surface 


586 GENERALIZED ANALYTIC FUNCTIONS 


forces X = X°r,+ Zn is a sum of a fixed non-homogeneous 
field T° and an arbitrary homogeneous statical field 7. 


The non-homogeneous field 7% can be chosen arbitrarily. 
In particular it can be subjected to some additional 
conditions. Sometimes these conditions can be such that 


they determine the field T” uniquely. 

We also observe that the variety of homogeneous 
statical fields of a given shell, i.e. the set of solutions 
of the homogeneous system of equations (3.9), is a linear 
manifold. * 


3.2. We found in the preceding chapter that the system 
of equations (3.9) is also satisfied by a bending field. 


In other words, the tensor 7% which is given in terms 
of the rotation vector V by the formulae 


gee — ony (a, 8 =1, 2), (3.10) 

is a solution of the homogeneous system of equations (3.9). 
Thus, every rotation field is associated with a definite 
homogeneous statical field of a membrane state of stress. 
This makes it possible to interpret the geometrical pro- 
perties of infinitesimal bendings of a surface as definite 
mechanical properties characterizing a membrane state 
of stress of shells. We do not maintain however that the 
deformed state in a shell due to an infinitesimal bending 
of its middle surface induces a membrane state of stress 
of the shell. On the contrary, at least for elastic shells, 
such a deformed state corresponds to a purely moment 
state of stress [50] (Ch. XXIII). For instance, in a thin 
elastic shell the components of forces and moments . 


* To avoid confusion we observe that we distinguish between 
the concepts of homogeneous and constant field on a surface (scalar, 
vector or tensor field). A constant field is one whose elements 
take the same value at all points of the surface. We consider this 
remark necessary since sometimes in the vector analysis it is custo- 
mary to call such a field homogeneous. 
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referred to the coordinate system in curvature lines is 
given by the formulae [50] 


2Eh 2Eh 

N= yaa lest oes) » N. =z pleat oe) 
a (3.11) 

H, = —H, = ite? 

2h 2Eh8 
G, = — 3(1— of (+ om) » = ~ 30 (to) ? 

(3.12) 

2Hh’ 

M, = M, = 3(1+0)- ; 


where E is the Young modulus, o the Poisson ratio of 
the material of the shell, 2h the thickness of the shell, 
1, €g, o extensions and shear of the middle surface, and 
%, %, and t are the variations of the principal curvatures 
and the torsion of the surface. In infinitesimal bendings 
of the middle surface «, = e, = w = 0 and, consequently, 
N,= N, = H, = —H, = 0, i.e. the tangential components 
of the force vanish. 

Thus, the state of stress of an elastic shell induced by 
an infinitesimal bending of the middle surface is not 
a membrane state. Most likely, to the first approximation 
which is sufficient for many practical purposes, such 
a stress, by (3.11) and (3.12), may be regarded as a purely 
moment state of stress. 

In what follows the state of stress of a shell induced 
by an infinitesimal bending of its middle surface will 
be called the purely bending state of stress. It was found 
above that for a fairly wide class of elastic shells this 
state is a purely moment equilibrium state of stress. 

The formulae (3.10) are equivalent to the following 


vector relation: 

1) 

a > TP ps: (3.13) 
This formula enables us to associate also with every 


homogeneous statical field 7” a definite displacement 
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and rotation fields. These fields are given by the for- 
mulae (6.18) and (6.19) of Ch. V and, consequently, can 
be determined by integration. In the case of a simply- 
connected domain we obtain in this way single-valued 
fields of displacement and rotation, to within trivial 
bendings. | 

This means that in the case of a simply-connected 
surface every homogeneous statical field can be interpreted 
as a bending field, and conversely, by setting 


T% —T? (a,p=1,2). (3.14) 


In the case of multiply-connected surfaces, to a given 
homogeneous statical field TZ there correspond, in 
general, multi-valued displacement and rotation fields. We 
found already in the preceding chapter that for the single- 
valuedness of displacement and rotation fields it is neces- 
sary and sufficient that the following relations be satisfied: 


{Tods=0, fTwxrds=0, (j=1,...,m) (3.15) 
Ty Ly; 


where 
Ty = T? lars . (3.16) 


Below we shall elucidate the mechanical meaning of 
these conditions; we shall also examine the nature of the 
multi-valuedness of the displacement and rotation fields 
corresponding to an arbitrary statical field. 


3.3. In §6 of Ch. V we proved the integral identity 
fUTpds = f U.T*¥ pds = 0, (3.17) 
L L ; 


where L is the boundary of the surface 8, U is an arbitrary 
displacement field on S and Tw = T¥lars, I” being an 
arbitrary solution of the system of equations (3.9), ie. 2% 
is an arbitrary homogeneous statical field of a membrane 
state of stress in a free shell the middle surface of which 
is the surface S. It is assumed that U and 7 are con- 
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tinuous in S+L. The formula (3.17) can also be generalized 
to the case of a non-homogeneous statical field. If U is, 
as before, a displacement field on S and TZ” a non-homo- 
geneous statical field, i.e. a solution of the non-homo- 
geneous system of equations (3.2), then we have 
UX = WX? 4 WF = — UT? + Wy Z 
—V (ug TL) +42 (V att + V pla) + Uy Z 
—V (ug T*) + T bag tg + UZ = —Va(ugT™) . (3.18) 


We have made use here of the system of equations for the 
displacement field 


3(Vatg + V gtta) — Dag Uy =0 (a,B=1,2), (3.19) 


and also we have taken into account the symmetry of 
the tensor 7°. Besides we introduced the notation 


X=Xr,4+Zn, U=Uer'tugn. (3.20) 


Integrating the relation (3.18) over the surface S and 
applying Green’s identity we arrive at the required formula 


Jf uxas+ f UT pds =0. (3.21) 
S L 


In particular, if for U, we take an arbitrary trivial field 
U=2xr+C, (3.22) 


the identity (3.21) is equivalent to the following relations: 


f[xas+ f Tads =0, 
Ss L 


3.23 
ffrxXad8+ [rxTpds =0, er 
Ss L 


which, as is known, constitute the necessary and sufficient 
condition of equilibrium of the surface S treated as a rigid 
body. In what follows in prescribing a distribution of the 
surface forces X and the contour forces Ty we always 
understand that this distribution satisfies the equilibrium 
conditions of this rigid body (3.23). 
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In the case of a free shell X =0 and, consequently, 
we have the formula (3.17). 

Since UXdS and UT wds are elementary works of the 
surface force XdS and the contour force Tyds on the 
displacement U, the formula (3.21) expresses the following 
fact: 

The sum of the elementary work of external surface and 
contour forces applied to a shell in a membrane equilibrium 
state of stress, with displacement corresponding to an arbt- 
trary infinitesimal bending of the middle surface, is equal 
to zero. 

In other words, infinitesimal bendings of the middle 
surface of a shell are possible (virtual) displacements with 
respect to an arbitrary system of external and contour forces 
creating a membrane state of stress in the shell. 

Thus, the external surface and contour forces acting 
on a shell and resulting in a non-zero membrane state 
of stress should be orthogonal to an arbitrary displacement 
field. In other words, the statical conditions which create 
in the shell an equilibrium membrane state of stress should 
be compatible with arbitrary constraints which admit infi- 
nitesimal bendings, and conversely. Hence, the statical con- 
ditions creating a membrane state of stress in the shell 
can always be completed by constraints (in particular rigid 
constraints) compatible with an (in particular trivial) infi- 
nitesimal bending of the middle surface of the shell. 
These constraints (including rigid constraints) must ne- 
cessarily be compatible with an arbitrary statical field. 

The equilibrium stress state of a shell which is composed 
of a membrane and purely bending states of stress will 
hereafter be called briefly the state (T, M). It is evident 
that such a state is intermiediate between the general 
moment state of stress and the purely membrane state 
of stress. In what follows a membrane state of stress will 
for the sake of brevity, be called the state (T) and a purely 
bending state of stress the state (M). The state (T, M) 
is a sum of the states (T) and (M). 
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In the preceding section we indicated a number of 
geometrical and kinematic conditions determining the 
state (M). In the following section we shall examine 
conditions of the type (T). In the state of stress (T, M) 
the deformation of the middle surface S is composed 
of two deformations, namely of an infinitesimal bending 
corresponding to the state (M) and deformations of ex- 
tension (or compression) and shear corresponding to the 
state (T). The first deformation is determined directly 
by solving the system of equations of infinitesimal bending 
the conditions of type (M) being taken into account; 
the second deformation in general can be determined in 
an explicit form only by introducing a hypothesis on the 
relation between deformation and stress. In this case 
the statical field (J) is determined directly; the defor- 
mation can for instance be found in the case of a thin 
elastic shell by employing the approximate formulae (3.11). 
The formulae (3.12) make it possible to determine the 
components of the moments of the state (M). 

The relations (3.15) express the fact that the contour 
forces applied to an arbitrary closed boundary curve 
of a free shell are statically equivalent to zero (the re- 
sultant force and moment vectors of these forces vanish). 
These relations imply that the condition under con- 
sideration will then be satisfied for an arbitrary closed 
curve belonging to the middle surface of the shell. 

Thus, according to the formula (3.13), to a homogeneous 
statical field there correspond single-valued displacement 
and rotation fields (to within a trivial bending) if and 
only if the contour forces applied to every boundary 
contour are statically equivalent to zero. For a simply- 
connected surface this condition is always satisfied in view 
of the relation (3.17). Hence, in this case, as was already 
noted above, an arbitrary homogeneous statical field can 
be interpreted as a bending field of the middle surface. 


3.4. If the surface is multiply-connected and the con- 
ditions (3.15) are not satisfied, the fields of displacement 
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and rotation, U and V, determined in accordance with 
the formulae (6.18) and (6.19) of Ch.V are multi-valued 
functions of position on the surface. We now proceed to an 
examination of the nature of this multi-valuedness (see 
also [33a], §26). 

Suppose that for a fixed coordinate system the 
surface is mapped homeomorphically onto a multiply- 
connected domain G of the plane z= a+ ia%. Let the 
complement of G with respect to the entire plane consist 
of m+1 continue G,..., Gm, G being either absent or 
containing the point at infinity; G,,..., Gn are bounded 


sets. Let 
1 

O,(2) = 55, ats (%— 4) , (3.24) 
where 2; is a fixed point of the continuum G,(j = 1, ..., m). 
Evidently, 3 (z) is a multi-valued function taking an 
increment equal to unity when the point z describes once 
the contour of the continuum G; counter-clockwise. Then 
(6.18) and (6.19) of Chapter 5 imply immediately that 
the vectors V and U have the form 


™ 
V(M) = S'V;8(M)+¥V(M), (3.28) 
m ran 
UM) = SV) xr +V)O(ID+U,(M), (3.26) 
jel 
where U, and V, are single-valued vector-functions of 
point M of the surface 8, and V; and V; are constant 
vectors 
Vj;= [Tods, Vi= frx Tuas. (3.27) 
q; Zy 
It is now easy to prove that to multi-valued fields of 
displacement and rotation, U and V, of the form (3.25) 
and (3.26) where V; and V}(j=1,..., m) are arbitrarily 
given constant vectors, by (3.10) there always corresponds 
a definite homogeneous statical field of a membrane 
state of stress of the shell. . 
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The following geometrical interpretation can be given 
to the formulae (3.25) and (3.26): On the surface 8 let 
there be m cuts along simple smooth ares Lj, ..., Dm, 
made in such a way that a simply-connected surface 
S’ = S—(Lji+...+L,,) results. To this surface there cor- 
responds on the plane z= #!+i27 a simply-connected 
domain G’ = G@—(Ij+...+Im) where Ij are the images 
of the arcs LZ; (j =1,..., m). 

Let L;* and L; be the left and the right edges of the 
cuts Dj (j = 1, ..., m). Then, by (3.25) and (3.26), we have 


Vly+—Vls- = V; (j =1,...,m), (3.28) 
Ulyj+— U|r- =V; xr+V; (jf =1,...,m). (3.29) 


These formulae indicate that every edge of an arbitrary 
cut L; is displaced with respect to the other edge as a rigid 
body, these displacements being uniquely determined by 
the given homogeneous statical field T%. 

Thus, also in the case of a multiply-connected surface, 
to every membrane state of stress of a shell there cor- 
responds a definite infinitesimal bending of its middle 
surface if the surface is converted into a simply-connected 
surface by making arbitrary cuts Lj,..., D3; the edges 
of every cut move relatively to each other as rigid bodies. 
These movements are uniquely determined by the given 
statical field. 

It follows that the absence of a non-trivial solution 
of the system of equations (3.9) satisfying the constraint 
conditions present on the surface and the conditions (3.15), 
is a@ necessary and sufficient criterion for the rigidity of 
a muliiply-connected surface. 

In other words, if there is non-zero homogeneous 
statical field T” satisfying the geometrical constraints and 
the conditions (3.15) ensuring the single-valuedness of the 
displacement and rotation fields, the surface is rigid. 
This condition is both necessary and sufficient condition 
of (geometrical) rigidity. 
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§4. New derivation of the characteristic equation 


In this section we shall present another way of 
deriving the characteristic equation (5.30) obtained in 
the preceding chapter on the basis of a purely geometrical 
reasoning. 

Suppose that the pair of vectors Ti and T? is a par- 
ticular solution of the equation (3.29). Then the general 
solution of this equation has the form 


T=T°+T? (a=1,2), (4.1) 


where To is an arbitrary solution of the homogeneous 
equation x 
1 eyaT 0 


ya da a 


It is obvious that this equation is satisfied by vectors 
of the form 
é ow 
Ty =O" 5 (a =1, 2), (4.3) 
where W = W(«', x) is an arbitrary differentiable vector- 
function of a point of the surface. We have 


B B 
Te = Tir = OE __ ety 


0x04 ah * 
But 
oré 
agi = Ee + bie. 
Hence 
op 0W® wip oy adzB 7 spb — ¢% HP ca 
Ty = api 1° Duy w — 6 byw) = Vi wi— baw, , (4.4) 


where w° = Wr’, w, = Wn. Since Ty’ = Ts" we have 


V.wi— 2Hw, = 0. (4.5) 
Further, 
0 = nTy =" aa — sgl = ° ae byw” , 
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i.e. 
so 4 bapto? = 0 (a =1, 2). (4.6) 
Let K #0. Then from (4.6) 
ee 1 
w ——a ay dP = oe by . (4.7) 


Substituting (4.7) into (4.5) we obtain the characteristic 
equation 
V.(d*V,w,) +2Hw, =0. (4.8) 


If w, is a characteristic function the vector W is given 
by the formula 


Wi GO a a (4.9) 


For the vector Tj in accordance with (4.3) we have 
To = —0*(Vpd"V,wo+bpwy)r, (a =1,2). (4.10) 


Thus we have obtained in a different way the for- 
mulae equivalent to the formulae (6.27) derived in the 
preceding paragraph. 


§5. Conditions of existence of the state (7). Boundary value 
problems 


5.1. The existence of the membrane state of stress of 
@ shell denoted above by (T), which is a very special 
case of the general state of stress ¥ is possible only under 
very special distributions of external loads. Let us first 
of all enumerate the necessary conditions of existence 
of the state (T). 

First, the totality of the surface and body forces is 
statically equivalent to a force field X distributed in 
the middle surface of the shell. The moments of these 
forces vanish identically. 

Second, the forces acting on the lateral areas of the 
shell are statically equivalent to forces of the form T = 


40 
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= NI+Hs, i.e. moments and shear forces along the 
boundary of the shell are equal to zero. 

Third, the surface forces X and the contour forces T 
should satisfy the identity (3.21) in which an arbitrary 
displacement field U of an infinitesimal bending of the 
middle surface appears. If U is a trivial displacement 
field the condition (3.21) constitutes the usual con- 
dition (3.15) of equilibrium of a rigid body which, ob- 
viously, always should be satisfied. 

The conditions enumerated above, do not yet ensure 
the existence of the state (T). In general, establishing 
general laws of distribution of external loads which 
would ensure the existence of such states is a difficult 
problem, hardly soluble by purely mathematical means. 
The problem is also complicated by the fact that the 
state under consideration is of an unstable nature. In 
a purely mathematical consideration this fact follows 
from the condition (3.21) which in general is not satisfied 
if the fields X and T are given in an arbitrary way. Hence, 
putting aside the problem of physical conditions of ex- 
istence of the state (T) we shall deal below mainly with 
the purely mathematical problem of determining con- 
ditions ensuring the existence and uniqueness of a statical 
force field Ty satisfying the system of equations (3.2) 
and (3.3). As we found above, for this it is necessary 
that the conditions (3.21) be satisfied. Below we shall 
prove the sufficiency of this condition. Obviously, this 
does not yet mean that under these conditions the state 
of stress in a shell is really rigorously a membrane state. 
Nevertheless, many examples of engineering practice in- 
dicate that under these conditions numerous actual shells 
are practically in a membrane state. The point is that 
actual shells almost always possess a considerable rigidity 
with respect to bending deformations and, consequently, 
the presence of a small component of moment cannot 
in such cases significantly distort the membrane nature 
of the stress field. (This circumstance, evidently, takes 
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place also in many cases in which the conditions (3.21) 
are manifestly violated; see below, §5.8 and the following). 
It is known that convex shells have a considerably greater 
rigidity with respect to bending than a shell of negative 
curvature. Hence, convex shells are more frequently 
applied in practice owing to their greater stability with 
respect to a violation of the conditions for the existence 
of the membrane state. In what follows we shall under- 
stand by the state (7) the presence of such a distribution 
of surface forces X and contour forces T which ensures 
the existence of a statical field 7° satisfying the system 
of equations (3.2). 

We shall investigate conditions for the existence of the 
state (T) only for shells of positive curvature. 

In this case the problem is reduced to a system of 
equations of elliptic type and we can use the results of 
the preceding chapters. But before proceeding to an 
investigation of this special case we consider it expedient 
to make some preliminary remarks of general nature. 

We have already mentioned the unstable character of 
the state (T). But the nature of this instability depends 
to a great extent on the type of the shell; it is different 
for shells of elliptic and hyperbolic type. This fact is 
readily verified if it is taken into account that the type 
of the differential equations of the problem we are in- 
terested in, is determined by the type of the corresponding 
surface. The problem is reduced, as was indicated ab- 
ove, to elliptic equations for shells of positive curvature 
and to hyperbolic or parabolic equations, respectively, 
for shells of negative of zero curvature. But the nature 
of the dependence of the solutions of these equations on 
the data which determine them uniquely, is not the same. 
To verify this statement it suffices to analyse this problem 
for the case of the Dirichlet problem for an elliptic equa- 
tion (for instance for the Laplace equation) and the 
Cauchy problem for a hyperbolic equation (for instance 
for the equation of the vibrating string). 


40* 
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Under small continuous changes of the boundary data, 
a solution of the Dirichlet problem undergoes a small 
change in the whole domain (we have in mind regular 
domains for which the Dirichlet problem is correct). In 
other words a solution of the Dirichlet problem is a con- 
tinuous function of the boundary data. Moreover, if the 
coefficients and the free term of an elliptic equation are 
continuous and have a number of continuous derivatives, 
then also the derivatives of the solution of the Dirichlet 
problem are continuous and depend continuously on the 
boundary data, inside the domain. If it is taken into 
account that the derivatives of the solution of the Dirichlet 
problem have frequently a definite physical meaning (for 
instance the gradient of the solution can be treated as 
a force field or velocity field of the steady motion of 
a perfect fluid), then the above circumstance means that 
the corresponding physical problem is in fact stable (at 
least inside the domain, i.e. in the whole domain except 
for a narrow strip adjacent to the boundary; in general, 
the gradient of the solution can strongly increase on ap- 
proaching the boundary). In general the analytic nature 
of a solution of an elliptic equation inside the domain 
is determined only by the analytic nature of the coef- 
ficients; singularities of the boundary and the boundary 
data are localized near the boundary and do not enter 
the interior of the domain. 

In the case of a hyperbolic equation a Dirichlet problem 
is in general very little investigated, owing to its strong 
instability. But also the nature of stability of a solution 
of the Cauchy problem is considerably different from the 
nature of stability of a solution of the Dirichlet problem. 
This is readily demonstrated in the case of the equation 
of a vibrating string . ; 

ru uy 

ao ay? =0, (5.1) 
which is also encountered in the theory of shells and, 
as we have seen in the preceding chapter (§11), also in 
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problems of infinitesimal bendings of surfaces of negative 
curvature. It follows from the d’Alambert formula 


c+y 
u(e,y) =4plet+y)+ele—y)]+4 J vee, (6.2) 
x—-y 

giving the solution of the Cauchy problem with the 
initial conditions 
ou 
OY |yxo 
that for sufficiently small continuous changes of the 
initial data the solution undergoes a small change (if a 
and y change in a bounded domain), but the same assertion 
with respect to the derivatives is not true; this depends 
on differential properties of the initial data. Thus, the 
nature of dependence of a solution of the Cauchy problem 
on the initial data is more capricious and it is much 
more difficult to preserve the stability of a solution of 
@ physical problem in this case than in the case of a prob- 
lem governed by an elliptic equation. If we want to 
ensure the stability of a physical problem in the hyperbolic 
case we should show that perturbations of the initial 
data belong to a narrower class of differentiable functions. 
It is, however, very difficult in practical problems to 
ensure the fulfilment of this condition, since perturbations 
are often due to random causes which are difficult to 
control. 

On the basis of the properties of equations of elliptic 
and hyperbolic type a number of conclusions can be 
drawn concerning the nature of distribution of stresses 
inside shells of the corresponding types. For definitness 
we shall consider a shell loaded only by contour forces Tip. 
In an elliptic shell a stress due to arbitrary external 
loads is taken up by all its parts, and if the external 
load is distributed more or less uniformly (i.e. concen- 
trated forces are excluded) no great stress concentrations 
arise inside the shell. Hence, under some random but 


Wly—o = (2) , =y("%)—-co<a<oco, (5.3) 
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small increments of the external load it is unlikely that 
the additional stresses will lead to dangerous stress con- 
centrations. The situation is different in the case of 
a hyperbolic shell. Then perturbations in the distribution 
of the contour forces are propagated inside the shell 
along certain zones and it may turn out that the cor- 
responding stresses are taken up not by all parts of the 
shell but are localized in some regions which can also 
be situated far from the region of application of the 
contour forces. Hence, in the case of a hyperbolic shell, 
the probability of the occurence of dangerous stress 
concentrations which can have unfortunate consequences 
(appearance of fissures, foldings, destruction of constraints 
etc.) is greater. In view of this, hyperbolic shells are 
comparatively seldom used in practice. Shells of parabolic 
type are intermediate between shells of elliptic and hy- 
perbolic type. They are more stable than hyperbolic 
shells and their computation is simpler then that for 
shells of elliptic type. Hence, parabolic shells are more 
frequently applied in technical structures (floors of vari- 
ous kinds, etc.). 

We shall say a few words more about shells of mixed 
type; we have in mind shells whose curvature changes 
its sign. The presence in such a shell of regions of positive 
curvature can, under certain circumstances, ensure suf- 
ficient stability of the whole shell. Such a shell can preserve 
stability in the la-ge in some cases even when because 
of great stress concentrations in the hyperbolic zones 
the yield point is exceeded and the material is in a plastic 
state. Computation of such shells leads to differential 
equations of mixed type. The theory of such equations 
has in recent years been extensively e’aborated and many 
interesting results have been obtained, [9]; they can also 
be employed in problems of the theory of shells (see also 
Ch. V, §11, p. 528). 

5.2. Let us consider an isometric-conjugate coordinate 
system on the middle surface of a shell of positive curva- 
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ture; introducing the complex stress function in accordance 
with the formula 


= Z 
w=u'+iv’ = pa(TH#—i1T) + —_ 5.4 
+ Va( ) oy’ (5.4) 
the system of equations (3.2) can be written in the complex 
form 
é0'— Aw’— Bw’ =F, (5.5) 
where 
= H\. K 
= —d-ln aVK B=— arch ——|] ev— —= grip 5. 
F V V J ( 7 4K » (5.6) 


1 j(Z\ Ya eee 
F= 5 VK (z),- oy (Xt tk) . (5.7) 


Ii F = 0, ive. 


eoiVEEL, e-tV/EQ. 0 


we obtain the homogeneous equation 
a0’ — Aw’ —~Bw' =0, (5.9) 


which we encountered in Ch. V (§6.6). The condition (5.8) 
indicates that the field of surface forces X has the po- 
tential V = Z/K. A potential field in an arbitrary co- 
ordinate system can be written in the form 

= aV 


x=1xKa 


5 Kd" =rpt+KVn, Z=KV. (5.10) 


This fact follows immediately from the formulae (5.8) 
if it is taken into account that in the isometric—conjugate 
coordinate system (Ch. V, §5.4) 

1 


di — q?2 = Jak’ d= dq@=0. (5.11) 
a 


We now indicate one more way of deriving the equa- 
tion (5.5), which makes it possible to obtain the latter 
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directly from the equation of the membrane state in the 
vector form 
1 ovat" 


= X=0 ox T° =0 5.12 
ya oa + ? r ( ) 


This equation can also be written in the form 

@;[Va(T!—é7?)] +2,[¥a(T? + 47?)| + VaX = 0. (5.13) 
Since 

TT? = Tr, = (T* +67") r+ (L"—iT™)r; , 

in view of symmetry of the tensor 7 we have 

T!—iT? = (T+ T”)r, + (TU— T?— 2T)r, . 
Taking now the isometric-conjugate coordinate system we 
obtain from the relation (5.13) the relation 

Z 


Tus [2 — ——., 
= yak 


(5.14) 


Bearing in mind the notation (5.4) introduced above we 
obtain 


5 Va(T!— 67) = w'r5— (5.15) 


reine 
2K 


Substituting the last result into (5.13) and using the 
relations (Ch. II, §6.5) 


regt Ar; +Brs=0, (5.16) 
Ke. Ke ie 
rat qetet ger gVaKn=0, = (5-17) 


we readily obtain the equation (5.5). 
Multiplying the relation (5.15) throughout by - « and 
taking into account that 


Va & Ltt, l=lra, (5.18) 
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we have 
a eee ca oli ey 


Hence, we easily derive the formula 


i apcce 24 1Z 2 ("= dz 


eats if 2 nn = 
zy aK Oe 27K 2’ ds 


In deriving this formula we used the relation 


mak (5.20) 


5 (rt art) = (5.21) 


— Te oe 


The formulae (5.19) and (5.20) imply the relations 


w'(z) = — [ros +20], (5.22) 


Tk ds 


dz dz 
Z=2n,|ToG +Tog| (5.23) 


Let ¢ be the angle of inclination of the unit vector t to 
the principal direction s,. Then we have 


a cos29+ Hsin2Qp, (5.24) 


1 N. 
M= 5(¥,+N.)+— 


N,—N,. 
H, = ——*5—*sin29+H,cos29 = (H;=—H,), (5.25) 


where N, and WN, are the normal and H, = —H, the 
tangential forces on the principal normal cross-sections. 
It follows from the formulae (5.24) and (5.25) that 


Ni+N,= M4 N,, (5.26) 
aN dH 
ae 2H; , Gp t2M= N,4+ 5,2, (5.27) 
aT( 


= 2H(N,+N,). (5.28) 
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The relation (5.26) means that the sum of normal forces 
acting on perpendicular normal cross-sections is inde- 
pendent of the orientation of the cross-sections and, con- 
sequently, is a scalar function of postition. of the middle 
surface (this assertion as well as the formulae (5.26)-(5.28) 
is valid for shells of any type). 

It follows from the relation (5.28) that |T@| attains 
the extremum values on the areas on which the tan- 
gential forces vanish (we assume that N,+ NW, 40). It 
ig seen from (5.25) that this takes place on two perpen- 
dicular areas 2” and 2” with normals /’ and l’’ the direc- 


tions of which are defined by the angles y, p+ 5 where 
is the solution of the equation 


2H. 


We shall call these directions the principal axes of the 
force field Tq, and the curves lying on the middle surface 
and tangent at all points to one of the principal axes, 
the principal lines of the force field. Let us denote the 
normal forces on 2” and 2’ by WN’ and N”. They are 
termed the principal forces of the field Tq. Since 


Ta =NV, Ta =n, (5.30) 
we have, in view of the formulae (5.22) and (5.23), 
, pa , dz\? ” dz \? 
w'(2) = Wa [3 (7 +N (Sr |; (5.31) 
WN’+KYN'4+Z=0, (5.32) 


where k’ and k” are the normal curvatures of the surface 
in the directions of the principal axes l’ and l’’. It follows 
from (5.31) and the formula 


—— |dz|? 
k = yak asl? (5.33) 
that ‘ f ft ft 
ho’ (a)) < CIR (6.34) 


VK 
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Hence, for any bounded force field Ti the corresponding 
complex stress function w’ is bounded. 
We also introduce the scalar complex stress function 
K N’ N” — ZH : NY — N , 
vo, = SEN) (0 We 
VKE VE 
which is connected with the complex stress function w’ by 
the relation (see p. 457) 


(5.35) 


’ ~f , . Fi. , 
w=e*w,, ie. wy, =eru’. (5.36) 


In the formula (5.35) rt’ denotes the geodesic torsion of 
the surface in the direction of the principal axis of the 
forces I’. Using the relations 


N’+N" =N,4+N,, k,Ni,t+khN.+Z=0, 
WN'Atk’N'+Z — 0 ; (5.37) 
we easily find that at an umbilical point (#H = 0) the 
function w, is bounded. 


If the field X =0 we have, by formulae (5.37), (see 
also §6.4 and §7.8 of Ch. V), that 


, kN. 


w, = VE +iH, = VKp+iq, (5.38) 
1.e. 
ee al ree q=H, =—H,. (5.39) 
ky ke 


These relations make it possible to give a mechanical 
interpretation of the quantities p and q introduced in 
Ch. V where we also showed their geometrical meaning. 
In particular, according to the formula (7.65) of Ch. V, 
we have 


(N, +.) = HN’ +N") = 6H, (5.40) 


le. for shells free of surface forces half of the sum of princi- 
pal forces can be interpreted as the variation of the mean 
curvature under the corresponding infinitesimal bending of 
the surface. 
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5.3. We now proceed to the problem of determining 
conditions ensuring the existence and uniqueness of the 
force field Tq defined by the relation (5.5) and the for- 
mula (5.19) [14n, 0]. Sometimes, as was agreed above, 
such a field will also be called the state (T). Let us call 
the set of fields—the surface forces X distributed on S 
and the contour forces T prescribed on [—the field (X, T), 
or the external load (X, T). This field is defined by five 
functions: three functions of position on the surface defi- 
ning the components of the field X and two functions 
on the contour LZ defining the components of the field T. 
We proved above the necessity of the conditions (3.21) 
in which an arbitrary displacement field U appears; this 
field can be represented as follows (Ch V, §3.5): 


2 1 
U = Re }/— ——wn,+ ——|ypKw),n 5.41 
[ae t eg Kulent, 6.41) 
where w is the complex displacement function which is 
a solution of the homogeneous equation 


djw+Aw+Bw=0, w=2U7;, (5.42) 


adjoint to the equation (5.5). Introducing the expres- 
sion (5.41) into the formula (3.21) and transforming the 
double integral by means of Green’s identity we readily 
obtain the following identity equivalent to (3.21): 


Re Lf wF de dy — 5. f vow’ ac} =0. (5.43) 
r 


G 


Here w’ and w are arbitrary solutions of the equations 
(5.6) and (5.42), respectively; they will hereafter be 
considered as continuous in G+J. The last identity can 
also be derived directly from the equations (5.5) and (5.42). 
We shall below prove also the sufficiency of the identity 
(5.43) and, consequently, (3.21) for the existence of the 
force field Tq corresponding to the given field (X, T). 
For the sake of simplicity we shall confine ourselves 
to a simply-connected domain. 
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Suppose that given field (X,T) satisfies the con- 
dition (3.21) where U is an arbitrary displacement field. 
Then the function F(z) given in @ by (5.7), and the function 
w’ = f, +f, calculated by means of (5.20) on the bound- 
ary I, satisfy the identity (5.43) for an arbitrary solu- 
tion w of the equation (5.42) continuous in G. We shall 
assume that the given field (X, T) is such that the fol- 
lowing condition is satisfied: 


(1) F(z) ¢L,(G4+lIr), p>2, and 
(2) fifee C(I), O<v¥ <1. 
The first condition means that 
Z € D,p(S+LD) 5 AS = L,(S+L) 9 Pp > 2 . (5.44) 

p—2 

ae 

We now construct a solution w’ of the equation (5.5) 
in accordance with the boundary condition 


Re[e(z)] =f, (on I; we O(G +I)). (5.45) 


Such a solution exists by Theorem 4.11. Since the index 
of the problem is zero its general solution has (by Theo- 
rem 4.12) the form #’ = wo+e; (¢, is an arbitrary 
real constant) where w is the particular solution of the 
problem and w; is a non-trivial solution of the homogeneous 
problem. Since w; = ty, on I (x, is a real function) we 
have 


Consequently, Z<« C,(S+L), a= 


® =f,t+fretiegy (on I). 
Hence the difference of the boundary values of the given 
function w’ = f,+7f, and the function #’ found above is 


0’ —%' =i(fe—fr—G m1) (on I). (5.46) 


Since w’ and w’ satisfy the identity (5.43) we have for 
the difference between them 


[r—fr-exm)Relwle)ee|de—0, (6.47) 
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where w is an arbitrary solution of the equation (5.42). 
Let us now subject w to the boundary condition 


Re|w()|=f-h-an (on 1). 


Since the index of this problem is —1 it is necessary and 
sufficient for its solubility that the constant c, be given 
by the relation (Theorem 4.12) 


{ (fafa) mds 


| ids 
r 


Under these conditions we obtain from (5.47) that, on I, 
fe = foa—% %, - Consequently, 
@ =fAtietian =ht if, = w’ (on I). 

It has therefore been proved that if the field (X, T) 
satisfies the condition (3.21) and the function w’ is given 
on the boundary by the formula (5.20), then it can be 
continuously continued inside the domain G so that it 
satisfies the equation (5.5); it is obvious that this con- 
tinuation is unique. This means that a given field (X, T) 
satisfying the condition (3.21) uniquely determines the 
force field Tq. This field is given by the formula (5.19). 
We call the field (X,T) satisfying the condition (3.21) 
the membrane field of external load. 

5.4. In view of the first formula (5.7) the equations 
(5.6) and (5.42) can be written in the form 


aU’ — B(z)U' =F’, (5.48) 
a,0+B(z)U =0, (5.49) 


a= 


where 
U' =VayKw'(z) = aK (Ti 7") +hay/2 ,  (B.50) 
peed | ere (5.51) 


Vay 
F’ =VayKF(z), (5.52) 
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Evidently the formula (5.43) can be written in the form 
nel] f UP" dedy — > if vu'ael = 0. (5.53) 
Gg tp 


It igs expedient to use equations (5.48) and (5.49) when 
dealing with an infinite domain. This is due to the fact 
that in the case of an unbounded domain the function 


A(z) = —@lnVayK does not belong to the class Lp.» (E), 
» > 2, and therefore in such cases it is not allowable to 
apply directly to the equations (5.5) and (5.42) some theo- 
rems proved in Chapter III. For instance, for this case the 
generalized Liouville theorem is not preserved in its 
usual form. This is seen in the case of a spherical surface 
when 


22 


es ~ 14%" 


(5.54) 


It is readily seen that A does not belong to the class 
LIyAE), p> 2. The equation déxo+Aw = 0 in this case 
admits six linearly independent solutions 
gk zk 

Cra (ay oe 
which are continuous and bounded on the entire plane 
and vanish at infinity. Thus, in the case under consider- 
ation the Liouville theorem is not valid for the equation 
070+ Aw =0. To the solutions (5.55) there correspond 
trivial bendings of the spherical surface. 

5.5. An actual verification of the fulfilment of the 
condition (3.21) in the general case is hampered by the 
presence in this condition of an arbitrary displacement 
field U. Nevertheless, this is possible in a number of 
particular cases. For instance, in the case of a closed 
convex shell, the relation (3.21) represents the usual 
equilibrium conditions of a rigid body. 
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In fact, since, in this case, the contour Z is absent, 
the relation (3 21) takes the form 


Jfuxas =o. (5.56) 
8 
But here the displacement field is reduced to a trivial 
field, owing to the rigidity of a closed convex surface. 
Hence, the relation (5.56) is equivalent to the relations 


[{[xXds=0, ffrxXds=0, (5.57) 
8 8 


expressing the statical equilibrium conditions for a rigid 
body. Since naturally we assume that the field X does 
satisfy these conditions, we arrive at the following result: 
Under an arbitrary distribution of surface forces X 
a closed convex shell admits a force field Tw. 
The conditions (5.57) are equivalent to the relations 


Re [frgFdedy=0, Ref{rxrFdedy=0. (5.58) 
E E 


Consequently, in presence of a potential field of surface 
forces these conditions are always satisfied, for then 
FF = 

We now propose a method for actual calculating a closed 
convex shell, according to the membrane theory. This 
problem is reduced in the general case to an integral 
equation of. Fredholm type the solution of which can be 
constructed by means of the method of successive ap- 
proximations. In particular, for convex surfaces of the 
second order the problem is solved explicitly by in- 
tegration. 

For the justification of this method it is necessary 
to have an a priori estimate of the behaviour near infinity 
of the required solution and of some other functions. 


We found in Ch. 2 (§8.8) that 
rz = O(|e|-*) (near z= oo). (5.59) 


1,7 or Pay 
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It follows that 


1 ; 1 ab. 
re = q (Gu G2 + 26d) =F V/ Fee = O(\e|) , (5.60) 
1 K 
ile 4 (4 + G22) = 1% H = O((2|-*) . 
Hence 
Gap: Ya=O(\e|\-4, (near z= oo). (5.61) 


In general if P is a continuously differentiaple (scalar, 
vector, tensor) field on an ovaloid S, then 


P,, P;=O(\e|-*) (near z= 00). (5.62) 


In view of (5.59) and (5.61) we have from (5.34), (5.50) 
and (5.51) that 


w(z)=O(1), wz) = O(lze|-), (5.63) 


Uz) =O([\-4), U(z)=O((e|*). (8.64) 
It follows from (5.6) in view of (5.62) that 
B(z) = O(|z|-*) (near z = 00). (5.65) 


We have therefore 
BeLy AF), (5.66) 


p being an arbitrary number greater than 2. Hence, we 
may apply the results of Ch. III and Ch. IV to the equa- 
tions (5.48) and (5 49). 

By virtue of (5.59) and (5.61) we have 


ae = O(je|4), r2 = a%r, = O(Iez|?). (5.67) 
Hence 
X* = Xr* = O(\z/?) (near ¢ = oo). (5.68) 


In view of (5.62), (5.61) and (5.68) we find from (5.7) 
and (5.52) that 


F(z) =O(le(*), F'(z) = O(|z|-8). (5.69) 


The problem of determining a force field Tq@ in terms 
of a given field X on a closed convex surface is reduced 


41 
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to the proof of existence of a solution U’ of the equa- 
tion (5.48) on the infinite plane H, which near the point 
z= oo satisfies the first condition (5.64). This problem 
leads to the integral equation 


e+} [f2ORw dt dn+ 
ey tl agan = 918), (5.70) 
£ 


where @(z) is an entire function in z. Since near 2 = oo 
U' =O(le\*), B=O(lel*?) and #£ =O((e[*), 


the left-hand side of this equation vanishes at infinity 
(this fact follows at once form Theorem 1.23). It follows 
therefore that ®(co) = 0. Consequently, ®(z) = 0 and our 
problem is reduced to the integral equation 


1 ((BOUC ag, 1 ( [FO ; 


Since B= O(|z|-*) near 2 = co and the right-hand side 
of the equation (5.71) vanishes at infinity behaving 
there as |z| (this fact follows from Theorem 1.23), we 
can consider this equation in an arbitrary L,(Z), p> 1. 
Since the homogeneous equation has no non-trivial 
solutions in any class Z,(Z), p > 1, the non-homogeneous 
equation (5.71) has always a solution and, moreover, 
a unique solution (Ch. IIT, §5). 

In the case of a closed convex surface of the second 
order B = 0 (Ch. V, §4) and, consequently, the required 
solution is given by the formula 


1 F"(¢) 


It should be observed that in the general case when 
B +0 we may apply to the equation (5.71) the method 
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of successive approximations, every approximation being 
reduced to the computation of an integral of the form (5.72). 
As we indicated in Ch. I (§4.4) this can be done explicitly 
in many cases by integration. 

5.6. The solutions of the equation (5.71) can be re- 
presented in the following form (Ch. ITI, §13,3): 


ve) = [ [ Qc, oF )+DIG HPO) dean, (8.720) 
E 


where 2,(2,¢) and 2,(z,¢) are the fundamental ker- 
nels of the equation (5.49) (Ch. III, §8.2). In view of 
(5.7) and (5.52) 


F(z) = sVaKte, (z)- 5 okt (xt iX?). (5.72b) 


Applying Green’s identity and using (5.69) and (8.16) 
and (8.17) of Ch. III it is easy to prove the relations 


J | auc, avawte (Ratan 
E 

a | RRA, a Vaxhazan, 
JJ 2a) Ea vanto, (FE | agar 


ale SEONC, 2) VaR azar 


(5.72¢) 


The integral on the right-hand side of the first relation 
should be understood as the Cauchy principal value. 

Inserting (5.72b) into the right-hand side of the rela- 
tion (5.72a) and taking into account (5.72c) we arrive 
at the following formula: 


=e J Wig, 2) X (a8, (5.724) 


41* 
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where X is a given field of surface forces and W(z, ¢) 
a complex vector-function of the form 


WC, 2) 
amare a) VaK? | a0,(C,2) VaKh) | 
Qn K( ee ot at | 


a 


— (2 (C,.2) 2)agn + Q,(C, 2)2-n) . (5.72e) 


Since (Ch. IIT, §8.2) 

Q(¢, 2) = XC, 2) +1X(C, z), 

QC, Z)= XC, z)—1X,(C, z), 
where X, and X, are the fundamental solutions of the 
equation d-w + B(l)w = 0 with a pole at the point z, 
we have 
We, 2) = U(M, V)+ AM, NW), (5.72£) 
where : 


(M,N) == Re {aK (M)-X4(C, 2)em( ML) — 


n( J) 


ope Ns 2 a(M) (K(mM))a|). (5.72 
can yan! (2, 2) Wat a) (K (1) I (5.72g) 


(j = 1, 2). 


Thus, the formulae (5.72g) give, on a closed surface S, 
displacement fields 2,(17, V) and Y,(M, NV) with respect 
to a variable point M, having singularities of the pole 
type at a point N (€ and z are isometric—conjugate 
complex coordinates of the points M and N, respectively). 

In view of (5.50) and (5.19) we may write 


Tw(W) = Re|— > TE var 4ZRo(N), — (5.72h) 
where 
Ro(N) = ~ ge \; er r| (5.723) 
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The formula (5.72h) shows that the vector R,M) is 
independent of the choice of the coordinate system and 
the force field; it depends only on the direction J and the 
shape of the surface. Simple computations prove that 
this vector is perpendicular to the Rodrigues vector n, 


dn 
Roz, =0, 


i.e. Rg has the direction s, conjugate to s; its direction 
and length are given by the relations 


2k,H—K 
4K 


Introducing into the right-hand side of the relation (5.72h) 
the expression (5.72d) and using (5.72f) we obtain 


TaN = Tay(N)Po(N)+ZRa() , (5.73) 


k 
IRw = — 3K » Ro= 


where 
Toa(N) = ff H.(M,N)X(M)dSy (a =1,2) (5.788) 
Ss 


Po (N) = Re E e-te'r,| , 


. de (5.73b) 
P(N) = Re[2e"2'rz3], 2 = 7, 

and 
W,(M, Wy) 

= 1 ___. (91, M,N) cosp(W)— 4, M, W)siny(W)}, 
Va(N) /K(N) 
W(M, WV) 

= + ___. (9%, M, ¥) siny(N) + %( M, N)cosy(N)}. 
Va(N) VK(N) 


(5.73¢e) 


The vectors Pq and P{ depend only on a point of the 
surface and the direction I tangential to it. Hence, the 


vector fields %,(M , NV) (a = 1, 2) are also invariant with 
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respect to the choice of the coordinate system, and for 
every fixed point N they are displacement fields on a closed 
convex surface. We shall call these fields the fundamental 
fields (with a pole at the point NV) of a closed convex 
surface. Making use of the formula (Ch. II, §6.6) 


Ih, = —Hr,+ V Be-r; ] 
we can write ‘ 


ty = N,2 +32’ = —H (rz2’ +732’) + 
) a 


+ VE (erze’ +e ’r,z —Hs+yEP% ; 
1.€. 
n,+ Hs 
Po = VE : (5.73d) 


where n, is the Rodrigues vector corresponding to the 
tangential direction s perpendicular to I (Ixs=n). We 
can now easily derive the following formulae (see p. 461): 


k 
Ph = —y/ gm +H), (5.736) 
where s, is the tangential direction conjugate to s. 
Introducing the complex dyadic product (dyadic field) 
Qo M, N) = UM, N) PHN), (5.74) 


the formula (5.73) can be written in the form 


Ty (N) = f f Qq( M, N)X(M)d8y+ZRo(N), (5.74a) 
Ss 


In the integrand we have the complex vector 
Qa(M, N)X(M) = [Wl M, N)X(M)|PH(N). (5.74) 


Tt should be observed that the dyads Q2a(M,N) are 
invariant with respect to the choice of the coordinate 
system on the surface. We shall call the dyads 2q( 1, ) 
the dyadic kernel of the closed convex shell. 

The formula (5.74a) expresses by means of the dyadic 
kernel the force field Ty of the state (T) corresponding 
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to an arbitrary distribution of the surface forces X. Of 
course, the force field X satisfies the conditions (5.57). 

We note that if the force field X has a potential, i.e. 
if X is given by a formula of the form (5.10) we have 


J [ Qo( M, ¥)X(M)d8y =0. (5.74c) 
S 


Consequently, if the external load is potential the force 
field of a closed convex shell is given by the formula 


Tw(N) = ZRg(N). (5.744) 


5.7. The formulae (5.72d) and (5.74a) can be generalized 
to the case of convex shells with openings. We assume 
that such a shell constitutes a part of a closed regular 
shell, the dyadic kernel and the fundamental displacement 
fields of which will be denoted as before by 2¢~(M, ¥) 
and (M,N), respectively. 

Making use of the formula (3.21) and taking into 
account the singularities of the vectors %.(M, NW) at the 
point N we readily obtain the following formula: 


TaN) = { { Qg(M, N)X(M)dSy + ZRo(N)+ 
Ss 
+ f Qa(M,N)Te(M)dSu, (8.75) 
L 


where - is a tangential direction at an interior point NV 
and Ul’ is the tangential normal to Z at the point of in- 
tegration M. 

It should be observed that if W lies outside S+LZ the 
right-hand side of the formula (5.75) vanishes, and if 
N eZ the right-hand side is equal to 4Tw(N); it should 
be borne in mind that in the latter case 1 is a given tan- 
gential direction at the point NV, not the tangential normal 
to L. 

If the force field X has a potential, in view of (5.10) 
and (5.41) we have 


UX = Rew z+y/® (2) w| = + Re (4 «| é 
a Ki, Va VK z 
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Applying Green’s identity we obtain 


[ J uxas = Re | [= (en) dady 


S 


= —Re{- | uryzas| = [ ZURodas : 
ay VK L 


Thus, if the field X is potential the formula (3.21) takes 
the form 


[ U(T—ZRp)ds =0. (5.76) 
L 
This formula is equivalent to the relation 


Re >. J wo’ de) ~0, (5.762) 


where w’ is of the form (5.20) and w is an arbitrary solu- 
tion of the equation (5.42). 

Thus, in presence of a potential field of surface forces 
on a convex shell with openings, the state (T) exists if and 
only if the vector T—ZRq is orthogonal along the boundary 
of the shell to any displacement field U of the middle surface. 

In particular this condition is always satisfied if 


T=ZRy (on L). (5.76b) 

Now it is easy to derive from the formula (5.76) the 
following important relation: 

Ta(N) = f Qo(M, N)(T(M)—Z(M) Roy M)\ deat 

L 

+Z(N)Rq(N), (5-77) 

representing the force field Tq of the state (T) in presence 

of the following potential load on the convex surface: 

é 


_ 1g gap 
a5 he Ome? 


(EZ) +n. (5.78) 
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It is of course assumed that the relation (5.76) is satisfied. 
In the formula (5.77) Ul’ in the integrand denotes the 
tangential normal to Z at the point M. 

In the case of a non-closed convex shell or according 
to our terminology, a shell with edges or openings, a veri- 
fication of the conditions (3.21) and (5.76) is hampered 
by the fact that the field U in such a case is not reduced 
to a trivial displacement field. Nevertheless, in a number 
of particular cases it is possible to verify whether these 
conditions are satisfied or not. 

For instance let us consider the case of presence of 
a potential field of external loads and assume that the 
contour forces are absent, i.e. T =0 (on LZ). Such being 
the case the relation (5.76) takes the form 


{ ZURqds =0. 
L 


This relation in view of the formulae (5.51) and (5.72i) 
takes the form 


Six Re| 2)? ds = 0 ( = 7 . (5.79) 
ds 


Let us consider the boundary value problem 
é0+Aw+Bo=0 (in G), 
Riliwz]=f (onl), 


If this boundary value problem has for an arbitrary 
right-hand side a solution, it is obvious that the con- 
dition (5.79) is not satisfied. But the index of the problem 
is ~=1—m. Consequently, in the case of a simply- 
connected domain (m= 0) n=1 and the problem, ac- 
cording to Theorem 4.11, always has a solution. 

Thus, in the presence of a potential load on a convex 
shell with one opening the state (T) cannot occur if Z #0 
and T = 0 on L. 

It should be observed that, under the above conditions, 
with few exceptions, the state (T) cannot occur on a convex 
shell with many openings. 


(5.80) 
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5.8. The necessary and sufficient condition of existence 
of the state (T) can also be stated in a different way. 
To this end let us consider the formula (5.20). We observe 
that a field (X, IT) compatible with the state (T) satisfies 
the following condition: the right-hand side of the rela- 
tion (5.20) containing contour forces T and the normal 
component Z of the surface forces, is the limiting value of 
a solution w' of the equation (5.5) continuous in G+T. 
Jt can readily be proved that the fulfilment of this con- 
dition is not only necessary but also sufficient for the 
existence of the state (T). 

If we now superpose upon the field X a potential 


field X, the potential being V, = a the right-hand side 


of the equation (5.5) remains unaltered and the for- 
mula (5.20) takes the form 


’ 2 Z+Zy 2’ 
WwW =- —= Ton3— —— omer 
t2'V aK 2VK 2’ 


(5.81) 


Thus, for the new field (X+ X, T), the equation for the 
function w’ remains unaltered, the only change taking 
place in the boundary condition. The new boundary 
condition contains in place of Z the sum Z+Z,. We 
emphasize once more that the function Z, does not enter 
the right-hand side of the differential equation. 

In this connection naturally the following problem, 
called hereafter Problem E, arises 

Problem E. Let there be given a field (X,T). It ts 
required to find a potential freld X such that for the field 
(XX T) the state (T) occurs. 

It is evident that this problem is reduced to the de- 
termination of a function Z, of position on the surface in 
accordance with the condition: the right-hand side of the 
relation (5.81) should represent on the boundary I’ of 
the domain G the limiting boundary value of solution w' 
of the equation (5.5), continuous in @+J. The right-hand 
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side of this equation has the form (5.7) and, consequently, 
it depends only on the field X and is independent of the 
unknown potential field x. 

It is readily observed that this problem is not fully 
determined from the mathematical point of view. The 
point is that if the problem has at least one solution X 
then it has infinitely many solutions. In fact, besides 
the field (X-+ X, T) every field of the form (X+ xXx+ 
+X,T) satisfies the conditions of the problem if X is 
a potential field, the potential of which vanishes every- 
where on the boundary of the domain. 

We now proceed to the investigation of Problem E 
putting aside for the time being the problem of con- 
ditions ensuring the uniqueness of its solution; the latter 
problem will be examined later. 

It follows from the formula (5.81) that the function w’ 
corresvonding to the field (X-+ X, T) is a solution of 
the boundary value problem 


é-w'—Aw’—Bu' =F (in @), 


Re[iw’2"] =f (on I), (5.82) 
where 
2 dz ys dn 
= ——— Re| Tn, —| = ———T — on I’). (5.83 
f Vak | 35 ds VaK ds ( ) ( ) 


Consequently, the function f is uniquely determined by 
the given field T of the contour forces. 

Thus, the right-hand sides Ff and f of the problem 
obtained above and constituting a particular case of the 
generalized Riemann—Hilbert boundary value problem, 
depend only on the given field (X,T). If this problem, 
which will hereafter be called Problem E,, has no solu- 
tion, the original Problem E, obviously, also has no 
solution. If on the other hand Problem E, has solutions 
(even one) then Problem E has an infinite number of 
solutions. 

In fact, equating on the boundary J’ of the domain G 
the right-hand side of the relation (5.81) to the limiting 
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values of the solution w’ of Problem E, we obtain the 
limiting values of the function Z, 

Zy = Sa, mL Se ey (on L). (5.84) 

iz’ Va ze 

Continuing this function from the contour LZ inside the 

surface in an arbitrary way (it is sufficient to require only 

that the corresponding potential field be bounded) we 

obtain a potential field X which has the property that the 

field (X+ xX , I) admits a force field which, according 
to (5.19), is given by the formula 


1 dz 
Ty = 2Re E w'(z) 7 + (Z+ Zo) Rw : (5.85) 
Apparently, this field leads to the sum 
Ty = Ty t+To 5 (5.86) 
where 
' 1 , dz 
To = 2Re|-w'(z)7_r;|+ ZR , (5.87) 
Ty = ZR. (5.88) 


Thus, it is seen from (5.87) that the first force field Ti 
is determined only by the given field (X,T), and the 
second force field Tj) takes the given values only on the 
boundary of the shell. Inside the shell for the field Ta 
we can take any field of the form (5.88) where Z, is an 
arbitrary function of the class D,,», p > 2, (consequently, 
this function belongs to the class Cp.) taking on the 


boundary of the shell the prescribed values (5.84). In 
order that there exists at least one such continuation of 
the function Z, it suffices to assume that the following 
conditions are satisfied: (1) the boundary LZ or the shell 
consists of piecewise smooth contours of the class Cj,»,....v%3 
(2) the components of the force vector belong to the 
class O,() and (3) Ze D,,,(8+L), p> 2 (see, for instance, 
[44a], [61a]). 


MEMBRANE THEORY OF SHELLS 623 


Thus, the potential Z) exists under very weak assump- 
tions on the data of the problem. 

We now proceed to the investigation of the solubility 
problem for Problem E, which is a particular case of 
the general boundary value Problem A investigated in 
Ch. IV. The index of the problem is 


n = 2(m—1). (5.89) 
First we consider the case of a simply-connected domain 
(a shell with one opening). Then m=0 and n= —2. 


Consequently, in view of Theorem 4.5 the homogeneous 
problem 


d;w'— Aw'— Bw’ =0 (in @), 
Re[iw’z"] =0 (on I’) (5.90) 


has no solution and the non-homogeneous problem is 
soluble only if the following three conditions are satisfied: 


f UT ods +f f U XdS =0 (j =1,2,3), (5.91) 
L S 


where U™ are displacement fields corresponding to the 
linearly independent solutions of the adjoint homogeneous 
problem 


é-w+Aw+Bw=0 (in G), 
Re[twz’]=0 (on I). (5.92) 


We have now to consider two possibilities, namely: 
(1) all U™ are trivial displacement fields and (2) at least 
one of them is non-trivial. In the first case the rela- 
tions (5.91) are reduced to the statical equilibrium con- 
ditions of a rigid body and, consequently, they represent 
a natural requirement which should always be satisfied 
by the field (X,T). In this case Problem E, always 
has a solution and, consequently, Problem E also always 
has @ solution. In the second case Problem E, not always 
has a solution and, consequently, Problem E can also 
have no solution for a given field (X, T). 


624. GENERALIZED ANALYTIC FUNCTIONS 


In the case of a doubly-connected domain (a convex 
shell with two openings) m=1 and n= 0. In view of 
Theorem 4.6 in this case the homogeneous boundary 
value Problem E* either has no non-zero solution (1 = 0) 
or has one linearly independent solution (J = 1). In the 
first case a solution of the non-homogeneous Problem E, 
always exists and is determined uniquely. Consequently, 
Problem E also has a solution for an arbitrary field (X,T). 
In the second case (l= 1) the non-homogeneous Prob- 
lem E, has a solution only if the following conditions are 
satisfied : 

{ { UXds+ { UTgds =0, (5.93) 
S L 


where U is the displacement field corresponding to the- 
solution of the adjoint homogeneous problem (5.92) which 
in the case under consideration has one non-zero solu- 
tion. It is possible that the field U is trivial. Then the 
condition (5.93) is, obviously, satisfied as one of the 
equilibrium conditions of a rigid body. If the field U 
is non-trivial the given field (X,7T) should be subject 
to the additional condition (5.93). This means that in 
this case Problem E has no solution for an arbitrary 
field (X, T). 

We now proceed to the case of an arbitrary multiply- 
connected domain (m> 1). In this case the index of 
Problem E, is n = 2(m—1) and is greater than m—1; 
hence in view of Theorem 4.10 the non-homogeneous 
problem is always soluble. Consequently, Problem E has 
a solution for an arbitrary field (X, T). 

Thus, we have obtained the following results: 

For a convex shell with more than two openings Prob- 
lem E has a solution for an arbitrarily given field (X,T). 
For a convex shell with one or two openings, Problem E 
im general has no solution for an arbitrary field (X,T). 
Nevertheless, for some shapes of shells and openings and 
some configurations of the latter, Problem E can possess 
a solution for an arbitrary field (X, T). 
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In general, cases of insolubility of Problem E are 
encountered much more seldom than the cases of solubility. 

The method of modifying the load (X,T) by adding 
a potential field X which has been proposed in this sub- 
section may be called the method of potential loading, and X 
the adjusting potential load. 

5.9. We shall now make a few remarks on the con- 
ditions of uniqueness of the solution of Problem E. It is 
evident that it is possible to indicate many such con- 
ditions. It should be borne in mind however that it is 
not expedient to impose strong restrictions on the choice 
of the adjusting potential field X. This problem should 
be solved from the point of view of practical expediency. 
In solving a definite problem the field X should be con- 
structed by most simple and well-known devices; it is 
very important that possibilities of an actual loading of 
the shell by the additional forces X should be taken into 
account. At the same time fulfilment of the stabilility 
conditions of the shell should be ensured. It is necessary 
that the total load always be considerably smaller than 
the critical load resulting in the loss of stability of the 
shell. 

We now indicate however two general methods of 
constructing the field X One of them consists in the 
determination in accordance with a given boundary 
value of the potential V, of a potential field X for which 
the integral 


J= ff pXas, (5.94) 
8 


is minimum. Here p is a positive weight function. 
In view of the formula (5.10) we have 


as i J pX'ds = f f (Kp°V? +1 pK?h®VVV,V)dS , (5.95) 
§ Ss 


where 
nw? = adh . (5.96) 
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In the coordinate system consisting of the curvature lines 


1 1 


Rg ne 


11 = —— 
‘ Be,’ 


AB —h®=0. (5.97) 
The Euler differential equation corresponding to the 
stated problem is 
ap pK 

E(V) =VAeh"VsV)—40oV =0, eo = ae (5.98) 
This is an equation of elliptic type (in the case of a surface 
of positive curvature). Hence, we infer that in view of 
the inequality p > 0 the Dirichlet problem for this equa- 
tion always has a unique solution. The limiting values 
of the unknown potential V = a which are to be calcu- 
lated in accordance with the formula (5.84), have the 
following form in the case of a multiply-connected domain 
(for instance for m > 1): 


V — Vo +6V, + see + Cym—3V gm—s 5 (5.99) 


where V,,V,,..., Vsm_3 are definite lineraly independent 
functions depending only on the given field (X,T), 
and ¢,,...,€sm—-3 are arbitrary real constants. The for- 
mula (5.99) is obtained if it is taken into account that 
the homogeneous boundary value Problem E, has 3m—3 
linearly independent solutions. But the arbitrary con- 
stants ¢, obviously are uniquely determined in the varia- 
tional problem under consideration. Thus, the uniqueness 
of the solution of Problem E is always ensured. 

The above method enabling us to determine uniquely 
the potential field X has the merit that this procedure 
ensures in a sense the minimum of the additional potential 
load resulting in the modified membrane field (X+ X, T). 
Knowing this field we may draw conclusions concerning 
the degree and nature of deviation of the given field of 
external loads (X,T) from the totality of membrane 
loads. For a characteristic of this deviation we may take 
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a number equal to the minimum of the integral (5.94) 
(for instance with the weight p = 1); it is evident that 
this number is uniquely determined by the given 
field (X,T). If this number turns out to be sufficiently 
small in comparison with the value of the integral for 
the given load X, the last fact may be considered as 
@ criterion of practical applicability of the membrane 
theory to the computation of the shell under the prescribed. 
load (X, T). 

Unfortunately, the practical efficiency of the above 
method is limited by the fact that, first, it is necessary 
to determine the limiting values of the unknown po- 
tential V, by solving the boundary value problem (5.82) 
and, second, it is necessary to solve the Dirichlet 
boundary value problem for a fairly complicated equa- 
tion (5.98). Nevertheless, it should be indicated that in 
many practically important cases the above problems- 
especially the last one, can be solved easily by an appli- 
cation to the corresponding variational problem of, for 
instance, direct methods. If the middle surface of the 
shell is a convex surface of the second degree the prob- 
lem (5.82) is reduced to the Riemann—Hilbert problem 
for analytic functions, which in many cases can explicitly 
be solved, [60a]. 

In practical problems the continuation of the function Z, 
can be carried out in the following way. Let us fix a nar- 
row boundary strip S’ of the shell and let us continuously 
continue the function Z, from the boundary inside the 
surface so that Z,=0 outside the boundary strip 8’. 
Such a continuation is always possible if the boundary 
and the boundary values of Z, are sufficiently smooth; 
it is also possible to ensure inside the shell an arbitrarily 
large degree of smoothness of the function Z,, [44a], [54]. 
Such being the case, the whole additional load will be 
applied in the vicinity of the boundaries of the shell 
resulting in general in a considerable distortion of the 
stress distribution near the boundary; far from the 
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boundaries however the deviation usually does not exceed 
the admissible error. It should be noted that the above 
assertions are confirmed by results of engineering practice. 
Computations of most engineering structures are per- 
formed in accordance, with the membrane theory and, 
if necessary, the results are amended in accordance with 
the so-called edge effect [50]. In our case to this effect 
the force field Ti) = ZRw corresponds, acting on a nar- 
row boundary strip (in connection with this problem see 
also [74)]). 

5.10. The essence of the method of adjusting loads 
consists in the fact that it permits to introduce into 
a given distribution of external loads an alteration 
which leads to a new distribution compatible with the 
state (T). In §5.7 we found that this can be achieved 
almost always by introducing an additional potential 
load. It is evident, however, that this is not the only 
method of solution of the above problem. In this and in 
the following sections we shall indicate other methods, 
making it possible to attain the same goal in somewhat 
different ways. 

The formula (2.20) indicates that the field X depends 
not only on statical quantities e.g. body and surface 
forces, but also on quantities characterizing geometrical 
mechanical and physical properties of the shell e.g. the 
mean and principal curvatures H and K, of the middle 
surface, thickness and density of the material which, 
obviously, enter the integral term of the right-hand side 
of the relations (2.20). Suitably modifying these charac- 
teristics, in many cases we can achieve that the external 
load (X,T) is membrane. To this end a modification 
of the shape of the upper and lower surfaces, and sometimes 
also of the middle surface, is required as well as introducing 
a shell of variable density. These circumstances, however, 
cannot create a serious obstacle for an application of the 
above indicated method, since our theory with no alter- 
nations can also be applied to shells of variable density and 
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variable thickness. This is actually a merit of the mem 
brane theory, when compared with the general bending 
theory of shells, that it is based on exact equilibrium con- 
ditions of the continuous medium and no hypotheses 
are employed in deriving these equations, except the 
fundamental laws of statics of a rigid body and the con- 
tinuity hypothesis of the material of the shell. Hence, 
our theory may be applied to an arbitrary continuous 
shell, no matter whether it is composed of a homogeneous 
or non-homogeneous material. 

It is also easy to modify the equations of the membrane 
theory in such a way that they apply also to shells of 
variable thickness. Let 2 = h+(x,y) and z= h(x, y) be 
the equations of the upper and lower surfaces of the 
shell. Assume that the shape of these surfaces differs 
insignificantly from that of the middle surface. In other 
words we assume that the first derivatives of the func- 
tions h*+ and h~ with respect to the variables # and y 
are so small that their squares and higher powers may be 
neglected. Under these conditions, repeating the method 
of derivation of the equation (2.19) of §2.3 for a shell 
bounded; by the surfaces z= ht(x,y) and z= h-(z, y) 
we arrive at an equation differing from the previous one 
only in that the free term has the form 


ht 
4/0 pak f 4/9 
x=/fP yor+] Fa, (5.100) 


where P+ and P~ are forces applied to the upper and 
lower surfaces of the shell, respectively, F is the body 
force, \/g*/a and \/g-/a are the values of 1—2Hz+ Kz? for 
z= h* and z= h-, respectively. If the shell is sufficiently 


thin we may set 
ht 


X= P+—P-+ [ Faz. (5.100a) 

‘a 
Finally, if the body force is the force of gravity we have 
X=P+—P-+y, y=(ht++h-)oe, (5.100b) 


42* 
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where y is the weight of the shell per unit area, @ the 
density of the material of the shell and g the acceleration 
due to gravity. 

The quantities y,@ and h++h are sometimes not 
prescribed; it is expedient in some cases to regard them 
as unknowns and to determine them by subjecting the 
external load (X,T) to the condition of the membrane 
state. This sometimes leads not only to a membrane state, 
but, for a special law of distribution of the surface forces P+ 
and P-, it is possible to ensure existence of a definite 
particular form of distribution of the force field inside 
the shell, [84]. 

Consider now the following problem: 

Problem F. Let (X,T) be a given field of external loads. 
Let e be a field of directions on S, where |e| = 1. This field 
is, in general, not constant. It is required to find a sealar 


field Z on S, such that the field of external loads (x ,T) 


* 
where X =X+Ze statisfies the conditions of the mem- 
brane state 


{{ xXuas+ [TqUds =0, (5.101) 
S L 


where U is an arbitrary displacement field on S. 

To solve this problem let us construct the complete 
system (with respect to S) of displacement fields Uf (¢ = 
=0,1,...) which are subject to the following conditions: 


{[ ULU$a8 = 6, (UR=eUt). (5.101) 
Ss 


Such a system can be constructed in the following way: 
According to the formulae (5.41) and (5.51) the displace- 
ment field can be expressed by the formula 


Tm 


Kya 


aod. ~~ 3 
U = Re ‘i 2K * Un, +——~0,yaK* ol, (5.102) 
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where U is an arbitrary solution (continuous in G+) 


of the equation 7 
é,U0+BU=0. (5.102a) 


Let us now construct a system of solutions U;(t = 1, 2, ...) 
complete with respect to the domain G@ of the equation 
(5.102a). A method of construction of such a system was 
indicated in Ch. ITT (§15). Substituting U; into the for- 
mula (5.102) we obtain a definite complete infinite system 
of displacement fields U; (¢ =1, 2,...). It is evident 
that now the condition (5.101) is equivalent to the infinite 
system of relations 


f{xXUadS+ [TU@s=0 (6 =1,2,...).  (5.102b) 
S L 


Substituting X = X-+Ze we obtain 
[[ZU02=b: (6=1,2,..5 Use—eUy), (8,102c) 
S 


where 
b; =— {XU aS—fTU,ds (i =1,2,...). (5.1024) 
Ss L 


Evidently, the numbers b; are known, since by hypothesis 
the load (X,T) is prescribed. Thus, the determination 


of the scalar field Z has been reduced to a special problem 
of the theory of moments (5.102c). In order to find the 
solution of this problem it is expedient to subject the 
choice of the complete system of fields U; to some special 
conditions. 

It is possible that there exist linearly independent 
displacement fields Uj, ..., Ug which are orthogonal to 
the field e, i.e. 


eU; = aoe ee eee ae (5.102e) 
For example, if e is a constant field the relations (5.102e) 


are satisfied by three linearly independent trivial bending 
fields. It can be proved that, in the general case, the 
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number & of solutions of the problem (5.102e) does not 
exceed 3. It may, in particular, happen that k = 0. Let 
us now choose the complete system of fields Uf so that 
the first k fields Uf,...,U% are linearly independent 
solutions of the problem (5.102e), if such exist. The 
remaining fields Ugi1, Ug+2, ... can be subject to the con- 
ditions (5.101a). This can always be achieved if we apply 
to the functions eUj = 9; (j = k+1,k+2, ...) the Schmidt 
orthogonalization procedure (these functions are linearly 
independent; otherwise the sequence of fields U7 (j = 
== 1,2,...) would contain linearly dependent elements). 
Under these conditions the system of relations (5.102c) is 
obviously equivalent to the following system: 


f{xutas+ [TUfds=0 (j=1,..,k), (5.1028) 
S L 


{f ZojaS = dF (GJ =k4+1, k+2,...),  (5.102g) 
S 


where 
bf =— ff XUfds— fT pUfds. — (5.102h) 
Ss L 


It is evident that a formal solution of the system of 
relations (5.102g) is given by the series 


Z= > dt9;,+2, (5.102i) 


where Z is an arbitrary function of position on the surface, 


A 


which is orthogonal to the system of functions 9;:(Z, gj) =9 
(j =1,2,...). We still have to prove that this series is 
convergent (it is sufficient to establish its convergence 
in a Dy», p > 2). We shall assume that this is true and 
we shall not investigate the conditions of convergence. 

Thus we have obtained the following result: 

Problem ¥F is soluble if and only if the given load (X,T) 
satisfies the conditions (5.102f). Under these conditions 
the problem has solutions given by the formula (5.102i). 
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In particular, if the field of dtrections e is such that 
the problem (5.102e) has no solution, t.e. there ewists no 
displacement field orthogonal ta the field of directions e, 
in this case Problem F is always soluble (it would be in- 
teresting to indicate examples of occurrence of this case). 

We now apply the above results to the case when 
the field e is the field of vertical directions and the un- 


known scalar field Z is equal to the weight of the shell 
y = (h*++h-) og. Inthis case k = 3 and the relation (5.102f) 
constitutes a part of the equilibrium conditions for an 
absolutely rigid body. 

Thus we have obtained the following result: 

If on the surface 8S a field of load (X,T) is given 
satisfying the conditions (5.102f) where k=3, and 
Uf, UZ, US are linearly independent trivial displacement 
fields orthogonal to the field of vertical directions, then 
the shell is a membrane if its weight is given by the for- 
mula 


y=(ht+h-)og = » b99;4+Z (5.102j) 
j=4 
(p; = eU;), 


where the function Z is orthogonal to the system gy; and 
should so be chosen that y >0. If it is impossible to 
satisfy the condition y > 0, this means that it is impossible 
to achieve the membrane state of the shell by changing 
its weight. 

We note that an analogous problem of ensuring the 
membrane state of a shell by an appropriate choice of 
its weight was considered before by other authors for 
various particular cases [84]. 

5.11. In the preceding sections we indicated ways of 
solving our problem by introducing a definite modification 
of the field of surface forces X, regarding the contour 
forces T as completely prescribed in accordance with an 
arbitrary law. In this section we consider cases when 
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the problem can be solved by means of a partial assignment 
of the distribution of the contour forces T on the boundary. 
Assuming that the field X is given in accordance with 
an arbitrary law, we shall prescribe at every point of the 
contour only one component of the force T; the second 
will then be determined by the condition that the field 
(X, T) constitutes a state (T). 

Let t be a tangential direction at a boundary point of 
the surface (|é] = 1) forming with the principal normal I 
an angle gy. Denoting the projection of the force T on t 
by Ta consider the boundary condition 


Ta = Nicosp+ Aysing =f (on ZL), (5.103) 


where f is a given function of position on the contour L; 
in what follows we assume that (1) 9 « C,(L), (2) fe €,(Z), 
0<»<i, and the contour LZ consists of a finite number 
of smooth contours of the class Cj;,. Making use of the 
formula (5.19) we can write condition (5.103) in the form 


dz dz 
Re Gore | =g (on Jl), (5.104) 
where 
1 Z dz dz 
= = = — 5.105) 
- Te 2V/K {ds Pa 


t’ is the direction tangential to S and conjugate with 
respect to #, ie. ext’ =n. The derivation of the rela- 
tion (5.104) offers no difficulties if we remember that 


ta = Capt’? (a =1, 2), (5.106) 
Pep esta ee we oS ZV On, Fe at (5.107) 
ds dt’| 2VK {ds dt’ 


Thus, the boundary condition (5.103) leads to the ge- 
neralized Riemann—Hilbert problem of the form (5.104). 
Such problems were already dealt with in the preceding 
chapter in connection with some geometric problems 


MEMBRANE THEORY OF SHELLS 635 


(Ch. V, §10). Hence, we shall not deal with details of 
proof here; we shall only reproduce, with necessary addi- 
tions, some results ‘obtained previously. 

We assume that the direction t belongs to the class l 
(Ch. V, §10.5). Then the index of the problem (5.104) is 
given by 

nm = 2(m—1). (5.108) 
Therefore, in the case of a convex shell with one opening 
(m = 0) n = —2, and by Theorem 4.12 the homogeneous 
problem has no solution, and the non-homogeneous prob- 
lem is soluble only if the following three conditions are 
satisfied : 


J fuPas+ffU°xXdSs =0 (fj =1,2,3), (5.109) 
L S 


where 1{” are the projections of the field U” on t, and 
the fields U (j =1,2,3) are solutions of the adjoint 


homogeneous kinematic problem 
Uuy=O0 (on LD). (5.110) 


Two cases can occur, namely: (1) all fields U™ are 
trivial and (2) at least one field is not trivial. In the first 
case the relations (5.109) are the equilibrium conditions 
of statics of a rigid body. Consequently, in this case the 
boundary value problem always has a solution. In the 
second case it is evident that the problem is not always 
soluble. For a convex shell with two openings (m = 1) 
n= Q and by Theorem 4.6 two cases may occur, namely 
(1) either the non-homogeneous problem (5.104) is always 
soluble and the corresponding homogeneous problem has 
no non-trivial solution, or (2) the homogeneous problem 
has one solution and the non-homogeneous problem is 
soluble only if the following conditions are satisfied: 


J fuds +f f UXaS =0, (5.111) 
L S 


where U is a (non-trivial) solution of the problem (5.110). 
We should distinguish the case when U is trivial. Then 
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the relation (5.111) is identical with one of the equilibrium 
conditions of the statics of a rigid body and consequently, 
the problem always has a solution. ~ 

Finally, in the case m>1 the index of the problem 
n = 2(m—1) is greater then m—1 and by Theorem 4.10 
the non-homogeneous problem (5.104) always has a solu- 
tion and the corresponding homogeneous problem has 
exactly 3m—3 linearly independent solutions. Conse- 
quently, the force field has the form 


38m—3 


Ty = Tot », eT - (5.112) 


k=1 


The arbitrary constants c, can be determined by means 
of additional conditions of the point type, prescribing 
the forces Tq at k interior points M,,..., WM, and at k’ 
boundary points Mj,..., Uy. The following conditions 
should be satisfied: (1) 2k+k’ = 2n+1—m and (2) on 
each of the m arbitrarily chosen boundary contours an 
odd number of the fixed points Mj should lie; apart 
from these conditions these points are arbitrary. At the 
interior points M, we can arbitrarily fix both components 
of the vector force 7g and at the boundary points Mj we 
ean arbitrarily fix only the component Tq), since the 
second component Zw is, by the conditions of the prob- 
lem, given beforehand. 

We note that under the above additional conditions 
the boundary value problem (5.104) is correct if m> 1, 
i.e. in the case of convex shells with more than two open- 
ings. For shells with one or two openings the problem in 
general is incorrect. 

5.12. It is now natural to formulate the problem of 
the possibility of establishing boundary conditions of 
the form (5.104) in practice. We shall now indicate 
some definite devices making it possible to establish 
such conditions. To this end we consider the bush con- 
straints bonds dealt with in the preceding chapter. 
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Let there be rigid or elastic bodies (bushes) inserted 
into the openings and slits; they are bounded by conical 
surfaces which tightly fit the sides of the shell. As before 
let us denote the surfaces of these bodies by 2. If the 
surfaces 2 are ideally smooth the reaction forces will 
evidently be directed along the normal to 2. Consequently, 
along the boundary of the surface S the following con- 
dition is satisfied: 

Hy, = T%lgs3=0 (on L). (5.113) 


In the case of a sufficiently thin shell it can be assumed 
that the reaction forces are constant along every generator 
of the surface 2. It is then obvious that the moments 
of the reaction forces, as well as the tangential and shear 
forces vanish. 

Another example of the occurrence of the boundary 
condition (5.113) is obtained if we subject the lateral 
surfaces of the shell to a hydrostatic of hydrodynamic 
pressure. If it is assumed that the lateral surfaces are 
ideally smooth and the fluid perfect, the pressure will 
be directed perpendicularly to the lateral surfaces and, 
consequently, the tangential forces will vanish, i.e. the 
boundary condition (5.113) occurs. It should be noted 
that the value of the pressure in this problem is not 
assumed to be known. The pressure is determined as 
@ consequence of the solution of the boundary value 
problem (5.113), which in the presence of a surface load is 
reduced to the generalized Riemann—Hilbert problem of 
the form 7 

azw'—Aw’— Bw' =F (in G@), 
Re Exes Zl =0 (on I). (5.114) 
If the shell is subject to a potential field of surface forces 
we have the homogeneous problem 


a,w'—-Aw'—Bo'=0 (in @), 


Lad 
Re Exe “ Z| =0 (on). (5.115) 
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In the case of a simply-connected domain the results 
of the preceding section imply that this homogeneous 
problem has only a trivial solution and the force field is 
determined by the formula (5.75). 

It is now easy to elucidate the way in which the following 
boundary condition is set up on an edge of the shell: 


N, = T*lalp =f (5.116) 


Let us imagine that a hollow bush of conical shape 
has been inserted into one of the openings of the shell; 
on the interior surface of the bush there act normal forces 
constant along each of the generators. Then the moments 
and shear forces corresponding to these forces obviously 
vanish. Consequently, along the middle line of the interior 
surface of the cone a force of the form (5.116) acts. We 
now assume that the surface 2 is rough. Then the normal 
force N, acting on the interior surface of the cone is 
entirely taken up by the lateral surface of the shell, and 
the tangential force vanishing on the interior surface of 
the cone because of the roughness of its exterior surface, 
will not in general be equal to the tangential force on 
the lateral surface of the shell. Hence, on the boundary 
of the shell only one condition of the form (5.116) is given. 
The tangential force H;, appearing because of the rough- 
ness of the surface 2, is determined by the condition 
that the membrane state of stress is set up in the shell, 
and it is compatible with the condition (5.116). 

An investigation of the boundary condition of the 
general form (5.103), when instead of the normal force or 
tangential force at every point of the contour we are 
given a force in an inclined direction t, is also of importance 
for the examination of the stability of solutions of boundary 
value problems with conditions of the form (5.113) or 
(5.116). The point is that in view of the non-ideal smooth- 
ness of the contact surfaces 2 or some other causes, it 
is in practice very difficult to establish exactly the value 
of the normal or tangential force. In fact, in practice the 
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force is always given in an inclined direction. It is there- 
fore of importance to find the influence on the solution 
of the problem with the boundary condition of the form 
(5.103) of a small error in the value of the angle ». If it 
is found that for a small variation of this angle the 
solution of the problem undergoes a variation of the 
same order, then it means that the problem is stable 
with respect to a variation of the angle of inclination of 
the direction t. 

In other words, an investigation of general boundary 
value problem (5.103) enables us to determine the nature 
of correctness of the problems (5.113) and (5.116). Hence, 
an investigation of these problems has not only a theo- 
retical but also a practical value (see Ch. 5, §10.5). 


5.13. In the preceding sections we indicated various 
conditions ensuring the applicability of the membrane 
theory to the computation of convex shells loaded by 
forces of the form (X, T). These conditions impose certain 
restrictions on the character of the distribution of the 
external loads. For closed convex shells these restrictions 
consist in the familiar equilibrium conditions of an abso- 
lutely rigid body and, consequently, are entirely natural. 
However, in the case of shells with openings these con- 
ditions are of a more complicated form. They essentially 
narrow the class of admissible loads and, moreover, are 
difficult to realize in practice. Nevertheless, the membrane 
theory is extensively employed in computations of shells 
encountered in engineering structures and its results give 
satisfactory practical answers. In many cases it may be 
applied even if it is known beforehand that the external 
load certainly does not satisfy the conditions of the 
membrane state. This means that some deviations from 
the exact fulfilment of the conditions of the membrane 
state are admissible in practice. In this connection natu- 
tally the following problem arises: to find conditions 
enabling us to determine bounds of practical applicability 
of the membrane theory of shells. 
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It is obvious that if a load (X,T) is membrane, i.e 
if it satisfies the condition 


{{ xuas+ {Tuas =0. (5.117) 
Ss L 


where U is an arbitrary displacement field, then all 
loads close to it (in a certain sense) may in practice also 
be regarded as membrane. Now the problem is to give 
a& more precise mathematical statement of the definition 
of the concept of closeness of two loads (X, T) and (Xo, T>). 
At first sight it may seem most natural to define closeness 
of two fields of external loads pointwise, i.e. to regard 
two loads e- close if at all points M of the surface S and 
its boundary JZ the following inequalities are satisfied: 


|X(M)—X,(M)|<e (on 8), 
\T(M)—T(M)|<e (on ZL). 


It can however easily be verified that this concept of 
closeness does not in fact essentially suit the physical 
nature of the phenomenon and, moreover, it represents 
too strong a restriction on the practical applicability of 
the membrane theory. In this respect it is more expedient 
to introduce the concept of «- closeness by means of the 
integral metric 


I|(X, T)— (Xo, To)I 


={f{\x—xpas+ f|r—Tpas\* <e. 
S L 


We therefore introduce the following Hilbert space: 

Let & be the set of pairs (X, T) satisfying the following 
conditions: (1) X is a vector field given on the surface S, 
(2) T is a vector field given on Z and satisfying the con- 
dition 


nT=0 (along L), (5.118) 
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and 
(3) Mx, TH ={f xas+ {Tas\* < co. (5.119) 
Ss L 


The non-negative number ||(X,T)|| will be called the 
norm of the element (X, T). 

We define in “Y the operations of multiplication by 
a real constant c, addition, subtraction and scalar multi- 
plication by means of the formulae 


e(X, T) = (eX, cT), (5.120) 
(X,, T,) +(X,, T,) a (X, +X,, T, +T,) ’ (5.121) 


(hy, he) = ff X,XaS+ fT,T,ds (hy = (Xi, T)), (5.122) 
L 


Hence, “R is converted into a Hilbert space. 

Let U be a displacement field on the surface S. Then 
the pair (U, U,) where U, is the tangential component 
of the field U, i.e. 


U, = U—(nU)n, (5.123) 


is evidently an element of ‘2, and the set of such elements 
constitutes a subspace of the space ‘®, which hereafter 
will be denoted by ‘Ry. Let ‘X, be the orthogonal com- 
plement of “2, to the entire space ‘RX. The condition of 
orthogonality of ‘2, and ‘X, is given by the relation (5.117). 
Consequently, all membrane external loadsu(X,T) are 
elements of the subspace ‘X,. Denote now by d(X,T) the 
distance of the element (X,T) to the subspace ‘“R,. This 
number as we shall see below, is a certain characteristic 
of the degree of closeness of the stress field corresponding 
to the load (X,T) to the totality of the membrane states 
of stress. 

It is known from functional analysis that this number 
is equal to the length of the projection of the element 
(X, T) onthe subspace ‘X,. It is now expedient to introduce 
in “2, an orthogonal base. 
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Constructing a complete system of displacement fields 
U; ((«=1,2,...) (see §5.10) and considering the pairs 


ey = (UL, Uns) ; (5.124) 


we have a complete sequence in ‘R,). We assume that it 
is normalized and orthogonal, i.e. 


(en-em) = { { UnUmdS + f UnsUmsds = bam. (6.125) 
‘ L 


This can always be achieved by an application of the 
Schmidt orthogonalization procedure. It can easily be 
verified that the sequence e, is an orthogonal base in ‘Rp. 
The condition (5.117) therefore is equivalent to the 
relations 


c= (h, e;) = {ff XUaS+ {TU ds =0 (5.126) 
S L 


(i =0,1,...3 h =(X,T)). 


Thus, the vanishing of all the Fourier coefficients c¢, 
of the load (X,T) with respect to the orthonormal base 
of the subspace ‘RX, is a necessary and sufficient con- 
dition for this load to be membrane. 

Nevertheless, it should be observed that in such a for- 
mulation this condition is hardly applicable in practice, 
since it is very difficult in definite problems to find to 
what extent the infinite system of relations (5.126) is 
satisfied. This difficulty arises especially in the cases 
when the load (X, T) is given graphically or in a tabular 
form. Hence, it is expedient to make an attempt to find 
another formulation of the above condition, which would 
be more suitable for practical applications. 

The condition (5.126) means that the element h = (X, T) 
of the space ® belongs to the subspace ‘“#,. In the language 
of functional analysis this condition can be expressed by 
the following relation: 


d(X, T) = ||h—h,|| = 0, (5.127) 
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where h, is an element of the subspace ‘X,, closest to h. 
It is given by the relation 


he =h— dieser, = (h, ei). (5.128) 


i=0 


Hence we easily obtain 


d(X, T) = |jh—hy || = Vs CF . (5.129) 
i=0 


In view of this formula the condition of the membrane 
state (5.127) acquires a more practical meaning. Essen- 
tially it means that the load (X,T) may in practice be 
regarded as membrane if the sum of the squares of tts 
Fourier coefficients c; with respect to an orthogonal base 
of the subspace “Ry is sufficiently small. 

It should be observed that this condition can be used 
practically in computations of many particular shells. 
Such a case is for instance represented by a fairly wide 
class of shells described by convex surfaces of the second 
degree. In this case the problem is reduced to the Cauchy— 
Riemann system of equations and it is easy to construct 
the orthogonal base ey, in an explicit form. 

In the general case a practical determination of the 
number d(X,T) leads to considerable mathematical dif- 
ficulties. First of all it is evident that a difficulty arises 
in constructing the orthogonal base e; of the subspace “Ry. 
In practical problems, however, an exact value of the 
number d(X,T) is by no means required. It is sufficient 
to be able only to determine its upper bounds close to 
the exact value. For this we can make use of the following 
method which does not in fact require a construction 
of an orthogonal base. 

Let there be given a load h = (X,T) belonging to the 
sphere 2’y:||(X,T)|| < M. Let ®¥ be the set of elements 
of the subspace ‘2, belonging to Yy. Consider now an 
infinite sequence of linearly independent elements h; = 


43 
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= (X;,T7T;) (j =1,2,...) of the set “R¥ which satisfy the 
following condition: every element of the set “R¥ can be 
approximated to within «> 0 by means of linear combi- 
nations of the form ¢,h,+...+¢nhn. 

Let us determine the number dy, by the condition 


dy = min || h— Souhe| . (5.130) 
Ck k=1 


It is evident that this problem is reduced to the solution 
of the system 


Ms 


(hy, hy) ee = (h, hj) (j=1,...,”). 


k=1 


Let us now prove that for any fixed positive «>0 there 
exists a number n, such that 


d<dn<d+e. 


In fact, since the element h, closest to h = (X,T), of 
the subspace ‘Rk, belongs to “R™¥, a linear combination 
h’ = cih,+...+¢,hn can be found which satisfies the 
condition ||h,—h’|| < «. 

Such being the case solving the system (5.130), we 
have for the element h, = ¢,h,4+...+¢nhn 


d < dyn = ||h—h,|| < ||h—h'|| < ||h—-Nall t+ lh’ — Pall SA +e. 


This completes the proof. 

If in general a finite or infinite sequence of elements 
(X;, T;) is given which belong to the subspace ‘X,, then 
evidently we have 


ad(X, T) <d(X, T) = min||\(X, T)—(X;, T;)|) . 


If it is not known beforehand whether the sequence 
(X,;,7T,;) is dense in ‘X, then, obviously, we cannot estimate 
the degree of closeness of d, to d. It may however occur 
that d, is sufficiently small. Then the load (X,T) can be 
practically regarded as membrane. 
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In conclusion we observe that the smallness of the 
number d(X,T) can be ensured by equating to zero 
a number » of the first Fourier coefficients of the load 
(X, T), ie. 

=... = = 0. (5.131) 


It should now be observed that it is by no means neces- 
sary in these relations that the displacement field U;, 
satisfies the conditions (5.125). This remark makes easier 
a practical solution of the problem, since we do not have to 
apply an orthogonalization procedure. 

The fulfilment of the conditions (5.131) can, for instance, 
be ensured by loading the shell by concentrated forces 
at prescribed points of the surface. It is also possible 
to indicate a number of practical ways of ensuring the 
fulfilment of the relation (5.131), [140]. 
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